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Preface

A literary executor messes with the literary legacy of the author

whose works he was meant to protect with unintended consequences.!

The task of resurrecting a manuscript written by the hand of one of the foremost
experts in differential equations in the school of Hardy-Titchmarsh, Frederick
(Derick) Valentine Atkinson, has been a daunting one. Derick died on the 13th
day of November 2002, in Toronto, Canada, after a long illness that kept him
confined to a bed and unable to work for some 10 years.

He was born in Pinner, Middlesex, on the 25th of January 1916 of a father
who was a well-read journalist and a mother who was a homemaker. We would
certainly be led astray if we were to confine ourselves at this point on further
biographical items. The interested reader may of course consult the elaborate
obituary? or the brief note to the Royal Society of Edinburgh® for further
biographical and professional details.

Unlike Kafka and Hemingway, Atkinson left no written record forbidding the
publication of any unpublished works after his death. Thus, soon after the
funeral services were held, the task of publishing his “opera omnia” became
the order of the day, a seed that had been germinating since at least 1972.
The family held that a complete work existed by the end of July 1992 (one
month prior to his debilitating stroke) and that this manuscript was ready for
publication. The final document was etched on as many as 8 x 3.5 in. IBM-DOS
formatted diskettes. Unfortunately, neither the manuscript nor these diskettes
have ever been found.

We review here, for the record, the events that led to this publication. On many
an occasion during the winter of 2003, the second author was always greeted
warmly by the Atkinson family during his frequent visits to Toronto. He was

Lwww.complete-review.com /reviews/moddeut/krugerm.htm, July 1, 2008.

2 A glimpse into the life and times of F.V. Atkinson, Math. Nachr., 278 (12-13) (2005),
1-29

3http://www.rse.org.uk/fellowship/obits /obits_alpha/Atkinson_fdv.pdf.
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encouraged to search for the missing disks through the wealth of material left
behind by Derick. This body of work consisted mainly of notes, books, scraps
of paper, even napkins bearing equations, many three-holed binders, 5.25 in.
floppy disks, and two personal computers (an old Amstrad and an IBM PC-
XT) with antiquated dot-matrix printers. At the suggestion of the family, we
contacted Prof. Paul Binding (Calgary) who, sometime in the spring of 2003,
kindly returned some disks he had obtained in the past and a stack of some
300 manuscript pages of what appeared to be an old, but definitely not final
draft of what would lead to this work.

The problem of sewing this quilt of a book together would become the most
challenging task. At our disposal we had many 5.25 in. floppy disks with
files labeled *. T3V and dated anywhere between January and July 1992, as
many as four manuscript “Table of Contents,” and four essentially different
but frequently overlapping typewritten/printed drafts of the book (with a total
of about 1500 pages). After some forensic work, we managed to decipher that
* T3V indicated files that were “T3 volumes” and so had been written in a
now defunct software called Scientific Word® made by TCI Software Research,
a one-time precursor of the modern-day Scientific Workplace© produced by
MacKichan. Fortunately for this adventure, my own father had left behind an
old and still working IBM PC-XT running IBM-DOS 5.0 and equipped with
dual floppy drives (one wide and one short). It was perfect. After having copied
the old Atkinson files for the sake of posterity, the task was now to find a way
to “read” them.

So it appeared that we should secure a working copy of Scientific Word. It came
as a surprise when we realized that Derick actually kept the required software in
a dusty old box on one of his basement office bookshelves. Installation was not
successful at first since we needed an old monochrome display screen as well,
and, in addition, the printer drivers were absent and impossible to find for the
old printers we had at our disposal. Managing our way around this problem by
finding an old monochrome monitor the installation then succeeded, and the
ancient language was mastered anew. After reading those old DOS help files,
the files were opened so that we could view the final days of the work that
Atkinson left behind, unfinished, unpolished, and we suspect only some 65%
of the way to a complete text. It was clear that many sections were missing
and others were incomplete. Occasionally, paragraphs were cut short in the
middle of a sentence, and the excitement quickly turned to a mild, though
not complete, state of despair. After all, at least we had something, and this
coupled with the hardcopies that were floating around should allow one to
“complete” the book. Of course, this was all theoretical until we embarked
upon the actual task of assimilating all the material into a coherent whole. In
the end, we found and compiled at least four manuscripts of this book, which
we name individually herewith: the Tracing Paper version, the Black Binder
version, the Daisy Wheel version, and the Green Binder version.
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The Tracing Paper version consists of many loose (unnumbered) leaves of trac-
ing paper filled with mathematical equations and theorems scattered about the
Atkinson Nachlass. Taking into account the fading and almost complete disin-
tegration of the paper, the watermark, the hand-inserted symbols, and definite
use of a typewriter as opposed to either an IBM selectric or PC, we would
identify this document as the oldest of all; estimating its creation at or about
the early 1970s, possibly even the late 1960s.

The Black Binder version is familiar to the second author as this is the version
Atkinson carried with him and kept in his office in the mid-1970s when he
was Derick’s doctoral student. We observed that this black binder version
consisted of eight chapters whose headings agreed almost exactly (save for the
final chapter) with the Contents of Volume II on p. ix of Atkinson’s already
published Volume I (Academic Press, 1972). Hence this version is essentially in
complete agreement with what Atkinson expected to submit to the publishers
back in 1972, when he had agreed to publish Volume II of his Multiparameter
Eigenvalue Problems (i.e., the book that led to the present text). However, it
is now clear that he was dissatisfied with the contents of this version and so
did not submit the manuscript for publication although he did release copies
of parts of this volume to colleagues via documented private communications.

The next version, dubbed the Daisy Wheel version, is so-called because it was
printed off a Daisy Wheel printer; it is of later date, perhaps from the early
to mid-1980s when such printers were fashionable. It differs from the Black
Binder version essentially in its contents; new ideas permeate the text, some
sections are omitted and new ones are inserted. Yet the corresponding work
in our possession is still incomplete relative to the table of contents for this
specific version.

Now comes the Green Binder version (GB); we thought at first that this may
have been the final version since it agreed almost verbatim with the contents
of the 5.25 in. diskettes dating from January to March—April 1992 with a few
files dating to July 1992 (containing mostly references). Printed off a high-
quality dot matrix printer we used this version as the working version for the
publication of this monograph. It consisted of 12 chapters with titles that
differed from what he had expected to submit in 1972. Indeed, this was a
substantially different book.

In retrospect, one thing became clear and very sad. Atkinson was definitely
struggling fiercely with the completion of the book during the spring and sum-
mer of 1992, months before his collapse in August of the same year. We can
surmise this because the Green Binder version makes reference to equations
and sections that sometimes appear in the previous versions (Daisy Wheel,
Black Binder, etc.) and this with different numbering! In addition, one gathers
from the floppies that some files were saved in the early hours of the morning
and this on many consecutive days. As a result, GB became filled with hun-
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dreds of misprints and typographical errors as one had to refer to the older
versions constantly for what he had intended to say. Like the writers of the
New Testament in Christian doctrine, we suspect that Atkinson had some older
manuscripts before him when he wrote up the Green Binder version and not
unlike those writers he lifted the material from his older texts and fused them
into the GB. Yet, like Schubert’s major symphony, GB remained “unfinished.”
Still, in agreement with the family’s views, we believe that there must have
been another (later) set of diskettes other than the ones in our possession. In
some places in GB, there are lines of text that do not appear anywhere in the
disks that we found. Thus these pages in GB must have been printed off a later
(but certainly not final) set of diskettes. It is unfortunate that we, and history,
will never see what Atkinson had in mind as a final manuscript. This work can
only be a good approximation at best.

Now for the layout of the book: Because this book never had an actual title
we decided to give it the natural name appearing on the cover as it was to be
considered a continuation of Atkinson’s Volume I. However, the “Volume II”
was dropped by the publisher. The table of contents (ToC) used here is mainly
drawn from GB version’s ToC with some sections omitted as they were either
incomplete or missing entirely from either the diskettes and/or the hard copy.
No Preface/Introduction was ever found for any of the versions; all existing
drafts consisted solely of solid mathematics with preambles to the sections
being addressed. More details on the differences between this text and the
documents referred to can be found in the Notes at the end of every chapter.
On this subject of “Notes,” we observe that Atkinson was fond of the Notes
idea. Indeed, here he could use his encyclopedic knowledge of the field to be free
to outline his reviews and impressions of completed work and introduce lines for
future research. Unfortunately, we cannot even begin to address this issue in his
style and in this manner. This tragedy leaves one with another approximation;
the Notes in this text, written by the second author, were reconstructed from
Atkinson’s own original notes for the few chapters for which he actually had
germs of notes. We have also added a section on Research Problems and have
illustrated the examples using Maple©. Finally, the bibliography has been
updated to the end of 2008, although we cannot make any claim as to its
thoroughness. We have tried to be faithful to the first author’s wishes for the
inclusion of references prior to 1992. Thus references to pre-1992 documents
are drawn directly from Atkinson’s GB bibliography, and only a few additional
ones that appeared to be relevant to the material presented are included (see
the notes and the bibliography for more information related to this item).

This text would certainly have had more impact had it appeared in 1992 or
1993 when it was originally expected to appear (Atkinson had already contacted
another publisher at that time). The intervening years have seen more than 80
papers in the subject of multiparameter spectral theory, a body of work that
supersedes this text in breadth and generality. Still, one of the triumphs of
this book lies in its exposition. It is written in the solid style typical of his



texts, filled with ideas and techniques that have inspired researchers from far
and wide. It can be considered a lasting tribute to his contributions to this
subject over a span of more than 40 years.

The book is intended for senior-level graduate students and researchers in differ-
ential equations alike. It can, however, be read by strong senior undergraduates
with an honors background, yet it may be slow-going but the rewards are high.
I trust the reader will learn from this book and then contribute to the area as
a result: This would have been Atkinson’s wish, and it is certainly mine. Any
remaining typographical and other errors are the responsibility of the second
author so, if you get the chance, please write so that we can update this by
means of a web-based erratum.

I am indebted to a number of people for assistance in this project: To Dusja
Atkinson and her children Leslie and Vivienne for their recollection of the man
that we all knew and admired and for their insights into the final stages of
this book. In particular, my profound gratitude goes to Vivienne Atkinson
Chisholm without whose constant encouragement over the past six years this
work would likely have never been completed. For technical support, I am
grateful to Antonio Rodriguez, his assistant Francisco, and to the Department
of Mathematics of the University of Las Palmas in Gran Canaria for building
me and providing me access to a pure MS-DOS 5.0 machine with a wide floppy
disk drive so as to gain passage to critical original documentation related to the
task at hand. As well, I acknowledge, with thanks, Professor J. M. Pacheco of
the University of Las Palmas for an invitation as visiting professor there in the
years 2006-2008, during which time this reconstruction became a reality. I also
thank George Pearson of MacKichan Support, MacKichan Software, Inc., for
providing critical updates of Scientific Word and T3 to TEX software bundled
in its package. I must acknowledge with thanks a grant in partial support of
this project from the Office of the Vice-President of Research and International
at Carleton University for the years (2002-2005). I also express my deep ap-
preciation to my partner Karen for her unfailing support through these past
few years, and to my daughter Oliviana—both of whom were there caring for
my younger children so that I could pursue this venture uninterrupted by the
daily requirements of raising a family while overseas.

Finally, I wish to thank the following reviewers for their time: Professors Afgan
Aslanov and Larry Turyn for reading over the first few chapters and providing
helpful comments, suggestions, and correcting numerous typographical errors.
My most profound gratitude goes to Professor Hans Volkmer who painstak-
ingly read the entire manuscript over a period of a mere few months thereby
correcting interminable errors both mathematical and grammatic.

Angelo B. Mingarelli
Sardina del Norte, Gran Canaria, Spain
amingare@math.carleton.ca
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Chapter 1

Preliminaries and Early
History

1.1 Main results of Sturm-Liouville theory

Motivated by problems of periodic motion in continuous media, such as the
periodic flow of heat in a bar, Sturm and Liouville were led in 1836 to identify
a class of problems in second-order differential equations that have inspired
much of modern analysis and operator theory, and continue to do so. Their
original formulation, already fairly general, called for the study of the non-
trivial solutions of

(p(2)y") + (Mw(z) —q(z)y =0, a<z<b, (1.1.1)
with homogeneous boundary conditions at x = a, x = b, of the form
Ay(@) + Bp(a)y'(a) =0, Cy(b) + Dp(b)y/ () =0, (1.12)

where A, B are not both zero, and likewise C, D. Here all quantities are real,
the prime (') signifies d/dx, the functions p(z), w(x) are positive, and the
interval (a,b) finite; we discuss these restrictions in more detail shortly. In
their work, one meets, perhaps for the first time, the notion of an “eigenvalue”
(or characteristic value), being a value of the parameter A for which (1.1.1) has
a non-trivial solution (the “eigenfunction”) satisfying the boundary conditions
(1.1.2). The noteworthy propositions in these early papers include

1



2 CHAPTER 1. PRELIMINARIES AND EARLY HISTORY

(1) the eigenvalues are all real and form an increasing sequence
Ay <A <A, <.l (1.1.3)

without finite limit-point,

(2) if y, (x) is the eigenfunction corresponding to A, then y, (z) has precisely
n zeros in the open interval (a,b), (Sturm oscillation theorem)

(3) the eigenfunctions are mutually orthogonal, in the sense

/ Ym () yn (x)w(x)dx =0, m#n (1.1.4)

(4) the eigenfunctions form a “complete set,” in the sense that an “arbitrary”
function f(z) from some general class can be expanded in some sense in the
form

n=0

where the coefficients ¢,, can be determined with the aid of the orthogonality
relations (1.1.4),

(5) incidental lemmas, such as the Sturm comparison and separation theorems,
estimates for eigenvalues, etc.

1.2 General hypotheses for Sturm-Liouville
theory

At the time when Sturm and Liouville wrote, many basic notions of real anal-
ysis, such as continuity and convergence and their refinements, had been little
developed. Then, as now, an explicit solution in finite terms of the general
second-order linear differential equations was not available; theorems on the
existence of solutions, and their continuous dependence on initial data or on a
parameter, were to come later. This lack of a rigorous basis for the theory was
noted, for example, by Klein, and led to a series of papers by Bocher in 1897/8.
It is in the first place a matter of providing a secure or extended basis for
the original results of Sturm and Liouville, and secondly of noting significant
possible variations in these hypotheses that may lead to distinct results.



1.2. GENERAL HYPOTHESES FOR STURM-LIOUVILLE THEORY 3

A common formulation, not the most general one, requires:

(i) the interval (a,b) is finite,

(ii) p(x) is continuous and positive on the closed interval [a, b],
(iii) w(x) is continuous and positive on [a, b],

(iv) g(z) is continuous and real on [a, b,

(v) p'(z) exists and is continuous on [a, ].

This last requirement makes it possible to make the identification

{p(x)y'} = p(x)y" +p'(x)y, (1.2.1)

so that a “solution” is an element of C?[a, b]. However, (v) can be dropped if we
use the notion of a “quasi-derivative,” in which y and py’ are both differentiable,
without y having to be twice differentiable.

Problems satisfying the above conditions are sometimes termed “non-singular,”
or “regular,” and those that fail to satisfy one or more of them “singular.” In
particular, the latter term is often used if the interval (a,b) is unbounded in one
or both directions, if p(z) vanishes at an endpoint, or if ¢(x) or w(x) are not
integrable at an endpoint. In such cases, one may speak of a singular endpoint.

In the regular case, boundary conditions such as (1.1.2) make sense. In singular
cases, y and py’ may have to be interpreted in a limiting sense. The matter
can be settled by transformation to a regular case, when that is possible.

The classification into “regular” and “singular” needs qualification in two re-
gards. The first is that the conditions can be considerably weakened in respect
to continuity and differentiability, without impairment of the main results. The
second is that changes of variables, dependent and independent, may transform
a problem from singular to regular, or vice versa.

We achieve a broader analytic framework if we do not demand that a solution

be continuously twice differentiable, but rather that y, py’ be locally absolutely
continuous. We postulate in this setting

(a) p(z) >0 a.e.in (a,b) and 1/p € L(a,b),
(b) w(z) >0 a.e.in (a,b) and w € L(a,b),
(¢c) g € L(a,b).

It is not required that the interval (a, b) be finite.
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Also of interest will be departures from these assumptions that actually affect
the results. The most important of these will be that in which w(x) is allowed
to change sign.

1.3 Transformations of linear second-order
equations

Suppressing for the moment the parameter A, we list two special forms of the
second-order equation, namely, the formally self-adjoint form

{p(@)y'} +q(z)y =0, a<z<b, (1.3.1)

its specialization
d?y/dt* + h(t)y =0, c<t<d, (1.3.2)

and the general form with middle term
v + f2)y +g9(x)y=0, a<x<b. (1.3.3)
In the sequel, we shall rely largely on the form (1.3.2), with the restrictions

—00 < c<d < oo, (1.3.4)
h e L(c,d). (1.3.5)

and so we must consider the possibility of reducing the others to it.
A simple way for getting from (1.3.1) to the form (1.3.2), effective in some cases

but not all, is given by taking as a new independent variable some primitive of
1/p, as in

t= /: du/p(u) (1.3.6)

for some ¢ € [a,b]. Here it must be assumed that 1/p(x) is almost everywhere
positive and is at least locally integrable; the device is not available if p(z)
changes sign. We then get the form (1.3.2) with

h(t) = p(z)q(z), (1.3.7)

where z is a function of ¢ given through (1.3.6). Checking now the desiderata
(1.3.4)—(1.3.5), we see that these are, respectively, equivalent to

1/p € L(a,b), (1.3.8)
q € L(a,b), (1.3.9)
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in view of (1.3.6).
If 1/p(z) is, as before, positive almost everywhere in (a, b) and locally integrable,

but not necessarily in L(a, b), we can have recourse to a more powerful device.
In one such case we determine a new independent variable ¢ by

tan t = /; du/p(u), (1.3.10)

for some ¢ € (a,b), so that now

a b
¢ = arctan / dxz/p(x), d=arctan / dz/p(x) (1.3.11)
3 13

and [c, d] is in all cases finite, being a sub-interval of [—7/2, 7/2], so that (1.3.4)
is ensured. We introduce also the new dependent variable

z =y cost (1.3.12)
and find after some calculation that z satisfies the equation
d?z/dt* + {1 + p(z)q(x)sec* t} z = 0. (1.3.13)

Since (1.3.4) is assured, it remains to consider (1.3.5), or in this case whether
{1+ p(z)gq(x)sec* t} € L(c,d), as a function of t. This may be reduced to

/ g(2){1 + ([ du/p(w))?} de < oo, (1.3.14)

For a similar criterion, we refer to (Kaper, Kwong, and Zettl (1984)).

To bring the general linear form (1.3.3) to the form (1.3.2), we can begin
with a transformation to the formally self-adjoint form (1.3.1), for example,
by multiplication by exp{ [ fdxz}. We then get the form (1.3.2) on taking a
new independent variable of the form

- / exp {— / F(u)du}d, (1.3.15)

where the lower limit of integration is arbitrary but fixed. More generally, one
may start by replacing the dependent variable in (1.3.3) by some z = yn(x),
where 7 is at our disposal; a standard choice is

z=y exp(/x f(u)du/2). (1.3.16)



6 CHAPTER 1. PRELIMINARIES AND EARLY HISTORY

1.4 Regularization in an algebraic case

The problem of regularization may be partly clarified by discussion of a special
case. We cite the equation, a modification of the hypergeometric equation

'+ {y/z = 0/(1 =2}y + Ny/(x - 2%) = 0, (1.4.1)

with real -y, §, taken over the interval 0 < z < 1. To get the formally self-adjoint
form, we can proceed as suggested at the end of §1.3, multiplying by

p(x) =27 (1 — x)° (1.4.2)

to get
{p(@)y'} + w(z)y =0, 0<z<1, (1.4.3)

where
w(x) = ac’y_l(l — ac)‘s_l. (1.4.4)

The transformation dt = dx/p(x) yields a finite ¢t-interval if

N<1,5<1, (1.4.5)
while the requirement w € L(0, 1) will be satisfied if

y>0,8> 0. (1.4.6)

Thus the equation is regularizable by this method if v € (0,1), 6 € (0,1).

The more general method of (1.3.10)—(1.3.13) allows some relaxation in (1.4.5).
Assuming (1.4.6), the requirement (1.3.14) reduces to

P =) [ s € Lo,
for some ¢ € (0,1). Since [ dt/p(t) = O{x'™7 4 (1 — x)'~°}, the requirement

(1.3.14) is satisfied if v < 2, § < 2.

1.5 The generalized Lamé equation

We go now to the early history of multiparameter spectral theory and its begin-
nings in the work of Klein and others in the 1880s. This has a rather different



1.5. THE GENERALIZED LAME EQUATION 7

flavor to the original work of Sturm and Liouville, sketched in §1.1, being con-
cerned with differential equations of the general form

v+ {Z%‘/(x—ej)}y”rq(w)y/ﬂ(x—ej) =0. (1.5.1)

Here the e; are various real numbers with e; < ex < ... < ey, the v; are also
real and non-zero, and ¢(z) is a polynomial of degree < p — 2. This framework
encompasses the equation (1.4.1) if p = 2, that of Lamé if p = 3, and Heun’s
equation if p = 4. Of special interest is the Lamé case, where all the v; = 1/2
when a wide variety of the special functions of mathematical physics are covered
(Whittaker and Watson, §10.6, and Chapter XXIII.)

An eigenvalue problem results if we treat one of the coefficients in ¢(x) as a
disposable or spectral parameter, to be chosen so that (1.5.1) should have a
non-trivial solution that vanishes, or satisfies some other boundary condition
at the ends of some real interval. A multiparameter eigenvalue problem results
if we treat k < p — 1 of the coefficients of ¢ as spectral parameters, so that for
each of k intervals (a,,b,), r = 1,..., k, there should be a non-trivial solution
satisfying similar conditions at the endpoints of several intervals. Problems of
this nature, k£ boundary-value problems, each involving the same k parameters
seem first to have been discussed by Klein in 1881, in the case p = 3, with the
v; = 1/2, in connection with the boundary problem of potential theory for a
region bounded by confocal quadric surfaces to be discussed shortly.

A boundary value problem for (1.5.1) over an interval (a,b) can be seen as
regular or singular, in respect of possible involvement of the singularities at the
points e;, or of the points —oo, co. If the interval [a,b] is finite, and does not
contain any of the e;, it will be regular, and the standard Sturmian boundary
conditions can be used. However, other cases have interest, particularly that
in which (a,b) coincides with one of the intervals (e;, e;j11); in such a case, we
can ask whether regularization is possible. Sturmian type boundary conditions
for the regularized version can then be transported back so as to complete the
original version of the problem.

In an alternative approach to the question of boundary conditions in singular
cases, we use Frobenius theory and characteristic exponents to devise suitable
boundary conditions. This was the method used in the period under discussion.
Thus with the singularity e; of (1.5.1) we associate the roots 0, 1 — ~; of the
indicial equation. Then, at least if ; is not an integer, there will be a pair of
solutions, one analytic at this point, and another behaving as (z — e;)! =75,

Thus in the case (1.5.1) with p = 3, so that ¢(z) is linear, with two coefficients
or “accessory parameters,” one asks whether they can be chosen so that the
solution is either regular at the e; or behaves as v/(x — e;). More precisely, the
desired solution should be either a polynomial, or a polynomial times one or
more of the /(z —¢;), j = 1, 2, 3; such e; would of course be branch-points
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of the solution when considered in the complex plane. “Klein’s oscillation
theorem” would assert that such a problem has a series of solutions, one for
each way of assigning zeros to the two intervals (e1, e2) and (ea, es). This
topic and similar questions were taken up by Klein in a series of papers, often
couched in somewhat different terms, starting with the paper (Klein 1881a).

1.6 Klein’s problem of the ellipsoidal shell

Klein’s original memoir contains what is perhaps the first multiparameter Sturm-
Liouville problem of a general nature. He considered the solution by separation
of variables of the Dirichlet problem for Laplace’s equation in an ellipsoidal
shell. In view of its historical importance, we sketch the details. Starting with
his definition of ellipsoidal coordinates, we set up the equation

PN A =E) +22 /(A =1) =1, (1.6.1)

where 0 < k% < 1. Considered as a cubic equation in A for fixed real z, ¥, z
not all zero, this has three real roots u, v, p, with

O<pu<k® kK®<v<l, 1<p<+oo. (1.6.2)

For fixed A = p € (0,k?), (1.6.1) determines a hyperboloid of two sheets, for
fixed A = v € (k%,1) a hyperboloid of one sheet, and for A = p > 1 an ellipsoid.
A shell is then defined by (u, v, p) regions,

0<,u1§,u§,u2<k:2, k2<1/1§u§1/2<1, 1<p1 <p<pr <40,
(1.6.3)
together with sign-restrictions on x,y, z. Klein’s problem calls for a solution of
Laplace’s equation in the interior of this shell, taking assigned values on its six
faces.

A preliminary step is to break up the problem into three sub-problems, in which
we ask for a solution vanishing on two pairs of opposite faces, for example, given
by

H= p1, p2, V =11,V2, (164)

and taking the assigned values on the faces p = p1, p = po; this sub-problem
can be further broken down into the cases where the solution vanishes on one
or the other of the p-faces and takes the required values on the other. The
case of a solution vanishing on the faces (1.6.4) is amenable to the method of
separation of variables.
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The coordinates can be transformed by the map

- /0 ANV — B — 1)}

to yield alternative coordinates u, v, w, in which Laplace’s equation takes the
form

(v = p)d*®)0u? + (p — p)d*® /0> + (u — v)9*®/dw?* = 0.

Separation of variables is possible and we find that it is satisfied by a product
O (u,v,w) = E1(u)Es(v)Es(w), where the E; are solutions of the equation

d*E/dt* = (A\+ B)E. (1.6.5)
Equivalently, in terms of the coordinates u, v, p, we have a solution

Fi(p)F2(v)Fs(p),

where the F} are solutions of

F'+ (1 /2){1/z+1/(x —k*) +1/(z — 1)} F'

, (1.6.6)
+F(Az + B)/{a(z — k) (z — 1)} =0,

which is a form of Lamé’s equation (see Whittaker and Watson, Chapter
XXIIT). One then observes that this equation is regular in the intervals (0, k?),
(k2,1). The problem for the case (1.6.4) calls for A and B to be determined so
that (1.6.6) has non-trivial solutions Fy, Fy over the intervals (u1, p2), (v1,v2),
respectively, vanishing at the endpoints. In this original case of “Klein’s oscil-
lation theorem,” it is claimed that a unique pair of values A, B exists, so that
Fy, F5 have any assigned numbers of zeros in their respective intervals.

1.7 The theorem of Heine and Stieltjes

Extending the earlier work of Heine (1881) on Lamé-type equations Stieltjes
(1885) proved one of the earliest and most elegant results in multiparameter
theory. It relates to the equation

A(z)y" + 2B(z)y’ + C(z)y = 0, (1.7.1)

where A(z), B(x) are given real polynomials, of degrees p + 1 and p, and
C(x) is an unspecified polynomial of degree < p— 1. The problem is to find the
possible polynomials C'(z) so that (1.7.1) has a non-trivial polynomial solution.
Supplementary assumptions are



10 CHAPTER 1. PRELIMINARIES AND EARLY HISTORY

(i) The coefficients of the highest powers in A, B are positive
(ii) The zeros of A(x), B(x) are real and distinct, and separate one another.

The theorem is then that the solution-polynomials C(z), y(z) exist and are
characterized uniquely by any assigned distribution of the zeros of y(z) between
the zeros of A(x). This result is discussed by Szeg6 (1939), who notes that Heine
considered the existence and the number of solutions C'(z) with y of preassigned
degree, while Stieltjes (1885) completed the full result just stated. Szegd himself
gives a proof related to that of Stieltjes, involving the minimization of a certain
logarithmic potential.

The problem is equivalent to that of finding solutions of (1.5.1), which are
polynomials of degree n, where as before e; < ... < e, ¢(z) is an unspecified
polynomial of degree p — 2, and

>0, j=1,2,...,p. (1.7.2)

1.8 The later work of Klein and others

Extensions of Klein’s work on the ellipsoidal shell, that is to say, boundary-value
problems that stay clear of singularities, seem due in the first place to Bocher,
in a series of three papers (Bocher 1898-1900), in which he proves the natural
extension to k-parameters and k intervals, using the method of induction over
k. This is reproduced in Ince (1954, Chapter 10). Bocher also treats the case
of an endpoint at a singularity, but restricts the +; to the range (0,1/2].

The question of the appropriate range of values for the «; in (1.5.1), if the
e; are to be the endpoints for boundary-value problems, remains of interest.
The range (0,1), and of course the Lamé value 1/2, permit transformation to
a regular problem. In the Stieltjes result of §1.7, there is no upper limit. The
question of oscillation theorems “beyond the Stieltjes limits” occurs in several
places in Klein’s writings (e.g., Ges.Werke, Bd.2, p. 597). A paper on related
one-parameter problems by Haupt and Hilb (1923) should deserve more study.

It should be mentioned that Klein’s interests leaned more to the conformal
mapping properties of the ratios of two solutions, considered in the upper half-
plane, with the singularities being branch points. These ratios describe “Kreis-
bogenpolygone” on the Riemann sphere; again one can pose a sort of spectral
problem, requiring the parameters to be such that this circular polygon should
have special metric features. Among Klein’s interest was the connection with
the “fundamental theorem of automorphic functions.”
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1.9 The Carmichael program

By the early 1920s it had become clear that the scope of multiparameter the-
ory extended beyond differential equations of generalized Lamé type, or even
differential equations altogether. Perhaps the first recognition of this appears
in the work of Anna J. Pell (1922) on linked integral equations. One can go
beyond this and consider linked equations of rather arbitrary different kinds.
This was proposed by R. D. Carmichael, who has three papers (1921a, 1921b,
1922), skimming over the whole range of eigenvalue problems of various types,
including algebraic, differential, integral, and difference equations; these offer
many ideas for research and display many intriguing formulae. In particular,
he calls attention to the most basic case, that of linked matrix problems, and
gives it some preliminary treatment.

This algebraic problem deserves interest on its own account, though it can
also be studied for its suggestive value for other problems and, as Carmichael
noted, for its possible use as a basis for approximation. As it had been treated
elsewhere, we mention here only a few details. It is a question of an array of
square matrices

Arg, r=1,...,k s=0,...,k, (1.9.1)

in which A,g, ..., A,x are of the same order n,. The ordinary notion of an
eigenvalue may then be adapted provisionally to mean a set of k scalars such
that the k£ equations, with v, an n,-column vector,

k
{A,O+ZASATS}yT—O, r=1,...,k (1.9.2)
1

all have a non-zero solution. Equivalently, such an eigenvalue is a common zero
of the polynomials

k
det{Aro—kZ)\sA,S}, r=1,... k. (1.9.3)
1

Since these polynomials are in general of degrees ny, ..., ng, the number of such
common zeros ought to be, again in general, the product [] n, of these degrees.
If we think of the matrix in the r-th row of (1.9.1) as acting on a space G,
of dimension n,, then [[n, is also the dimension of the Kronecker or tensor
product

G=G1® - @Gy (1.9.4)

It is thus reasonable to anticipate that the eigenvectors, Kronecker products
of the y,., might span this space. Carmichael introduced the dual equations to
(1.9.2) and set up a bi-orthogonality with a view to the eigenvector expansion.
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There are some difficulties here. The existence of a complete set of eigenvectors
is not quite trivial even in the self-adjoint or hermitian case, while in the non-
self-adjoint case there is the possible complication of the presence of root-vectors
in addition to eigenvectors. Carmichael (1921a, p. 77) however considered it
unnecessary at that point to develop the theory for exceptional cases in order
to benefit from the heuristic value of this algebraic case.

There seems to have been only limited follow-up to Carmichael’s papers; possi-
bly readers concluded that the problems mentioned had been essentially solved.
Nevertheless, firm results for the algebraic case are needed in applications, par-
ticularly if this case is to be used for approximations. Reference may be made
to Atkinson (1964a, 1972), and, for recent results on the hermitian case, to the
book by Volkmer (1988). While we do not rely greatly on this topic in what
follows, the completeness of eigenvectors in the hermitian case does provide one
way of considering completeness for multiparameter difference equations, and
also in turn one way of attacking the completeness problem in the differential
case. We proceed to list some typical problems in the multiparameter area.

Notes for Chapter 1

We start with some historical remarks dealing with the intended layout of the
text: As pointed out in the Preface the Atkinson manuscript at our disposal
for the preparation of this book is certainly not the final one as conceived
by Atkinson even though the existence of such a final manuscript has been
ascertained by his family. Unfortunately, a complete thorough review of his
Nachlass failed to turn up this final version. Judging from the dates on the
5.25-inch floppy disks used by Atkinson for storage purposes we can estimate
the date of the manuscript under review to January 1992, during Atkinson’s
76th year. The final version should have been dated sometime in July 1992, just
prior to the onset of his final illness which, unfortunately, made it impossible
for him to do any more mathematical work.

The manuscript drawn from Atkinson’s Nachlass had indentations for addi-
tional subsections in this first chapter; material with the headings Mathieu’s
equation, The spheroidal problem along with some additional references (e.g.,
the author name “Schifke” by itself) not specifically linked to any particular
subheading or subject but perhaps an afterthought. In any case, neither these
manuscript pages nor copies and/or disks containing this information have ever
been found, hence any possible guess as to the presentation of this material is
left out. The same applies to some of the subsequent chapters, and this will be
addressed as the book unfolds.

Section 1.7 is missing from the files under review although a marginal note in
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the table of contents in Atkinson’s hand notes that he had forgotten to include
it in the manuscript. The “spheroidal problem” alluded to above may have been
slotted for this location, but this is only a guess. Thus, we have renumbered
the sections accordingly. This spheroidal problem had been considered earlier
by Lamé (1854) and independently by Thomson (1863). (See also Thomson
and Tait 1873). A complete exposition of the results in §1.6 may be found in
Whittaker and Watson (1927, Chapter XXIII, §23.3).

Section 1.8 as presented here is followed, in the original manuscripts, by a sec-
tion entitled “General multiparameter problems” equivalent in content to the
present §1.9. The section “Heading to the present” §1.9 is the same as the head-
ing used in another (undated) version of §1.9 only to be found in manuscripts
but not in digital form.

The transformation (1.3.16) normally requires f to be differentiable, in which
case (1.3.3) becomes

2"+ h(z)z2=0
with h(x) = g(a) — F(2)2/4— [/(2)/2.

At the end of §1.7 Atkinson added the references “We refer to the papers and
discussion in Klein’s collected works” and the partly cryptic references,“. .. and
to the papers of Hilb, Flackenberg [sic], ... (ref. Thomson and Tait, Theoretical
Physics, Natural Philosophy 1867, 1879 Phil Trans. 1863, Lamé 77, W-W
chapters??)” some of which we have deciphered and added in the references
at the end. We note that Hilb’s interest in this general area was, no doubt,
due to Klein’s influence in Munich (where Klein had taught until 1880). Hilb’s
1903 dissertation in Munich was entitled Beitrdge zur Theorie der Laméschen
Funktionen. It was directed by C. L. F. Lindemann, who had been a student
of Klein’s. Those papers by Hilb (some co-authored by Otto Haupt of non-
definite Sturm-Liouville theory fame) dealing with Lamé functions and Klein’s
program in this vein can also be found in the references.

The exposition in §1.9 can be used for motivational purposes to complement
Chapter 6 of the companion text, Atkinson (1972). For a survey of the case of a
single Sturm-Liouville equation with two parameters, see Binding and Volkmer
(1996).

1.10 Research problems and open questions

1. Tt is well-known that (1.3.3) may be reduced to (1.3.2) by means of a
normalization and a change of independent variable (Ince [1954]). For example,
if f € L(a,b), then, (1.3.3) may be cast in the form of (1.3.1) with p(x) = F(z),
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q(z) = g(z)F(z), where F(x) = exp{[* f(s)ds}. Since F(z) > 0, (1.3.6) may
be used to bring this to the Liouville normal form (1.3.2).

Consider now (1.3.3) as a matrix system of differential equations, that is, y
is a (real) square matrix of unknown functions, f,g are given matrices of the
same size as y and f,g € L(a,b) (in the sense that all their entries share
this property). One may even assume with a slight loss of generality that
the coefficient matrices f,g have smooth entries. Does there exist a suitable
transformation of variables that reduces the matriz system (1.3.3) to the form
(1.3.1) or even (1.3.2)7

Remark Observe that the “exponential device” referred to in the opening
paragraph is unavailable in this setting unless there are major (and undesirable)
commutativity assumptions on the values of the matrices f,g. One way of
circumventing this difficulty consists in rewriting the vector system (1.3.1) as
a canonical system (so now y € R™ is a column vector, say)

u' = JB(t)u,

where u = col {y,py'} € R?",

and
so=[2 2]

See Chapter 9 in Atkinson (1964a) for more information on such systems and
Chapter 11 in Hartman (2002), or Reid (1971, 1980) for details on the connec-
tion between vector and matrix systems of the form (1.3.1).

2. Another line of research would be to consider the results of this chapter (e.g.,
transformation theory, two-parameter linear problems) in the more general set-
ting of dynamic equations on time scales. The study of two-parameter problems
on time-scales would be a noteworthy contribution to the understanding of the
relationship between discrete and continuous boundary problems. This ap-
proach would be in the same spirit as the original ideas in Atkinson (1964a)
then taken up by Mingarelli (1983) that is, to find a framework that could
be used to unify discrete and continuous problems, which are differential and
difference equations simultaneously. For a survey of this relatively new field,
see Agarwal et al. (2002).

3. As mentioned in (2), a different viewpoint at unification of discrete and
continuous problems was undertaken by Atkinson (1964a) and others using
Volterra-Stieltjes integral equations, a topic that dates back to the Russian
school of Krein with Stieltjes strings being the main thrust. In the West, this
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study became abstracted through the work of the probabilist W. Feller (1950s)
(cf., Feller derivatives, see Mingarelli [1983] for further references).

There appears to be no systematic study whatsoever of even two parameter
boundary problems for either a Stieltjes string or for dynamic equations on
time scales.

An obvious advantage would be the immediate unification of the continuous and
discrete second-order, two-parameter case without having to resort to more spe-
cialized discrete settings. Thus, for example, it would not be out of the question
to see the pioneering work of Billigheimer (1970) in the study of boundary prob-
lems for five-term recurrence relations (or fourth-order difference equations) as
being a consequence of such a general theory. Indeed, one may even contend
that this book in its entirety may become a special case of such a grand unified
theory since as the reader will note that different techniques have to be used
to handle the discrete and continuous multiparameter cases, especially when
treating expansion problems.



Chapter 2

Some Typical
Multiparameter Problems

2.1 The Sturm-Liouville case

We now present formally the special case of primary interest, the multiparame-
ter version of classical Sturm-Liouville, in its simplest and most classical form.
We suppose given k real and finite intervals

I. =[a; by, 7=1,2,...k, (2.1.1)
and real functions satisfying the usual continuity requirements

prs(zr) € Clar, by], 1<rs<k, (2.1.2)
qr(zr) € Clar, by, 1<r<k. (2.1.3)
In addition, we need 2k real numbers «,., 3., 7 = 1,...k, to specify the bound-

ary conditions; without loss of generality, we make the usual restriction that
0<a,<m 0<fB.<mr=1,... k.

We ask for non-trivial solutions of the k differential equations

k

yT”(xT) - QT(xT)yT(xT) + Z Aspv"s(xr) yr(xr) = 0, (214)

17
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ar < xp < b., r=1,...k, which satisfy the respective boundary conditions

yr(ay)cos ap =y (a)sin ap, r=1,...k, (2.1.5)

yr(br) cos Br = y.(b)sin B, r=1,...,k. (2.1.6)

We have here taken advantage of the remarks of §1.2, in using the simple form
y" for the second-order term in (2.1.4). Naturally, we are interested only in the
situation that none of the y, (z,) vanishes identically. A set of values of Aq,.. .,
Ak for which this is possible will be termed an “eigenvalue.” Eigenvalues are
thus again k—tuples of scalars. An eigenvalue is thus an inhomogeneous object.

An alternative concept is to consider a (k + 1)—tuple Ao, ..., Ax of scalars, not
all zero, an eigenvalue if the equations

k
Aoty (@) = gr(zr)yr(20)} + Z AsPrs(@r) yr(2r) = 0, (2.1.7)
s=1
r = 1,...,k, likewise all have non-trivial solutions satisfying the boundary

conditions. This may be termed an eigenvalue in the homogeneous sense. For
the present, we use the previous inhomogeneous sense.

The term “eigenfunction” is used for the product

k
y:y(xh...,xk) = Hyr(mr)v (218)

r=1

where the y,(z,) are solutions of (2.1.4)—(2.1.6). We then have

k
{0°/027 — qr(w) Yy + > prs() Ay =0, r=1,...,k, (2.1.9)
s=1
and the boundary conditions
y cos ap = (0y/0xy)sin o, p = ap, 7 =1,...,k, (2.1.10)
y cos By = (Oy/0x,)sin By, & =bpyr =1,... k. (2.1.11)

It will appear later that certain sign restrictions, which we term “definiteness,”
must be imposed, if we are to obtain results similar to those for the standard
one-parameter case. These will be introduced in the next two chapters; they
correspond to restrictions usual in the one-parameter case.

In the absence of these definiteness conditions, we can only say that the problem
is at least formally well posed, in that the eigenvalues (A1, ..., Ax) are the roots
of k simultaneous equations. We denote by y,(x, ; A1,...,Ax) the solution of
the r-th equation (2.1.4) such that

Yr(ars A1y M) = sin g,y (@ A, .o, Ak) = oS ap, (2.1.12)
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so that (2.1.5) is automatically satisfied. Then for (2.1.6) we need that
Yr(brs A1y ooy Ag) €08 Br — yp (bry Ay oy Ak)sin B, =0, r=1,..., k. (2.1.13)

The eigenvalues are thus the common zeros of k entire functions of the k vari-
ables Ay, ..., A, (cf. [2.1.4]). Of course, we cannot without further assumptions
say much about the existence or distribution of such common zeros. We take
this up in Chapters 5-8, using oscillatory arguments.

The set of eigenvalues is naturally termed the “spectrum” of the problem
(2.1.4)—(2.1.6) (at least in this case, although we point out that, strictly speak-
ing, the spectrum can generally contains other types of points, but these do
not appear in this context).

2.2 The diagonal and triangular cases

In the general case of (2.1.4)-(2.1.6), the values of A1,..., Ay occurring in the
spectrum are inseparably linked; we’ll see later that they do not run through
sequences of values independently. However, there is one case in which this does
happen. Although this case is degenerate from the point of view of the general
multiparameter theory, we note it for its illustrative value, to say nothing of its
importance in applications. In this and the next section, we may assume that
the coefficients (2.1.2)—(2.1.3) satisfy the minimum integrability requirements,
Prs(Tr), gr(xr) € L(ap, by), 1 <18 < k.

The case is that in which each of the As; occurs, with a non-zero coefficient, in
just one of (2.1.4). Renumbering the parameters or the equations, if necessary,
we may suppose that

prs(zr) =0, 1 #s, (2.2.1)

We may term this the “diagonal” case, since the matrix formed by the p,(z;)
is then diagonal. The situation is then that we have k separate one-parameter
Sturm-Liouville problems, without parameter linkage. The spectrum of the
multiparameter problem is given by letting each A; run independently through
the corresponding set of eigenvalues.

A slightly less degenerate situation is likewise of great importance in applica-
tions. We term this the “triangular” case, for its resemblance to the inversion
of a triangular matrix. We suppose that, after any necessary re-numbering, we
have

prs(zr) =0, r<s. (2.2.2)
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Then (2.1.4) with r = 1 takes the form
1" — @y + pny =0, ar <a < by, (2.2.3)

and this, together with (2.1.5)—(2.1.6) with r = 1, is a standard one-parameter
Sturm-Liouville problem. This gives an admissible sequence of values for Aq,
at least if p1; > 0. We then pass to (2.1.4) with » = 2, and so to

Yo" — qay2 + (Mip21 + Aaep22)y2 =0,  az <z < by (2.2.4)

The procedure is then that for each A\; admissible in (2.2.3), we substitute
in (2.2.4) and obtain together with (2.1.5)-(2.1.6) with » = 2 an eigenvalue
problem for A\y. We then take admissible pairs (A1, \2) so obtained and use
them in (2.1.4) with r = 3, to yield an eigenvalue problem for A3, and so
on. Thus, at any rate so far as the spectrum is concerned, the multiparameter
problem reduces to a sequence of one-parameter problems. In general, of course,
such a reduction does not take place.

These reductions, when possible, do not entirely dispose of the problems of
such degenerate cases. It is still of interest to study the completeness of the
eigenfunctions obtained in this way.

2.3 Transformations of the parameters

It is often convenient to make hypotheses concerning the signs of functions,
parameters or operators appearing in a multiparameter problem; this raises the
problem of when such sign-hypotheses can be brought into being by a simple
transformation. We take first the case of a translation or change of origin in
the parameter-space.

For any real numbers fi1, . . ., i, we may introduce new spectral parameters A
by
M=X+ps, s=1,... k. (2.3.1)
Substitution in (2.1.4) yields the equation
k
y" () — qf (@) yr(2,) + Z A prs(@r) yr(2,) = 0, (2.3.2)
s=1
where
k
(@) = gr(@) + > ps prs(a). (2.3.3)

s=1
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and as before a, <z, < b., 7 =1,...,k. The boundary conditions are unaf-
fected since, in this case at least, they do not involve the spectral parameters.
While not altering the problem in any essential way, such a transformation may
serve the purpose of arranging that the eigenvalues or the potentials ¢, (z,.) have
special sign-properties. This device is sometimes used in the one-parameter case
to remove zero as an eigenvalue.

Consider next the effect of a homogeneous linear transformation, in which new
parameters A\l are introduced by the relations

k
Ao = M, (2.3.4)
t=1

where (75¢) is a non-singular k-by-k matrix of constants. Inserting this into the
differential equation, we have

k k
D pes(@n) A =Y phi(a) A, (2.3.5)
s=1 t=1

where

k

pit(mr) = Zprs(xr) Vst (236)

s=1

The linear transformation of parameters thus induces a dual transformation of
the coefficient functions. Again, it may be possible to choose the 4 so as to
give some special form or sign-properties to the plt(xr). We take this up in
Chapter 4.

2.4 Finite difference equations

With the y, defined as in (2.1.4)—(2.1.12), for an unbounded sequence of integers
m — oo we form finite-difference approximations to these functions, denoted

zr(mr):zr(m)(xr), ar <. <b., r=1,...,k (2.4.1)

the superscript (™) will often be omitted. To form these we first divide the
intervals [a,, b,] into m equal parts, of lengths

h=h." = (b, — a,)/m, (2.4.2)
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with nodes x,; = z,;(™ such that
Ur = Tp0 < «oo < Ty = by (2.4.3)

For simplicity, we take m to be independent of r.

As in the one-parameter case, the z, are initially defined at these nodes z,;,
starting with the initial data

zr(xpo) = sinay.,  z.(x,1) =sina, + by cosa,. (2.4.4)

We then continue the definition at the nodes with the aid of recurrence relations

he A2 (2 1) + 20 (24 {Z As Prs(@rj) (acrj)} =0, (2.4.5)

for j =1,...,m — 1; here A is the forward difference operator, Az, (z, j—1) =
2p(2rj) — 2r(zrj—1) and as usual A2z, (2, ;1) = A(Az (@ j-1)).

Finally, we complete the definition of z, between the nodes by linear interpo-
lation; z, will be continuous and piecewise linear, z,” being constant except at
the nodes.

The functional dependence is expressed in full by
Zr(m) (Z'T) = Zr(m) (mr; )\1, ey )\k)

At the node z,;, this will be a polynomial in Aq, ..., A; of degree at most j — 1.
Corresponding to the boundary condition at b, we impose the condition

2r(Tym,) cos By — hrfl{zr(xrm) — 2 (@p 1) }sin, =0, 7 =1,...,k. (2.4.6)
Here the left is a polynomial in the A4, of degree at most m — 1. The eigenvalues,
k-tuples A1,..., Ak, will be common zeros of the equations (2.4.6). We denote
them by ™ = 1, ™), ... e, ™), where n runs through some index set.
We have an eigenfunction orthogonality in the sense

k

s=1j

m

,Usn ,Usn prs(xr])zr(mrjaMn)zr(mmaﬂn ) =0, r=1,..., k‘,
=0
and so, if the eigenvalues are distinct, we have
m
det Y pra(@r) 20 (@rg, pn) 20 (20, pin”) = 0, (2.4.7)
j=0

and so (cf. [4.2.4])

k

m m k
Z Z det prs(Tru,) H 20 (T, s fn) H 20 (Tp, s i) = 0. (2.4.8)

u1=0 ur=0 r=1 r=1



2.5. MIXED COLUMN ARRAYS 23

These constitute orthogonality relations between the eigenfunctions, which are
now products

k
H 2r (T, s fn) (2.4.9)
r=1

defined on the k-dimensional grid

(Trugs - Thug)y, Ur=0,....m, r=1,... k. (2.4.10)

2.5 Mixed column arrays

We give now a brief overview of the formalities associated with systems of
equations in which the coefficients are linear operators, ranging from the most
basic case in which these operators are representable by square matrices of
finite order to the situation of main interest here, where they will be ordinary
linear differential operators. The general theory of such systems follows to
some extent the theory of a very special case, namely, that of ordinary linear
simultaneous equations. With a (k + 1)-by-(k + 1) array of scalars

ars, 0<r, s<k, (2.5.1)

we may associate a system of equations

k
 apa,=0, 0<r<k. (2.5.2)
s=0

As is well known, non-trivial solutions are possible iff the determinant
det a,s = 0. (2.5.3)

In the operator analogue, we cannot proceed so rapidly. We now suppose given
an array of linear operators

Ars, 0<r s<k, (2.5.4)

Here, for each r, the k+1 operators A, ..., Ayx, have a common domain-space
G, and map into a common range-space H,.. The space G, may be the same as
H,., but need not be, and either may include the other as a subspace. However
it is in no way requisite that these should be inter-related for different values
of r. Usually, these linear spaces will be of the same general nature, but even
this is not necessary. However, two operators from different rows of the array
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(2.5.4), say, Ars, Ars when r # ', do not act on the same objects, though
they may act on separate copies of the same object, The composite A,sA, s,
is not defined; indeed, it need not be defined when r = ' either.

The fact that the operators (2.5.4) do not have a common domain means that
we do not have an immediate analogue of the simultaneous equations. How-
ever, several analogues do indeed exist. In the simplest of these, we set up an
eigenvalue problem. We ask for a set of Ag, not all zero, such that

k
> Ardyr =0, r=0,... .k (2.5.5)
s=0
for some set of elements ¥, xg, ..., 2k, none of them zero. In other words, the
set of operators
k
> A, r=0,...k (2.5.6)
s=0

must all be singular, or more precisely must have non-zero kernels. The “un-
knowns” z, in (2.5.2) have thus been replaced by spectral parameters Ag.

The structure is still deficient, however, in that we have no means of eliminating
the As and the y, between the equations (2.5.5) so as to produce an analogue of
(2.5.3). This is where the tensor-product apparatus comes in. For the general
theory, we need to introduce a tensor product space

G=Gi®G1® - QGy; (2.5.7)

this is generated by “decomposable” elements
Y=Y @Y1 @ - @ yk; (2.5.8)
where y,. € G, r =0,..., k. In addition, with the A, we associate “induced”

operators, denoted Al ; roughly speaking, Af, is given by making A, act on
the factor y, in (2.5.8). Moreover, A;[S can act on any tensor product containing

G, as a factor; we do not introduce a fresh notation for such actions.

With the aid of this machinery, we can pass from (2.5.5) in the first place to
the equations

k
Z Al Ny =0, r=0,...k (2.5.9)
s=0
the question is now whether Ag, ..., Ax, not all zero, can be found so that the

equations (2.5.9) have a common solution y € G, not zero. Second, we can set
up the equations

k
> Alu, =0, (2.5.10)
s=0
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in which ug, ..., ur € G. Again the question is whether (2.5.10) have a solution
Uug, . . ., U in which the ug are not all zero. The last forms perhaps the truest
analogue of (2.5.2) in that it has the property that set of solutions of (2.5.10)
forms a linear space, a subspace of

Go...8G,

the direct sum of (k + 1) copies of G. On the other hand, it is weaker than
(2.5.9); a non-trivial solution of (2.5.9) yields one of (2.5.10) but the converse
conclusion is in no way immediate.

From either of (2.5.9), (2.5.10), we can deduce an analogue of (2.5.3). This
involves the “operator-valued determinant”

A =det Af_. (2.5.11)
This, an operator from the tensor-product G to the tensor product
H=Hy® HH ®...® Hy,

is formed by expanding the determinant in the usual way as a sum of signed
products of its entries. The products are to be in the sense of operator-
composition; the requisite products do have sense, the order of the factors
being immaterial. The conclusion from (2.5.9) is that if the A; are not all zero,

Ay = 0. (2.5.12)

Summing up, we have as trivial propositions that the existence of non-trivial
solutions of (2.5.5) implies the same for (2.5.9)—(2.5.10). The reversal of such
implications was taken up in Atkinson (1972) in the finite-dimensional case.
We take up here similar questions in certain differential operator cases.

2.6 The differential operator case

We now fill in a few of the details in the situation of relevance to this vol-
ume. Using the conventional letter for differential operators, we assume we are
dealing with an array

L.s, 0<r s<k, (2.6.1)

where L, is an ordinary linear differential operator, acting on functions of an
independent variable x,. For example, we may have

Mg

Lrs(yr) = Z QTsm(xT)(d/dxr)myr(xr)Q (2'6'2)

m=0
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forms also occur in which the coefficients g5, come under the sign of differ-
entiation, along with derivatives of y,.. It is not excluded that L,s; might be of
order zero; that is to say, it might be the operation of multiplication by some
function of z,.

The spaces G, will be, in this case, spaces of functions defined on respective
intervals I,.. The functions will of course have to be suitably differentiable,
with appropriate restrictions of continuity or of absolute continuity on the
derivatives. For the purposes of the general theory, the independent variables
To, ..., T occurring in these function-spaces are considered as unrelated; there
is no objection to them all having intervals of variation that overlap or coincide.

In this situation, a formal introduction of tensor products would need consider-
able preparation. Fortunately, an explicit construction is immediately available.
We take in the role of the tensor product G a space of functions on the cartesian
product of the various x,-intervals, that is to say, on the set

I={(xo,...,z1)| xr €L, r=0,....k}. (2.6.3)

The induced operators L] are simply the L, interpreted as partial differential
operators; on a function y(zo,...,zr) =y, they act according to

Lis (yr) = Z Qrsm(0/0z,)™y (2.6.4)

The functions in G must be such that partial derivatives of the requisite or-
ders exist and commute. “Decomposable elements” of G, corresponding to
(2.5.8), will be functions of zy, ..., zx, which are products of functions of these
individual variables.

Corresponding to the constructions of § 2.5, we have

(i) the system of ordinary differential equations,

k
> LeAayr =0, 1=0,... .k (2.6.5)
s=0
linked only by the parameters,

(ii) the system of simultaneous partial differential equations

k
> LI Awy(zo,...,x) =0, r=0,...,k (2.6.6)
s=0

(iii) the system of partial differential equations

k
> Lius(xo,...,zx) =0, r=0,... .k (2.6.7)
s=0
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(iv) the determinantal partial differential equation
Ly=0, (2.6.8)
where formally
L =det LI, (2.6.9)

and the determinant is to be expanded as a sum of products or operator com-
posites in the usual way.

Assuming that all functions concerned are sufficiently differentiable, it is im-
mediate that products of solutions of (2.6.5) yield solutions of (2.6.6), that
solutions of (2.6.6) yield solutions of (2.6.7), and that the latter yield solutions
of (2.6.8). For example, to deduce from (2.6.7) that

Lug =0, (2.6.10)

we apply to the typical equation in (2.6.7) the partial differential operator,
which is the co-factor of Lj«o in the determinant (2.6.9), and sum the results.

2.7 Separability

A partial differential operator L in the variables xg, ..., z; which admits rep-
resentation in the form (2.6.9) may be said to be “separable.” More generally,
we say that it is separable if it can be written as

L=y det LI (2.7.1)

rs?

where 4 is a non-zero function of xg,...,zr, and as before L is a partial dif-
ferential operator, involving x, only, both as to the derivatives and as to the
coefficients. Such a representation, if possible, will not be unique. If L is
separable, the equation Ly = 0 possesses a considerable stock of particular
solutions, given by products of solutions of the ordinary differential equations
(2.6.5). Here the A, ..., \x may be any set of numbers, not all zero. For certain
purposes, solutions of this nature, together with linear combinations of them,
are sufficient.

In this connection, the numbers Ay, ..., \; are termed “separation constants”;
the number of them, k£ + 1, is equal to the number of independent variables.
Frequently, it is convenient to go over to an inhomogeneous formulation, by
fixing \g = 1, say; the number of separation constants will then be k, or one
less than the number of variables.
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2.8 Problems with boundary conditions

In their role as separation constants, the parameters s in §2.6 are unrestricted.
We now consider how far they may be chosen so as to make the solutions vy,
of (2.6.5), or their product y, satisfy supplementary conditions. We are con-
cerned with boundary conditions of the standard type, imposing homogeneous
linear conditions on the values of y, and its derivatives at the end-points of
the z,-interval, the number of such conditions being equal to the order of the
differential equation concerned.

The effect of suitable boundary conditions for one of the equations (2.6.5) will be
that a non-trivial solution y,(z,) exists only if (Ao, ..., Ax) lies in some proper
subset of the collection of non-zero (k + 1)-tuples considered projectively. This
suggests that if we impose such boundary conditions on all (k 4+ 1) equations,
we are liable to obtain a problem in which one of the y,, must vanish identically,
whatever the choice of the ;.

This may be seen more clearly in the case in which, for each r, L,¢ is a differ-
ential operator of higher order than any of L,1,..., L.;. In this case we take
Ao = 1, and the A1, ..., \g, for which (2.6.5) has a non-trivial solution satisfy-
ing suitable boundary conditions, will be the zeros of some entire function of
A1y...y Ag. If we imposed boundary conditions for all of (2.6.5), we should be
looking for sets of which these were common zeros of k + 1 entire functions of
A1, ..., Ak. Again, this is liable to yield the empty set.

This suggests that we consider the problem in which boundary conditions are
imposed in connection with k of the k& + 1 equations (2.6.5), say, those for
r=1,...,k. The boundary value problems formed by (2.6.5) for r = 1,... k,
together with the boundary conditions, will serve to determine some subset
of admissible sets (A1,..., ), not all zero and considered projectively. The
equation (2.6.5) with » = 0 may then be set aside, as playing no role in the
determination of these constants.

This formulation arises naturally in physical problems in which boundary con-
ditions are imposed in respect of the spatial variables, but not in respect of
time, and which the time-dependence of normal modes is determined in terms
of eigenvalues of spatial differential equations.

In what follows, we study the situation of k£ equations with associated bound-
ary conditions, each involving k parameters, with the parameters considered
inhomogeneously, with Ao taken to be 1.
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2.9 Associated partial differential equations

Since in the problem (2.1.4)—(2.1.6) the number of boundary-value problems is
equal to the number of parameters Aq,...,\;, we cannot expect to eliminate
all the parameters. The problems provide in general just enough information
to determine a spectrum. The problems (2.1.4)-(2.1.6) may indeed arise from
a partial differential equation with boundary conditions, neither of which in-
volves any parameter. However, in such cases, we arrive at (2.1.4)—(2.1.6) by
dispensing with one of the separated equations, commonly that associated with
the time variable, as explained in §2.8.

Nevertheless, elimination procedures are important to the theory of (2.1.4)-
(2.1.6). What we can do is to eliminate all but one of the parameters. More
precisely, a solution of (2.1.4)—(2.1.6) yields a solution of a boundary-value
problem for a partial differential equation, involving one of the parameters,
at our choice. We thus get an eigenvalue problem of the conventional one-
parameter type.

We first pass to what are in effect the induced equations in a tensor product
space; as previously, we prefer to rely on explicit constructions rather than on
the theory of tensor products. We write

y=y(z1,...,25) = Hyr(xr), (2.9.1)

r=1

where the y,(z,) are solutions of (2.1.4)—(2.1.6). We then have

k
{07/022 = qr(x) Yy + D prs(z) Ay =0, r=1,... .k (2.9.2)
s=1
and the boundary conditions
y cosay = (0y/0xy) sinay, x =ar, r=1,...k, (2.9.3)
y cos B, = (Oy/0x,) sin B, x. =b., r=1,... k. (2.9.4)

These conditions apply on the boundary of the k-dimensional interval
I={(x1,....,21)| ar <ap <bp, r=1,... k}. (2.9.5)

We next apply determinantal procedures, in a similar manner to “Cramer’s
rule.” On I we define the k-th order determinant function

P(z1,...,x,) = det prs(z), (2.9.6)
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where the suffixes extend over 1 < r,s < k. We write
Prs - rs(mlv'“,i'rv"'axk)

for the co-factor of p, in P; the notation (") indicates that P,s does not depend
on z,. From determinant theory, we have then that

k
Zprsprt = 6stP> (297)
r=1

where 05t =0, s # t, 05t = 1, s = t. Thus, if we multiply (2.9.2), respectively,
by P, r=1,...,k, and add, we get

k
ZPN{82/3J:§ — g (z)}y+ MPy=0, t=1,... k. (2.9.8)

r=1

Choosing some t-value, we take one of (2.9.8) together with the boundary
conditions (2.9.3)—(2.9.4). This gives a boundary-value problem for a partial
differential equation, involving one parameter only. In the spectrum of k-tuples
(Ay..oy Ak) for (2.1.4)—(2.1.6), the values of A; which occur must be among
the eigenvalues of the problem given by (2.9.3)—(2.9.4) and the t-th equation
in (2.9.8).

Sometimes it is desirable to use a linear combination of the equations (2.9.8).
For any p1, ..., px, we have

k

k k
SO  pPu{0?/0x) = gr(x)}y+ Y _{pehe} Py =0. (2.9.9)

t=1r=1 t=1

Here the expression Y p:\; functions as a parameter. The occasion for this
device is that it is desirable in the theory of (2.9.8) that the coefficient P of y,
or the coefficients P,; of 9%y/dx2, or both, be positive. When this fails, it may
be possible to choose the p; so that the requisite positivity holds for (2.9.9).

2.10 Generalizations and variations

We shall deal mainly with direct extensions to the multiparameter situation
of the classical Sturm-Liouville situation; this we do both for the importance
of these cases and for their amenability. Thus, we give little attention to a
very wide field of generalisation in which the differential operators may be of
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higher order. Again, we are not considering cases in which some of the linked
eigenvalue problems are of Sturm-Liouville type, and others of a different na-
ture, perhaps involving matrices. We also confine attention to scalar differential
equations.

However, even within these limitations there is some scope for variation. For
example, it will be noted that in (2.1.4) we have taken the second-order terms
in the form y,.” (2, ), rather than in the more general self-adjoint form

(d/dwr){ fr(zr)ye'(zr)}, (2.10.1)

where f,.(z,) is some positive continuous function. We do this to conserve
notation, and note that it does not entail any loss of generality. As discussed
in Chapter 1, the well-known change of variable

d¢, = dx, [ fr(z) (2.10.2)

zr (&) = yr(x,), enables us to rewrite (2.10.1) as

{fo(@r)} ™" d/dE {2 (&)} (2.10.3)

and so brings us back effectively to the above special case.

We can also relax the usual continuity requirements on the coefficients in (2.1.4).
If they are Lebesgue-integrable, the solution y,(z,) will have to be such that
yr' (z,) exists and is absolutely continuous, with the differential equation being
satisfied almost everywhere.

We comment next on the boundary conditions (2.1.5)—(2.1.6), which we have
taken to be all in the one-point or separated form. Of course, other types
of boundary conditions are important, notably periodic boundary conditions.
There is no need to take all the boundary conditions of the same type; the
choice will, of course, affect such matters as the oscillatory characterization of
eigenvalues.

For other types of boundary-value problems, a model is given by the Legendre
polynomials, which are finite as x — +1, even though the Legendre differential
equation has singularities there. More generally, for an analytic differential
equation with a regular singularity, we may impose a boundary condition in-
volving the roots of the indicial equation, limiting the behavior of the solution
near the singularity. The relevant situation is given by the Lamé differential
equation and generalization, in which we seek to adjust several parameters so
that solutions should have suitably limited behavior at several singularities.
With the last remark, we verge on another point, namely, as to whether the
independent variables z, in (2.1.4) are to considered as distinct. If the intervals
do not overlap, then it is indeed possible to consider the differential equations
(2.1.4) as governing a single independent variable over various disjoint intervals
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on a single real axis. In some cases, this is quite appropriate. We cite the case
of a differential equation

k
2" (z) — q(z)z(z) + Z Asps(x)z(x) =0 (2.10.4)

over some interval [a, b], in which we ask for there to exist a non-trivial solution
that vanishes at a, at b, and also at k — 1 assigned points in (a,b); the k-
tuples (A1,...,Ag) for which this is possible constitute the spectrum. This
problem can of course be re-phrased in terms of (2.1.4)—(2.1.6), with separate
independent variables.

For the purposes of the general theory, the formulation in terms of separate
independent variables is needed in order to have available the partial differential
equations of §2.9.

Certain singular cases, in particular those involving semi-infinite intervals, will
be considered later. These, of course, cannot be re-formulated in terms of a
single independent variable.

2.11 The half-linear case

We recall that a linear homogeneous equation has the property that the set
of solutions is closed under the basic operations of (i) addition and (ii) multi-
plication by scalars. The term “half-linear” is used for an equation with the
latter property only; for such equations, the sum of two solutions need not be a
solution. The definition is dependent on the choice of the field of scalars; here
this will be the real field. Such equations have been considered mainly in the
real domain.

The theory has been developed in the ODE context by Bihari and by Elbert
and in the PDE context in connection with the “p-Laplacian,” defined by

Ayu = div{|grad u[P~? grad - u} (2.11.1)

for which there is an extensive literature. It is the former that is most relevant
here, particularly the possibility of using suitably adapted Priifer transforma-
tions. A typical single equation would be

vy "+ p()yly* T =0, (2.11.2)

where n > 0. The case n = 1 is of course the standard one.
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The Priifer transformation involves a certain generalization of the sine-function.
We denote by S(¢) the solution of

S" 8t 4 §1S"t =0, S(0)=0,5(0) =1, (2.11.3)

and for a non-trivial solution of (2.11.2) introduce amplitude and phase vari-
ables p(t) > 0, ¢(t) by

y(t) = p(1)S((1), y'(t) = p(t)S"(#(1)). (2.11.4)
One finds that
¢'(t) =S ()" + p(®)[S(p)|" ! (2.11.5)
and
p'(t)/p(t) = S'(6)S()|S(@)" {1 = p(t)}. (2.11.6)

See Elbert (1979) for more details and references to this extensive generalization
of Sturmian theory.

The multiparameter version of such problems might be

ny.—1 __ 0
— Y

(2.11.7)

v ()Y ()

k
nr—l + {Z )\sprs(xr) - QT(xr)} yT(mT)|y(mr)

a?"SxTSbT‘a T:1,...7]€,

together with the same boundary conditions, (2.1.5)—(2.1.6). Here the n, are
all to be positive.

2.12 A mixed problem

A simple yet non-trivial case is given by the linking of a Sturm-Liouville problem
with a matrix equation. An example might be

—y" +q(x)y = {p1(@) + Aepa(2)}y, a<a <, (2.12.1)
with boundary conditions
y(a)cosa =9/ (a)sina, y(b)cosB =y (b)sin 3, (2.12.2)

together with
{)\1141 + XA + B}’LL =0, (2123)

where Ap, Ao, and B are constant n-by-n matrices. An eigenvalue is a pair
A1, A2 for which (2.12.1)—(2.12.2) and (2.12.3) both have non-trivial solutions,
while an eigenfunction would then be the vector-function y(z)u.
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Notes for Chapter 2

For a proof of the orthogonality (2.4.7), see Atkinson (1964a, Chapter 6.9). The
approach in this section is also used by Faierman (1969). For basic material
regarding § 2.5, in particular, operator analogs of (2.5.1)—(2.5.3) in the case of
rectangular arrays or when r = 1,...,k and s = 0,...,k, see Atkinson (1972,
Chapter 6).

The notion of separability defined in §2.7 appears to be new. Similar notions
have been defined for specific classes of differential operators (e.g., for first-order
differential operators commuting with themselves and with the Dirac operator,
as in Miller [1988]), but not in the generality outlined here.

To this day, multiparameter problems associated with a half-linear differential
equation (cf. § 2.11) appear not to have been studied. The linked problem as
formulated in § 2.12 also appears to lack a follow-up, the only work related to
it dating from early work of Ma (1972) in the two parameter case.

2.13 Research problems and open questions

1. Multiparameter problems associated with a half-linear differential equation
(cf. § 2.11) appear not to have been studied at all. Thus, for example, the
two-parameter case of a half-linear equation should require a detailed study.

Some work was undertaken by Bihari (1976) and Eberhard and Elbert (2000),
and the references therein, in the one-parameter case.

2. The linked problem as formulated in § 2.12 should be investigated in the case
of more than two parameters, starting perhaps with the case of the Dirichlet
problem.

3. The case of a single Sturm-Liouville equation in two parameters is of much
interest because of a variety of applications. In the singular case where I =
[0, 00) (or I=(—00, >0)), the existence of positive solutions of an equation of the
form

Y+ {pi(x) + Xopa(z)}y =0, z €l (2.13.1)

is intimately related with the set of parameter values (A;, \2) € R? for which
the differential equation (2.13.1) is disconjugate (basically this means that ev-
ery non-trivial solution of 2.13.1 has at most one zero in I). Call this set D.
Such a study was initiated in Mingarelli and Halvorsen (1988) in their study
of “disconjugacy domains” of equations of the form (2.13.1). For example, it
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is known that D is a closed convex set. Applications include Mathieu’s equa-
tion and the spectral theory of problems with indefinite weight functions, for
example, Allegretto and Mingarelli (1989).

Now, a consequence of Sturm-Liouville theory is that an equation (2.13.1) is
either non-oscillatory (i.e., every non-trivial solution as a finite number of zeros)
or oscillatory (in the sense that every non-trivial solution has an infinite number
of zeros in I). The set of all parameter values (A1, \2) € R? such that the
differential equation (2.13.1) is non-oscillatory is denoted by A. There are
classes of potentials p;(z), i = 1,2 for which D = N/, for example, if the p;(z)
are both almost periodic functions (in the sense of Bohr), cf. Mingarelli and
Halvorsen (1988), §2.7, although periodicity in any sense or generalization is
not necessary for this equality is also shown there.

The question is: Can D = N be characterized in terms of properties of the
pi(x)? Also, what is the diameter of D in terms of the given quantities?

Some consequences are, for example: If for a pair p;(xz) we know that D = N
on I, then the spectral problem associated with a given set of boundary con-
ditions will have the property that for an eigenpair (A1, A2) € R? the resulting
eigenfunction will either have at most one zero or will be oscillatory at infinity.
This in turn can provide us with information on the discrete spectrum of the
boundary problem.

4. Consider the triangular case of § 2.2 once again. For regular boundary
value problems with separated boundary conditions much is now known about
the spectrum of problems of the form (2.2.3), including cases where p1; may
change sign in [a1,b;] and ¢ is arbitrary. These so-called non-definite cases
have attracted some attention in the past 30 years. Assuming that det p,s(x)
changes sign in the given interval we take it that pi1(z) itself changes sign in
[a1,b1]. We know that (2.2.3), (2.1.4)—(2.1.6) (with » = 1) admits an infinite
number of both positive and negative eigenvalues. So, working our way down
the diagonal of the matrix p,s (cf., [2.2.2]) we can repeat the argument at the
end of § 2.2 to find an infinite sequence of admissible pairs of eigenvalues and
so can ask the following questions:

What is the asymptotic behavior of such sequences of eigenvalues?

For background material regarding the one parameter non-definite case, see
the survey paper by Mingarelli (1986), and the references therein and, for
example, subsequent papers by Atkinson and Mingarelli (1987), Allegretto and
Mingarelli (1989), Chapter 6 in the book by Faierman (1991), Eberhard and
Freiling (1992), Binding et al. (2002b).

5. In the framework of Question 4 above: What if A; in (2.2.3) is not real
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(we know that a finite number of non-real eigenvalues may exist even for real
coefficients, see Mingarelli [1986] for references). The resulting Sturm-Liouville
equations (2.2.3), (2.2.4), and so on, now have complex coefficients and a com-
plex parameter.

What can be said about the asymptotic behavior of the non-real spectrum of this
problem?

Of specific interest here is the paper by Hilb (1911) where an existence theo-
rem for the eigenvalues of complex Sturm-Liouville equations is derived, their
asymptotic behavior, and the asymptotic behavior of the Green function (for
the Dirichlet problem).



Chapter 3

Definiteness Conditions and
the Spectrum

3.1 Introduction

In this chapter, we investigate, in a general way, conditions for the eigenvalues
to be real, and to form a discrete set; both the latter features need to be
specially interpreted. The treatment is general in that it is not restricted to
Sturm-Liouville systems. In Chapter 5, for Sturm-Liouville systems, we give
oscillation methods, which can be applied for the same purposes.

The methods of this chapter rely in the first place on the theory of arrays of
quadratic forms; the arguments are, however, for the most part self-contained.
When specializing in the Sturm-Liouville direction, we will need the results on
determinants of functions, developed in the next chapter.

We are concerned with a set of k complex linear spaces, on each of which are
defined k£ + 1 quadratic forms. The spaces will now be of functions

yr(xr), ar <ap <b., r=1,... k, (3.1.1)

which are to be suitably differentiable, and are to satisfy boundary conditions.
We write these boundary conditions as

Br(yr) :0, r = 1,...,]{,‘, (312)

37
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where B, (y,) denotes some set of linear combinations of the values of

yT(aT)? yr(br)a yr/(ar)7 y/(br),....

The quadratic, or rather sesquilinear, forms are specified by means of a array
of ordinary differential operators

Lys, 1<r<k, 0<s<k, (3.1.3)

where the L,s, s =0,.... k, act on y,.(z,), a, <z, < b,.

For example, L,s; may have the form (1.3.2) though, as noted there, variations
on this form are possible. “Suitably differentiable” will mean that y,(z,) is
such that the derivatives appearing in L,4(y,) and in B, (y,) exist and are in
suitable function-classes; some variation is possible in the latter point also.

In the case of main interest, we shall have
Lyo = d*/da? — q.(x,), r=1,...,k, (3.1.4)

L,s= prs(mr)a 1<rs<k, (3.1.5)

where ¢, (x,) denote the operations of pointwise multiplication by these func-
tions. For this Sturm-Liouville case, we have a choice between separated and
unseparated boundary condition. Emphasizing the former, we take

B (yr) = {yr(ar) cosa, — yrl(ar) sinay., y(by)cos B — yr/(br) sin ,}. (3.1.6)

The unseparated case may be exemplified by that of periodic boundary condi-
tions, when we should take

B, (yr) = {yr(ar) — yr(br), y2' (ar) — y2' (br) }. (3.1.7)

If in (3.1.4)-(3.1.5) prs(xr), gr(z,) are continuous we should ask that y,(z,) be
continuously twice differentiable; if p,s(z,), ¢-(z,) are only required to be in
L(ay,b,), then we should ask that y,'(z,) exist and be absolutely continuous
over the interval in question.

In the general case, without restriction to (3.1.4)—(3.1.5), it is desirable to con-
sider eigenvalues homogeneously. We then say that the (k+1)-tuple (Ao, ..., Ax)
of scalars, not all zero, is an “eigenvalue” if there exists a set of k functions
(3.1.1), suitably differentiable and in no case identically zero, satisfying the
ordinary differential equations

k
> ALrs(yr) =0, ap <ap <bpy r=1,...,k, (3.1.8)
0

and also the boundary conditions (3.1.2). Clearly, if (g, ..., Ag) is an eigen-
value, then so is the (k+1)-tuple (cAg, ..., cAx), for any ¢ # 0. Two eigenvalues
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related in this way are not considered distinct. In other words, an eigenvalue
is an equivalence class of (k + 1)-tuples (Ao, ..., Ar) of which at least one, say,
A¢ is not zero, and for which the ratios As/\; are all fixed.

This concept of an eigenvalue is open to various modifications and refinements.
It may be convenient to normalize the eigenvalue so as to yield a single (k4 1)-
tuple rather than an equivalence class of them. Notably, if it is known for the
problem in question, that for some fixed ¢, \; # 0 for every eigenvalue, we may
without loss of generality specify that \; = 1, and go over to a notion of an
eigenvalue as a k-tuple of scalars, considered inhomogeneously and not as an
equivalence class. It is also possible to restrict the signs of the As, yielding the
notion of a “signed eigenvalue.” We postpone this to §3.4. In another variation,
we may work in terms of associated partial differential equations.

As noted in Section 2.6, the ordinary differential operators L,s and boundary
operators B, give rise to partial differential operators L' BT, acting on suit-
ably differentiable functions y(x1,...,x); these operators are derived simply
by replacing d/dx, by 0/0x,. If the functions (3.1.1) satisfy (3.1.2) and also
(3.1.8), then their product

k

y(@y, . ap) =[] ve(zr), (3.1.9)

1

will satisfy the partial differential equations

> ALesf(y) =0, r=1,...k (3.1.10)

on the k-dimensional interval
I={(z1,...,¢1)ar <z, <bp,r=1,...,k} (3.1.11)

and on the boundary of I the boundary conditions in partial derivatives given
by

This gives an alternative, formally broader notion of an eigenvalue, as a non-
zero (k+1)-tuple (Ao, ..., Ax) for which there is a non-zero y satisfying (3.1.10),
(3.1.12). In cases of interest to us, the two notions of an eigenvalue turn out to
be equivalent.
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3.2 Eigenfunctions and multiplicity

Let (Ao, ..., Ar) be an eigenvalue, and so a set of scalars, not all zero, such that
(3.1.8), (3.1.2) have non-trivial solutions. The term “eigenfunction” may be
applied in any of the following senses:

(i) a product (3.1.9) of solutions of (3.1.8), (3.1.2),
(ii) a linear combination of such products,
(iil) a solution of (3.1.10), (3.1.12).

It is convenient here to admit in (ii), (iii) the case of an identically zero function.
The definition (ii) is formally broader than (i), and (iii) than (ii).

In the definitions (ii), (iii), the eigenfunctions form a linear space; this is not
in general the case for (i). In the Sturm-Liouville case (3.1.4)-(3.1.6) with
separated boundary conditions, however, the definitions are equivalent.

For each r-value, the set of solutions of (3.1.8), (3.1.2) will form a linear space,
of dimension v,., say; if for every Ag, A1,. .., A\x not all zero the operator (3.1.8)
is a differential operator that does not vanish identically on any subinterval,
then v, will not exceed the order of the differential operator ) AsLys.

In the Sturm-Liouville case (3.1.4)-(3.1.6), if A9 # 0, we shall have v, = 1
for each r; if we keep to (3.1.4)—(3.1.5), but replace (3.1.6) by unseparated
conditions, such as the periodic conditions y,(a,) = y.(b,), v/ (ar) = v’ (by),
we can have v, = 1 or 2.

We define the multiplicity of the eigenvalue (Ao, ..., Ax) to be the product

k

e

1

It is thus the dimension of the linear space of functions (ii); it is also the
dimension of the space of functions (iii), though we shall not prove this.

The collections of functions (i), (ii) will be identical if there is at most one r-
value for which v, > 1. For example, in the Sturm-Liouville case (3.1.4)—(3.1.5),
for one r-value we may replace the separated boundary conditions (3.1.6) by
unseparated conditions, such as the periodic conditions, and can still treat (i)
as a general notion of an eigenfunction, the collection (i) being a linear space.
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Eigenfunctions of the type (i) may be termed “decomposable,” following tensor
product usage.

3.3 Formal self-adjointness

In this and the next section, we introduce two requirements for boundary-value
problems (3.1.8), (3.1.2), which ensure desirable properties, such as the reality
of the spectrum. Basically, these requirements are applied to the boundary
conditions and differential equations, considered as a single entity; it may hap-
pen that the requirements are satisfied if we impose separately restrictions on
the boundary conditions and on the differential equations.

To be specific, we introduce the sesquilinear forms

by
U,s(Yr, 2r) = / Lysyr(xr)zp(xy)day, r=1,...,k s=0,...,k, (3.3.1)
a

r

where the bar indicates complex conjugation, and .., 2z, are such that the right
is well defined. We define also the associated quadratic forms

Drs(yr) = Urs(Yryyr)y, r=1,...,k,s=0,..., k. (3.3.2)

We say that the problem represented by (3.1.8), (3.1.2) is “formally self -
adjoint” if the ®,4(y,) take real values only, whenever the y, are suitably
differentiable functions satisfying the boundary conditions (3.1.2).

It follows from the theory of quadratic forms that (3.3.1) have the property of
hermitian symmetry, or that

\IITS(ZN yT) =V, (yra Zr) (333)

if y,, 2z, are suitably differentiable and both satisfy (3.1.2). For since ¥,.4(y, +
Zr, Yr + 2r) is real-valued, along with U, (y,, y,) and U,(z, 2,), we have that
U,s(Yr, 2r) + Urs(2r, yr) is real. A similar argument shows that

U, (yr, ’in) + U, (izr, yr)

is real, and so also
i{‘l/rs(zrayr) - \DTS(ym ZT)}

These two facts imply (3.3.3)
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In the special case (3.1.4)-(3.1.5), we have

by
D,5(yr) = / Drs(Ty) |yr(:vr)|2 der,., r,s=1,...,k, (3.3.4)

r

and these are real if the p,¢(x,) are real, regardless of the choice of boundary
conditions. In the case s = 0 we have

(I)rO (yr)

by
/ (yr// — ¢Yr) Ur d,
a

T

b, b,
= - [ N Pdn - [ alnPde. (339
a a

r r

Here the last two terms are real, provided that g, (x,) is real, while the inte-
grated term will be real if y,(z,) satisfies suitable boundary conditions, such
as those of the usual (separated) Sturm-Liouville type.

3.4 Definiteness

We are now ready to investigate additional hypotheses that ensure that the
eigenvalues are real. First, we clarify the latter term. An eigenvalue has been
defined in §3.1 as an equivalence class of (k 4 1)-tuples (c\g,..., cAg), for
arbitrary (real) ¢ # 0, and where at least one A\s # 0. It will be said to be
“real” if for some non-zero c all the c\g are real.

It is not sufficient for this purpose that (3.1.2), (3.1.8) be formally self-adjoint;
however, we shall assume the latter as a minimum. We must consider the rank
of the k-by-(k + 1) matrix

Ds(yr), r=1,...,k,s=0,...,k, (3.4.1)

where y1, ..., yr are any set of non-trivial solutions of the boundary-value prob-
lem (3.1.8), (3.1.2). We say that the problem is “definite” if (3.4.1) always has
its maximal possible rank k.

It will of course be sufficient if the matrix (3.4.1) has rank k for a wider class
of sets of functions y1,...,yx. It may, for example, have rank k for all sets
of suitably smooth functions y1,...,yr, not necessarily satisfying differential
equations or boundary conditions. Again, in special cases, we can ensure the
rank condition by specifying that some particular k-th order minor of the array
(3.4.1) is not zero.
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As already indicated, we have

Theorem 3.4.1. If the system (3.1.8), (3.1.2) is formally self-adjoint and def-
wnite, then all eigenvalues are real.

For the prooflet (Ao, ..., Ax) be an eigenvalue, and let the y, be associated non-
trivial solutions of (3.1.8), (3.1.2). Multiplying (3.1.8) by 7, and integrating
over (ar,b,), we get

k

> N (y) =0, r=1,...k (3.4.2)
0

The coefficients (3.4.1) in this set of equations are all real, by the assumption
of formal self-adjointness, and form a matrix of rank k, by the assumption of
definiteness. Hence (Mg, ..., Ax) must be a multiple of some real (k + 1)-tuple,
as asserted.

Under these conditions, the notion of an eigenvalue may be refined to that of
an equivalence class of real (k 4 1)-tuples, not all zero, for which (3.1.8) are
non-trivially possible. It is possible to make a further refinement, in which the
signs of the A4 are determinate.

To see this, we write for t =0,...,k,

Qt(yl, oo ,yk) = (_1)t det (I)rs(yr)v (343)

where the determinant is taken over

r=1,...,k, s=0,...,k, s#t. (3.4.4)

Thus §2; will be the determinant obtained by deleting the (¢ + 1)-th column of
(3.4.1), and multiplying by (—1)*. The definiteness assumption requires that

(Y1, yx) #0 (3.4.5)

for at least some ¢, if the y, are non-trivial solutions of (3.1.8), (3.1.2); it is
sufficient that this be so for any set of suitably smooth non-zero functions.

We have from (3.4.2) that an eigenvalue is given by
)\j:CQj(yl,...,yk), jZO,...,k‘, (346)

for some ¢ # 0, where the y, are non-trivial solutions of (3.1.8), (3.1.2). We
can take as a “signed eigenvalue” the equivalence class given by (3.4.6) with
arbitrary ¢ > 0. It should be mentioned that, in the case of a multiple eigen-
value, the numbers Q;(y1,...,yx), 7 = 0,...,k, have fixed signs, or are zero,
independently of the choice of the non-trivial solutions ;.
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3.5 Orthogonalities between eigenfunctions

As in many other contexts, the hypotheses of formal self-adjointness and defi-
niteness imply here that eigenfunctions associated with distinct eigenvalues are
mutually orthogonal. Two special features of the multiparameter case deserve
comment. One is that the eigenfunctions are orthogonal with respect to k + 1
scalar products. Another is that the orthogonality is established in the first
place for decomposable eigenfunctions, and may then be extended by linearity
to linear combinations of such eigenfunctions.

To formulate these orthogonalities, we must extend the notation (3.4.3); we
write

Xe(Wis - Yk 21, -5 26) = (=1 det U,g(yr, 20, (3.5.1)

r=1,...,k, s =0,...,k, s # t. Thus, as in (3.4.3), x: is the determinant
formed by deleting the ¢-th column of the array (3.3.1), multiplied by a sign-
factor (—1)!. The functions forming the arguments of x; must be suitably
differentiable, so that (3.3.1) should be defined. We have then

Theorem 3.5.1. Let the problem (3.1.8)—(3.1.2) be formally self-adjoint and
definite. Lety,...,yr be solutions of (3.1.8)—~(3.1.2) for the eigenvalue Ao, . . ., Ak,

and let z1, ...,z be solutions of the same equations, with the \s in (3.1.7) re-
placed by ps, where po, ..., w s a distinct eigenvalue. Then
Xt(Y1y - Yk; 21,5 2K) =0, t=0,... k. (3.5.2)

We first multiply (3.1.8) by Z, respectively, and integrate over (a,,b,). This
gives
k
> AVr(yr,z) =0, r=1,... .k (3.5.3)
0

Likewise,

k

> nVri(zy) =0, =1,k (3.5.4)
0

Since the problem is formally self-adjoint and definite, we may take it that the
As, Hs are real. Taking complex conjugates in (3.5.4), and using (3.3.3), we
have
k
ZMS\IITS(yr,zT) =0, r=1,...,k (3.5.5)
0
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We compare this with (3.5.3), and note that the vectors (Ao, ..., Ax), (o, - -, fik)
are linearly independent; this is what we mean by specifying that the eigenval-
ues are distinct. We deduce that the k-by-(k + 1) matrix

Uos(Yry2r)y, T=1,...,k,s=0,...,k (3.5.6)

must have rank less than k. This is equivalent to the conclusion of Theo-
rem 3.5.1.

We next express (3.5.1) as (not necessarily positive definite) scalar products of
the functions

k

k
y(z1,...,2k) = H yr(zr), z(x1,...,2) = H zp(2y). (3.5.7)

1

For this purpose, we introduce the operators
Ay = (—1)det L.of, r=1,...,k s=0,....k, s#t (3.5.8)

Here the LTST are the partial differential operators associated with the L,
and the “determinants” are evaluated in the usual way, the result being also a
partial differential operator. With the notation (3.5.7), we then have

by b
Xe(Yrs - Yrs 21505 21) / (Aw)zdzy ... dxy,
ay

= (Aw,2), (3.5.9)

say, where ( , ) denotes the obvious scalar product in L?(I), I being the k-
dimensional interval, which is the cartesian product of the (a,,b,). The or-
thogonality of eigenfunctions, associated with distinct eigenvalues, takes the
form

(A, 2)=0, t=0,... k (3.5.10)

These scalar products retain sense for suitably differentiable functions y, z, not
necessarily decomposable. In the case that (3.1.5) hold, the operators L,s and
L, are simply given by pointwise multiplication by p,s(x, ), while Ag is given
by multiplication by

P(x1,...,x,) = det prs(zy).
The orthogonality relation (3.5.10) for ¢ = 0 then takes the form
(Py,z) =0. (3.5.11)

If (3.1.4) also holds, the remaining orthogonality relations are given by

k
(Z Pyy Loy, z> =0, t=1,...,k, (3.5.12)
r=1

where, as previously, P, is the co-factor of p,; in the determinant P.
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3.6 Discreteness properties of the spectrum

In Sturm-Liouville theory, the fact that the eigenvalues have no finite limit-
point may be seen in at least three ways; we have for this purpose oscillatory
arguments, the use of orthogonality properties, and the fact that the eigen-
values are the zeros of an entire function. The first two of these arguments
extend easily to the multiparameter case. Of these, the oscillatory argument
will be developed in the next chapter. Here we take up the argument based on
orthogonality.

The argument is rather generally applicable, and is not confined to the second-
order case. We work in terms of the concept of an eigenvalue as a non-zero
(k + 1)-tuple, and topologize the set of such (k + 1)-tuples by component-wise
convergence. We give sufficient conditions that such a (k + 1)-tuple not be
a limit-point of eigenvalues. We take the latter in real terms, as we confine
attention to formally self-adjoint definite cases. We have

Theorem 3.6.1. Let L,.; have the form (2.6.2) with continuous coefficients,
and let the problem (3.1.8), (3.1.2) be formally self-adjoint and definite. Let
(10, - .-, pr) be such that the differential equations (3.1.8) are of fized or-
der, with no singular points, for all sets (\o,...,\;) in some neighborhood
of (o, ..., k). Then (po, ..., ux) is not a limit-point of the spectrum.

For the proof, we assume the contrary, that there is a sequence of eigenvalues

oy os Nems n=1,2,... (3.6.1)

such that
Asn — sy, s$=0,...,k, (3.6.2)

as n — oo. We may assume that the sets (3.6.1) are real, non-zero, and
mutually distinct.

Corresponding to (3.6.1) we denote by
Yrn(xr), T=1,....k n=12... (3.6.3)

non-trivial solutions of (3.1.8), (3.1.2). We normalize them, for example by,

me—1

> I(d/dz) "y (ar)| = 1, (3.6.4)
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where m, denotes the maximal order of any of the differential operators L.,
and denote the corresponding eigenfunction by

k
y™ = H Yrn, M=12,.... (3.6.5)
1

We now note that any two members of (3.6.5) are mutually orthogonal, in the

sense (3.5.10). Writing
k

N=]]m +1, (3.6.6)
1

we take successive batches of N of (3.6.5), that is to say,
yUNFTD g UNEN) s —q 9 (3.6.7)

The members of each batch are mutually orthogonal. We then pick out a subse-
quence such that, for each r =1,...,k, and each t =1,..., N, the y, jnte(zr)
converges uniformly, as j runs through this sequence. This may be achieved by
bringing about convergence in the initial data appearing in (3.6.4). This gives,
in the limit, NV eigenfunctions, associated with the eigenvalue (ug, . . ., t); these
are mutually orthogonal in the sense (3.5.10), and so are linearly independent.
However, the multiplicity of an eigenvalue cannot exceed the product of the
orders of the differential equations (3.1.8), and so we have a contradiction.

In the Sturm-Liouville case (3.1.4)-(3.1.5), with homogeneous eigenvalues (Ao,
..y Akn), we cannot have (3.6.2) if o # 0. In other words, with inhomogeneous
eigenvalues obtained by taking Ao = 1, the eigenvalues have no finite limit-
point.

3.7 A first definiteness condition,
or “right-definiteness”

There are two special ways in which the definiteness condition of §3.4 can
be realized. The essence of this condition was that a certain matrix (3.4.1)
should have its maximal possible rank for all sets of suitably restricted functions
Y1,-.-,Yk- This means that of the (k+1) minors of order &, which can be formed
from the rectangular matrix (3.4.1) by deleting one column, at least one must
not be zero. It was not specified which one of these minors should not be zero,
and it is conceivable that the choice of minor might have to vary with the choice
of the functions y,(x,). Indeed, there might be no fixed linear combination of
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these minors that did not vanish for some admissible choice of the functions.
An analogous situation was noted in the finite-dimensional case when k& > 3
(see Chapters 9, 10 of Atkinson [1972]).

In the notation (3.5.7)—(3.5.9), the definiteness condition was that

(Avy,y) # 0, (3.7.1)

for at least one ¢, 0 < ¢t < k, whatever the choice of the y,(x,), provided
that they satisfy the differential equations for some set of g, and satisfy the
boundary conditions; in general, ¢ is allowed to depend on y. We say that
the problem (3.1.8), (3.1.2), assumed formally self-adjoint, satisfies the “first
definiteness condition,” or is “right-definite” if (3.7.1) holds with ¢t = 0, for y
restricted as above. It will, of course, be sufficient for this purpose that (3.7.1)
holds, with ¢ = 0, for a wider class of functions, for example, not necessarily
satisfying the boundary conditions.

The prime example of this situation is given by the Sturm-Liouville case (3.1.4)—
(3.1.5), if the p,4(x,) are real and continuous, and

P =det pys(x,) >0, (3.7.2)
with inequality for at least one set of z1,...,x,. We then have, with y =
y17 R ?yk’

by by
(Aoy,y) = / / Ply|?dxy - - - dxy. (3.7.3)
al ag

The right will be positive if the y, satisfy the differential equations (3.1.4),
and do not vanish identically; here the boundary conditions play no role. The
above remarks do not depend on the operators L,q, (3.1.4) having the form
there given, or in particular being of second order.

We see from (3.4.5) that if this first definiteness condition holds, then A # 0 for
any eigenvalue. On this basis we can go over to an inhomogeneous formulation,
as, for example, in (3.1.4), by taking A\g = 1. It follows easily from Theo-
rem 3.6.1 that in the case (3.1.4)-(3.1.5), assumed formally self-adjoint and
satisfying the first definiteness condition, a (k + 1)-tuple (o, ... u) for which
1o # 0 cannot be a limit-point of a sequence of (homogeneous) eigenvalues.
This means that in the inhomogeneous form, with Aqg = 1, the eigenvalues, now
k-tuples (A1,...,Ak) as in (3.1.4), have no finite limit. Again, this argument is
not restricted to the second-order case.
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3.8 A second definiteness condition,
or “left-definiteness”

The definiteness condition of the previous section and that which is now to be
discussed are both included in the situation that there is a fixed set of real

numbers pg, ..., pr such that the determinant
Po . Pk
Pro(yr) - Prr(yr)

for any set of non-trivial solutions of (3.1.8), (3.1.2). In the first of these
conditions, we have the case that this is so with the choice

po=1p1=-=pr=0. (3.8.2)

In the case (3.1.4)-(3.1.5), and in the Sturm-Liouville case (3.1.6), this is en-
sured by “condition A” on the p,4(x,), without the y, having to satisfy (3.1.2)
or (3.1.8) (see § 4.6 below for the definition of condition A).

We now take up the complementary situation that (3.8.1) holds with some fixed
set of ps with

k
> lpsl > 0. (3.8.3)
1

With primary reference to the case (3.1.4)-(3.1.5), we shall term this the “sec-
ond definiteness condition.”

We now consider special ways in which this condition may be satisfied. We
suppose first that pg = 0. Specializing the sign of the left of (3.8.1), we see that
it will be sufficient for this condition that

P1 e Pk (1311 e (I)lk
(0] ... O [ . Dop

By |02 K| L@y |2 2k <. (3.8.4)
Dpr .. Dy pL o P

This in turn will hold if

Doo(y,) <0, r=1,...,k, (3.8.5)



50 CHAPTER 3. DEFINITENESS CONDITIONS AND THE SPECTRUM

and if the k determinants appearing in (3.8.4) are all positive, that is, if

P e Pk O .. Dy
P Dol 0,..., Por e Pokl (3.8.6)
D1 ... DPi P - Pk

Here the row p1,..., pi replaces each row in turn of the array ®,4(y,), 1 < r,

s < k. The definiteness condition is then that (3.8.5)—(3.8.6) hold for every set
of non-trivial solutions of (3.1.8), (3.1.2), for some fixed set p1,...,px.

For the case (3.1.4)—(3.1.5), this may be simplified. We postulate that (3.8.5)
hold for suitably differentiable y,(z,), not identically zero, and satisfying the
boundary conditions; reference to the boundary conditions can not now be
omitted. In the case of (3.8.6), we postulate that these hold for continuous,
not identically zero y,(x,). This is the role of what will be termed “condition
B” in Chapter 4. If the determinants (3.6.1) are all positive-valued, then (3.8.6)
is ensured, in the same way as “condition A” ensures the positivity of (3.7.3).

The condition (3.8.5) will be ensured if the one-parameter Sturm-Liouville prob-
lems given by

Lroyr +Xyr =0,  By(y,) =0, (3.8.7)

has only positive eigenvalues.

We consider now the case that pg # 0, and that (3.8.3) is still in force. This
can be reduced to the previous case. We choose any real numbers 7, such that

k
> Tsps = po, (3.8.8)
1

and from the first column in the left of (3.8.1) subtract 7y,..., 7 times the
remaining columns. This replaces pg in (3.8.1) by 0, as in the previous case.
In this way, we see that the second definiteness condition will be satisfied if

(3.8.6) holds, in virtue of condition B, and if for some 71, ...,7, we have
k
Cro(yr) = > Te®ralys) <0, r=1,...,k, (3.8.9)

1

for suitably differentiable y,., not identically zero, and satisfying the boundary
conditions. As for (3.8.7), this can be replaced by the hypotheses that the
Sturm-Liouville problems

k

Loy, — Z TsDrsYr + Ayr = 0, Br(yr) =0 (3810)
1

all have only positive eigenvalues.
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Notes for Chapter 3

For basic material regarding definiteness conditions, see Atkinson (1972, Chap-
ter 7); in particular, §7.2-7.4 therein. The notion of “local definiteness” was
introduced in Atkinson (1972, Chapter 10) and then developed by Volkmer
(1988, p. 39). Local definiteness was also used in Binding and Volkmer (1986)
to prove existence and uniqueness of eigenvalues of abstract multiparameter
problems in Hilbert space.

This chapter introduces the notions of “right-definiteness” (resp. “left definite-
ness” ), which subsequently lead to Condition A (resp. Condition B) or the first
(resp. second) definiteness condition in later chapters. It is of historical interest
to note that the first use of quadratic forms in proving that the eigenvalues of
various Sturm-Liouville problems are real is due to Sturm (1829). He did this
for what is currently called a right-definite problem. For a review of Sturm’s
classical 1836 work, see Hinton (2005) while for a general review of his work in
differential equations see Liitzen and Mingarelli (2008).

3.9 Research problems and open questions

1. A topic of current interest has been the study of multiparameter problems
of the form (cf., [2.1.4])

k

(pryrl)l(-rr) - QT(-rr)yr(xr) + Z /\sprs(-rr) yr(xr) =0,

ar <z, < b., r =1...k, which satisfy eigendependent boundary conditions of
the form

(aro)\r + brO) yr(ar) = (CrO/\r + drO) (pry;«)(ar)a

(ari A+ 0r1) yr(br) = (er1 A + dy1) (pryi)(br)v

where for simplicity, and without loss of generality, it may be assumed that
[ar,br] = [0,1] and p, =1 throughout, »r = 1,...,k (see Chapter 1).

These eigendependent boundary problems have been studied by various authors
Bhattacharyya et al. (2002), (2001), Binding et al. (1994), Fulton (1977),
Walter (1973), under either one of the definiteness conditions mentioned here.
As aresult, for example, various oscillation-type theorems have been formulated
that include the possibility of “repeated oscillation counts,” and this even in
these definite cases and, in particular, the one parameter Sturm-Liouville case.
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Assuming neither left- nor right-definiteness here (also called non-definite) is
there a spectral theory that parallels the Haupt-Richardson theory of non-definite
Sturm-Liouville problems? For example, can one infer the countability of the
spectrum? For reference purposes, the Haupt-Richardson theory is described
in Mingarelli (1986).

2. Let a;(x) € Cla,b], i = 1,2,...,m and consider the linear differential
equation of order m

ai(z)y™ (z) =0, € la,b).
i=1

It is easy to see that if there exists a subinterval I C [a, b] in which a;(z) = 0, for
each ¢ = 1,2,...,m, then the dimension of the solution space of this equation
(denoted by v, in § 3.2) must exceed the order, m. Is this condition necessary
for v, > m?

3. Find an abstract version of the results in § 3.2, where the L, are more
generally, linear operators in Hilbert space.



Chapter 4

Determinants of Functions

4.1 Introduction

We recall that in the standard Sturm-Liouville problem
y" () — a(@)y(z) + Ap(z)y(z) =0, a<z <D, (4.1.1)

where [a, b] is a finite real interval, in which p(x),¢(z) are real and, say, con-
tinuous; we impose boundary conditions of the form

y(a)cosa =y (a)sina, y(b)cosB = y'(b)sin B. (4.1.2)

)

There are basically three situations in regard to “definiteness,” namely,

(i) the usual “right-definite,” or classically “orthogonal” case, in which p(z) is
positive in [a, b],

(ii) the “left-definite,” or classically “polar” case, in which p(x) changes sign,

but in which the differential operator has a certain sign-definiteness; there is
to be a number p such that the quadratic form

b
/ {v" —q(@)y — pp(x)y} y dx (4.1.3)

is negative-definite on the space of real continuously twice differentiable func-
tions satisfying (4.1.2),

53
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(iii) the “indefinite,” or classically “non-definite” case, in which p(z) changes
sign, and the form (4.1.3), subject to (4.1.2) is indefinite for every p.

This classification is not quite exhaustive; for example, p(x) might have zeros,
without changing sign. Likewise, the form (4.1.3) might be semi-definite for
some . While such borderline cases are often of special interest and impor-
tance, the above represent the main possibilities.

Both cases (i) and (ii) have the desirable feature that the eigenvalues are all
real and have no finite limit-point. However, these cases differ in regard to the
oscillatory characterization and limiting behavior of the eigenvalues. For any
eigenvalue A\, we use the term “oscillation number” for the number of zeros
in the open interval (a,b) of a solution of (4.1.1)—(4.1.2). As is well known, in
case (i), the usual one, there is precisely one eigenvalue for which the oscillation
number is any assigned non-negative integer; furthermore, if the eigenvalues are
indexed according to ascending oscillation numbers, they form an ascending
sequence, with +o0o as its only limit. In case (ii), the polar case, there are
precisely two eigenvalues for each oscillation number; these form an ascending
and a descending sequence, tending to +o0o0 and also to —oo. In case (iii), we
have the ascending and descending sequence of eigenvalues, for sufficiently large
oscillation numbers, but may also have a finite number of complex eigenvalues.
In degenerate cases, every complex number may be an eigenvalue.

This classification for Sturm-Liouville operators separates into two components,
the sign-behavior of the scalar function p(x) and the definiteness of a quadratic
form. This situation extends to the standard single-column type multiparam-
eter Sturm-Liouville problem, in which the differential operators appear in the
first column only of the operator-array. We have now to consider, for the ana-
logue of (i), the sign-constancy or otherwise of the determinant det p,s(x,) in
(2.1.4) and for the analogue of (ii) certain subdeterminants. This topic turns
out to be richer than might appear at first sight and will be the subject of this
chapter.

Accordingly, we study here, with only incidental reference to differential opera-
tors, determinants of functions, in which those in each row are functions of the
same variable, a different one for each row. The term “Stéckel determinant” is
sometimes used for such determinants.
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4.2 Multilinear property

We first note some simple identities. The first expresses the fact that a deter-
minant is a linear function of each of its rows. In each of the intervals [a., b,],
we select m,. points, and attach to them weights. We write M = mq+- - - +my.
We have then

Theorem 4.2.1. For any set of k? functions
Drs(@y)y,  ap <@ <bp, 1 <1 s <k, (4.2.1)
any set of M points
Tpy € [ar,br], w=1,....my, r=1,... k, (4.2.2)

and any M scalars

Oru, u=1,....m., r=1,... k, (4.2.3)
we have
my my my k
det Z OruDrs(Try) = Z e Z (H amr> det prs (T, )- (4.2.4)
u=1 u;=1 up=1 1

In the above, the determinants are extended over 1 < r,s < k. This is a case
of a general identity for multilinear functions. As a corollary we note

Theorem 4.2.2. If the determinant det p,s(x,) is strictly positive, for all sets
of arguments x1,...,xy, and the o, are all positive, then the determinant on
the left of (4.2.4) is also positive.

In connection with the orthogonality of eigenfunctions, we need an analogous
result, in which sums are replaced by integrals. For this purpose, the functions
prs(z,) must be restricted in some way.

Theorem 4.2.3. Let the functions (4.2.1) be Lebesgue-integrable over the re-
spective intervals (a,,b,), and let the functions

fr(xy), ar <z <b., r=1,...,k, (4.2.5)

be continuous. Then

det /ab Drs(@r) fr(zy) dy = /(:1 /aik {det p,s(x,)} {f[fr(xr) dmr}

(4.2.6)
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In this case, we give an explicit proof. Using the expansion of a determinant
as a sum of signed products, we see that left of (4.2.6) equals

k by
Zga H/ pra(r)(-rr)fr(xr)d-fm
1 Y

where €, is 1 or —1, according to whether the permutation o(1),...,0(k) of
1,...,k, is even or odd. We thus derive

/: /: > e {ﬁpm(r)(%«)} {f[fr(xr)dfﬂr}

which is the same as the right of (4.2.6).

4.3 Sign-properties of linear combinations

In this and the next section, we derive two distinct criteria for
det prg () (4.3.1)
to have fixed sign, for all sets of arguments
ar <xp <b., r=1,...,k (4.3.2)

Here, to begin with, “fixed sign” is meant strictly, and excludes that (4.3.1)
should vanish. Both the criteria are in terms of the sign-properties of linear
combinations of the p,s of the form

Z,uspm(xr), r=1,...,k, (4.3.3)

for real sets pq, ..., pg, not all zero. The results of this section are concerned
with arbitrary sets pg, not all zero; in the next section, we are concerned to
choose the ug in special ways.

In the basic result of the first kind, we do not need that the p,.s(x,) be contin-
uous.

Theorem 4.3.1. In order that (4.3.1) have fized sign, it is necessary and
sufficient that for every real set pi,...,ur not all zero, at least one of the
functions (4.3.3) should have fized sign.
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Again, “fixed sign” excludes that the function in question may vanish.

We prove first the sufficiency. Since this can be proved very simply when the
prs(x,) are continuous, we deal with this case first. Assuming that for every
set of g, not all zero, at least one of (4.3.3) does not vanish, we have that
det pps(z,-) does not vanish; since it is continuous, and since its domain, the
k-dimensional interval I (2.6.3) is connected, we deduce that det p,s(x,) has
fixed sign.

We now prove the sufficiency in the general case. As before, we have that

P(xy1,...,x5) = det prs(z)

does not vanish, where the determinant extends over 1 < r,s < k; we need a
different argument to show that it has fixed sign, since it need not be continuous.
For some set of arguments

Zro € [ar,br], r=2,...,k, (4.3.4)
we choose s = Pis(20,...,%k0), s = 1,..., k, that is to say the co-factors of
p1s(x1), s = 1,...,k, in the determinant P(x1,x20,...,%ko); here we use the

notation above, and pass over the trivial case K = 1. With this choice for the
s, we have

> peprs(1) = P(x1, w20, - . Tho), (4.3.5)
Z wsprs(Tr0) =0, 7=2,... k. (4.3.6)
Since det p,s(z,) = P(x1,...,x)) does not vanish, we see that the ps are not all

zero, so that at least one of the functions (4.3.3) must have fixed sign. In view
of (4.3.6), this must be the left of (4.3.5). This shows that P(z1,22,...,zk)
has fixed sign as a function of x1, for any set of fixed xo, ..., k.

The same reasoning may be applied to the other variables, and we deduce that
the sign of P(x1,...,z;) remains unchanged if any one of its arguments is
varied, the others remaining fixed. Since we may pass from any point of I to
any other point by changing one coordinate at a time, we deduce the result.

We now prove the necessity, and so assume that det p,s(x,) has fixed sign.
Arguing by contradiction, we suppose that for some set of us, not all zero, none
of the functions (4.3.3) has fixed sign, so that they either take both signs or
have a zero. Thus, for each r, 1 < r < k, we can choose a pair x,1, .2 € [a,, b,]

such that the values
Z:usprs(xrt)v t= 1727

either have opposite signs or are both zero, with x,; = x,2. Thus, in either
case, we can find positive numbers 0,1, 0,2, such that

2 k
ZU” Z,uspm(xrt) =0, r=1,...,k; (4.3.7)
t=1 1
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Since the us are not all zero, it follows from (4.3.7) by elimination that

2
det > " orprs(wre) = 0. (4.3.8)

t=1
Here the left can be expanded as a linear combination of expressions of the
form det p,s(z,), coeflicients that are positive, since the o,; are all positive.
This contradicts Theorem 4.2.2, and so completes the proof of Theorem 4.3.1.

We need also a uniform version of this result.

Theorem 4.3.2. Let the pys(x,), ar <z, < b, 1 <1, s <k, be continuous,
and let det p,s(x,) have fixed sign. Then there is a 0 > 0 such that the inequality

\Zuspm(xr)\ zéz\us\, r=1,...,k, (4.3.9)

s valid for at least one r; here r, but not §, may depend on the choice of the
Hs-

It is clearly sufficient to prove this on the supposition that

> lpsl = 1. (4.3.10)

If the result were untrue, there would be sequences

Msns Trn,Ony, n=12...; rs=1,... k (4.3.11)
such that
S ltnl =10 2pn € lar,b], 80— 0, (4.3.12)
and such that
|Z,usnprs(xm)| <&, r=1 ...k (4.3.13)

We can then choose an n-sequence such that all the p,,, z,, converge; we write
=1 * =i
Hs = 1 fgp,  Tpx = [N Tpp,

as n — oo through this sequence. Passing to the limit in (4.3.13) we get

Zﬂs*prs(mr*) =0, Z |,us*| =1,

and this contradicts the hypothesis that det p,.s(z,) # 0.

The continuity assumptions on p,s(z,) can be relaxed. It will often be conve-
nient to consider the set of points

Cr= {(prl(xr)a S aprk(mr)” ar < xp < br} (4314)

Tt is easily seen that Theorem 4.3.2 remains in force if we assume that det p, ()
does not vanish, and that the sets C', ..., Cy are compact. One may also relax
the hypothesis that the domains of the p,(x,) are finite closed intervals.



4.4. THE INTERPOLATORY CONDITIONS 99

4.4 The interpolatory conditions

We now pass to a second type of equivalence between the positivity of the
determinant (4.3.1) and the sign-behavior of linear combinations (4.3.3). These
conditions deal not with the behavior of arbitrary linear combinations, but with
the existence of those with special sign-behavior.

Theorem 4.4.1. Let the sets of points C,. (see (4.3.14)) be compact. Then in
order that det p,s(x,) be of fized sign it is necessary and sufficient that for any
set of sign-factors (e1,...,¢ex), all equal to 1 or —1, there should exist a set
(1, ..., px) such that

6rz,uspm(xr) >0, a<z.<b,, T7=1,... k. (4.4.1)

We start with the sufficiency. Let the pyg(x,), ar < zp < by, 1 <1, s < K,
be continuous.! We suppose the condition regarding (4.4.1) fulfilled, but that

P(x1,...,x1), defined in §3.5, satisfies P(x10,...,2x0) = 0 for some set of x,¢,
and derive a contradiction. Since P(x1q,...,2ko) = 0, there must exist a set of
real (f1,...,0k), not all zero, such that

> Beprs(zr0) =0, s=1,....k. (4.4.2)

Thus, for arbitrary 1, ..., g, we have

Z Br Z HsPrs (er) =0. (4.4.3)

We now suppose the &, in (4.4.1) chosen so that ¢, = +1if 5, > 0, and &, = —1
if 5, < 0, so that .8, > 0 for all r, with inequality in at least one case. If
the us are chosen so that (4.4.1) holds, then the terms in the r-sum on the left
of (4.4.3) will be non-negative, with at least one being positive. This gives a
contradiction, and proves the sufficiency.

We note that the compactness of the C). has not been used in this part of the
proof. For an argument that does not use the continuity of the p,s, see the
Notes at the end.

We pass to the proof of the necessity, which depends on a topological argument.
We assume that det p,s(z,) has fixed sign, and forms a certain map from real
k-dimensional space R” to itself, which we write

(p1y ooy pig) — (U1, ey k). (4.4.4)

LA slightly more general argument here due to Prof. H. Volkmer may be found in the
Notes.
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Here we define

v, = min Z LsPrs(Tr), (4.4.5)
if the minimum over [a,, b,] is positive,
v, = maxz tsPrs (T ), (4.4.6)

if this maximum is negative, and otherwise take v, = 0. Since the C) are
compact, these extrema are attained, so that we may legitimately write “min”
end “max,” rather than “inf” and “sup.”

We need three properties of the map (4.4.4). Firstly, if the py are not all zero,
then the v, are not all zero. This follows from Theorem 4.3.1; if the ps are not
all zero, then at least one of (4.3.3) is bounded away from zero. Secondly, if
the ps are reversed in sign, then so are the v,; (4.4.4) implies a correspondence

(—p1y ooy =) = (v, ooy —Vk). (4.4.7)

Thirdly, the map (4.4.4) is continuous; for each r, v, is a continuous function
of (p1,. .., k).

We discuss this last point in more detail, and for this purpose express the
definitions (4.4.5)—(4.4.6) in another way. Let f,.(u1, ..., p) denote the right of
(4.4.5) and g,(p1,- .., i) the right of (4.4.6). These are continuous functions;
this follows from the compactness of the C,.. Our definition of v, may be
re-formulated as

Vp = maX{fT(IU/la s aMk))O} —+ min{gT(IU/17 . aIU/k)aO}

Here the first summand on the right is continuous, since it is the maximum of
two continuous functions; similarly, the last summand is continuous, and so v,
must be a continuous function of the pus.

We derive from (4.4.4) a normalized map, involving unit vectors. We write for

this purpose
Il == /S 12,

and restrict the domain of (4.4.4) to the unit sphere ||u|| = 1. With each such
point (g1, ..., pi), we associate the point (w1, ...,wy), where

wr =v/llvkll, r=1,... k.
We thus derive a map

(Ml,-~-,Mk) = (Wla“-,wk)a

which takes the unit sphere into itself, is continuous, and takes a pair of an-
tipodal points into another such pair, as in (4.4.4), (4.4.7). According to the
well-known theorem of Borsuk, such a map must be onto. In particular, it
must be possible to choose the us so that the w,., and so also the v,., have any
prescribed collection of signs. This is what we had to prove for the “necessity”
in Theorem 4.4.1.
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4.5 Geometrical interpretation

We suppose the p,s(z,) to be continuous, so that the point-sets C). (4.3.14) will
be continuous arcs in R¥. Theorem 4.4.1 may be re-formulated by saying that
in order that no (k — 1)-dimensional subspace of R¥ intersect all of the C,, it
is necessary and sufficient that there exist subspaces separating the C,. in any
manner. For example, there must exist a subspace with all of the C,. on the
same side of it, another subspace with C7 on one side and Cs,...,C) on the
other side, and so on.

In the case k = 2, we have two continuous arcs, C7 and Cs, in the real plane.
The statement is that in order that no line through the origin meet both curves,
there must exist two lines through the origin, one of which separates the curves,
the other having both curves on the same side of it; neither of these two lines
should meet the curves.

We can re-formulate this simple proposition in polar-coordinate terms, as

Theorem 4.5.1. Let the non-zero vector-functions

{pm(%«),pm(%«)}, [e78 S Ty S br, T = 1,2, (451)

be continuous. Then in order that det p,s(x,) be positive, for all pairs x1, 2,
it is necessary and sufficient that there exist 01, 05, such that

01 <0y <0+ T, (452)
01 < arg{pii(z1) + ipi2(z1)} <02, a1 <y < by, (4.5.3)
02 < arg{pa1(x2) + ipaa(z2)} < 01 +m, ag <axo <by, (4.5.4)

for suitable determinations of the “arg” function.

4.6 An alternative restriction

So far we have been concerned with the condition that det p,s(z,) have fixed
sign; this forms a natural extension of the classical condition on (4.1.1) that
p(z) be positive. There is a second type of restriction of scarcely less interest,
on which we rely in the “polar” case in which detp,s(x,) changes sign; this
second condition is non-trivial only if k > 1.
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R

The condition that det p,(x,) have fixed sign will be termed “condition (A)
We are now concerned with a different “condition (B),” which may also be
imposed on our k-by-k array of functions

pT‘S(xT)a ar < xp < br, r,s=1,.. .,ki.

This is that there should exist a set of real numbers pq, ..., pg, such that the
k determinants, of order k, given by substituting this set for each row in turn
of the array p,s(z,), should all be positive. Thus there should exist p1,. .., p,
such that the k determinants

pPL . Pk pir ... Pik
p <o P2k p <o D2k
SSEO EEEE (6.1
Prkr ... DPkk R

take positive values only, for all values of the x,.

Equivalently, in condition (B) we ask that there exist p1, ..., pk, such that, for
all sets x1,..., 2k,

> pPre>0, r=1,..k (4.6.2)

where
Prs - rs(xlv"',xrv"',l'k)

is the co-factor of p,s in P = det p,s(x,); the notation indicates that P,; does
not depend on z,. Here the r-th expression in (4.6.1)—(4.6.2) is a function of
all the z1, ...z, except .

In particular, it is sufficient for condition (B), but not necessary, that the co-
factors of the elements in any one column be positive, for all sets z1, ..., zk.

It is possible for condition (B) to hold, with or without condition (A). The
following result is useful in the latter case.

Theorem 4.6.1. Let the sets C,., r =1,...,k, of (4.3.14) be compact, and let
condition (B) hold. Then precisely one of the following eventualities holds:

(i) for every real set pi1, ..., pg, not all zero, the inequality
> paprs(zr) <0 (4.6.3)
is valid for at least one r, 1 <r <k, and at least one x, € [a,,b,]

(i) for some T = £1 we have
Tdet prs(zyr) > 0. (4.6.4)

with inequality for at least one set of x,.
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(iii) for some set j1, ..., ug, not all zero,

S heprs(a) =0, ar <a, <bp, r=1,...,k (4.6.5)

We remark that if (i) holds, then the reversed inequality must also hold, again
for some 7 and some associated z,; this follows on applying (i) with the signs
of the ps reversed.

We show first that if (i), (iil) do not hold, then (ii) must hold; this will show
that at least one of the cases (i), (ii), (iii) must hold. We complete the proof
by showing that the three cases are mutually exclusive.

Supposing that (i) does not hold, we have that there exists a set ua,..., ug,
not all zero, such that

Z,uspm(xr) <0, a <z <b.,, r=1,...,k, (4.6.6)

and since (iii) does not hold, we must have inequality in (4.6.6) for at least one
pair r, z,. We suppose, in virtue of condition (B), that pi,...,pr are chosen
so that (4.6.1)—(4.6.2) take only positive values. We denote the r-th expression
in (4.6.1) or (4.6.2) by D,. By the standard determinantal identity

k
0, s#t
z_:lprsprt{P s=t ’

)

we have
Z D, Z HsPrs (xr) = {Z Mtpt} det p,.s (xr) (4-6~7)

Here the left is non-negative, but does not vanish identically; more precisely,
there is a certain r, and a certain z,, such that the left of (4.6.6) is positive,
and so also the left of (4.6.7). Thus

> wup#0 (4.6.8)
and the determinant in (4.6.7) cannot change sign. This shows that (ii) holds.

It remains to show that no two of (i), (ii), and (iii) can hold together. Since
(iii) implies that det p,s(z,) vanishes identically, we cannot have (i) and (iii)
together, since (4.6.3), (4.6.5) are incompatible. Similarly, we cannot have (ii)
and (iii) together.

The case of (i) and (ii) is more difficult. Suppose first that we have (ii) with
strict inequality in (4.6.4). By Theorem 4.4.1, we can then choose the ps so that
the left of (4.6.3) is positive for all » and z,, in contradiction to (i). Consider
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next the case that (ii) holds as stated. We consider a perturbed matrix given
by
Drs(@r,€) = prs(ar) +eTps, 1<1r,s<k. (4.6.9)

For this, we have, for small ¢
det pps(z,,€) = det prs(z,) + 7 Z D, 4+ 0(e?) (4.6.10)

Thus, for small £ > 0, the left is strictly positive, or strictly negative, for all
sets z,, according to the sign of 7 in (4.6.4). The perturbation (4.6.9) does not
affect the compactness of the sets C)., and so we can apply Theorem 4.4.1 to
the perturbed matrix. Hence for some set us(e), we have

> pa(E)prs(@e,e) >0, ap <z by, r=1,... .k (4.6.11)

We normalize the ps(e) by > |pns(€)| = 1, make ¢ — 0 through some positive
sequence, and select a subsequence such that the ps(e) all converge. Proceeding
to the limit in (4.6.11) we obtain a contradiction to (4.6.3). This completes the
proof of Theorem 4.6.1.

The situation (i) of the last theorem may equivalently be expressed in a uniform
version.

Theorem 4.6.2. Let the functions p,s(x,) be bounded, and for every set ...,
wk, not all zero, suppose that there exists an r and an x, satisfying (4.6.3).
Then there is a fized § > 0 such that the inequality

> paprs(ze) < =6 Y |l (4.6.12)

holds for some r, and some x,. If, more specially, the p.s(xz,) are continuous,
there exist 6 > 0, n > 0, such that (4.6.12) holds, for some r, in an x,-interval
of length n.

Like Theorem 4.3.2, this can be proved by contradiction, using the Bolzano-
Weierstrass theorem. As is commonly the case, the Heine-Borel theorem can
also be used. It is sufficient to consider sets ps such that

> lpsl = 1. (4.6.13)

For every point p19, ..., ko on this unit sphere, there will be a ¢ > 0 such that

Zﬂsoprs(-rr) < _C

for some r and some z,., and so a £ > 0 such that

Z:U/sprs(xr) < _C/2
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if
Z tbs — tso| <&

here we use the boundedness of the p,s(x,). By the Heine-Borel theorem, we
can cover the compact set described by (4.6.13) by means of a finite number of
such neighbourhoods; we then have (4.6.12), where ¢ is the least of the numbers
(/2 occurring.

The second part of the theorem follows from general properties of continu-
ous functions on compact intervals; finiteness of the intervals was not actually
required for the first part of the theorem.

4.7 A separation property

For the property (condition (A)) that detp,s(x,) had fixed sign, we found in
Section 4.3 an equivalent property for the sign-behavior of arbitrary non-trivial
linear combinations > psprs(x,). We now find a rather similar requirement in
connection with condition (B), defined in the last section, with the ps taken as
known. Passing over the trivial case k = 1, we have

Theorem 4.7.1. In order that (4.6.1) all have the same fized sign, for some
given set p1, ..., pr, and all sets of values of the .., it is necessary and sufficient
that for every set of s, not all zero and such that

S faps = 0 (4.7.1)

the k functions
Z,uspm(mr), ar <zp <bp, r=1,...k, (4.7.2)
must contain one taking only positive values, and one taking only negative val-

ues.

We start with the necessity; changing the signs of the p; if necessary, we assume
that all of (4.6.1) (or (4.6.2)) are positive-valued. Denoting them as before by
Dy,..., Dy we have by (4.6.7), (4.7.1) that

Z D, Z HsPrs (xr) =0. (473)

Since the D, are all positive, we conclude that for any set x1,...,xy, either
the functions (4.7.2) are all zero, or else the values of these functions contain
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at least one positive and at least one negative. The first case may be rejected,
since it would then follow, in view of (4.7.1) that all of the determinants (4.6.1),
were zero. Thus, for each set x1,...,xg, the £ numbers

S tpesa), =1,k (4.7.4)

must contain a positive and a negative number. Thus, if the us are not all zero
and satisfy (4.7.1) one of the functions (4.7.2) takes positive values only, and
one negative values only.

We now prove the sufficiency, and so assume that for any non-zero set p1, . .., g
satisfying (4.7.1), at least one of (4.7.2) is positive-valued, and at least one
negative-valued. We show that the first of (4.6.1), which we now write as

D1(za,...,xp), has the same sign as D,, = Dy, (z1,...,Zpn—1, Tpt1,...,Tk), fOr
any n > 2.
We choose i1, . .., ug to be the co-factors of pp1(xy), ..., Puk(x,) in Dy, where
n # 1. Then Y psps will be the expansion of a determinant in which the row
P1,- .-, pi is repeated, and so (4.7.1) will hold. For similar reasons, we have
Z,usprs(mr) =0, r 7£ 1,n, (475)
and
> pspns(@n) = Di(x2,...,a1), (4.7.6)
Zﬂspls(ml) = _Dn(xlv ey Tn—1,Tp41y - - ,l'k;). (477)

Here (4.7.6) is immediate, while the left of (4.7.7) is the expansion of a determi-
nant derived from D; by replacing the p,s(x,,) by the p1s(21); this determinant
may be derived from D,, by interchanging two rows, and this gives the minus
sign in (4.7.7).

Since (4.7.5)—(4.7.7) must contain on the left a positive and a negative number,
this being our hypothesis, and since those in (4.7.5) are all zero, we have that
(4.6.6)—(4.6.7) are not zero and have opposite signs. Thus

Dl((L'Q,...ZL'k), Dn(xl,...,$n,1,.’bn+1,...,$k)

have the same sign. Since the latter does not depend on z, we have that
the sign of Dj(xa,...,x) remains unchanged if we vary any one of the argu-
ments xs,...,T,. Since we can change any set of values of these arguments
into any other set of values by varying one argument at a time, we have that
Dy(za,...,xy) has fixed sign; likewise, D, (z1,...,Zn—1,Tnt1,...,T) must
have fixed sign for each n = 2,... k, the same sign as that of Di(xs,...,xx).
This proves Theorem 4.7.1.

It is useful, particularly in the construction of examples, to express the result
in the geometrical language of Section 4.5. We have that in order that the
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determinants (4.6.1) have the same fixed sign, it is necessary and sufficient that
every (k — 1)-dimensional subspace containing the vector (p1,...,px) should
separate two of the sets Cy,...,Cj.

We have the following uniform variant.

Theorem 4.7.2. Let the pys(z,), ar < x, < b, be conlinuous, and let
the determinants (4.6.1) be all positive, for some fized set pi,...,pr and all
T1,...,2. Then there is a § > 0 such that for any set pi,...,u; satisfying
(4.7.1) and such that

> psl =1 (4.7.8)
we have
Zﬂspus(xu) >0, Gy <@y < by, (4.7.9)
Z,usp'us(x'u) < _57 Ay < Ty < bv, (4710)
for some u, v € {1,... k}.
It follows from Theorem 4.7.1 and our continuity assumptions that, for every
set p1,. .., uk satisfying (4.7.1), (4.7.8), there is a § > 0 and some u, v such

that (4.7.9)—(4.7.10) hold. Thus, for some § > 0, we shall have, throughout the
respective intervals,

Zus pus xu > 5/2 ZMG pvs -rv < 5/2 (4~7-11)

for sets of values of us* such that

Z lps™ — ps| < e. (4.7.12)

By the Heine-Borel theorem, the set of u1, ...,y satisfying (4.7.1), (4.7.8) can
be covered by a finite number of sets of the form (4.7.12). We then get the
result on replacing § by the least of the lower bounds appearing in results of
the form (4.7.11).

4.8 Relation between the two main conditions

We now compare the two situations with which we were concerned above in
regard to the array of functions p,s(z,), 1 <r, s <k, a, < x, < b.. We refer
to these conditions as
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(A) the k-th order determinant det p,s(x,) has fixed sign, for all sets of argu-
ments xy,..., Tk,

(B) there exists a real set pq,...,pg such that the determinants (4.6.1) have
the same fixed sign, for all sets of arguments z1, ..., zk.

We have

Theorem 4.8.1. If the p,s(z,;) are continuous, then condition (A) is more
special than condition (B) if k = 1,2, while if k > 3, either condition may hold
with or without the other.

If & = 1, condition (A) means that a single function pi;(z1) has fixed sign,
as in the standard case for boundary-value problems of Sturm-Liouville type.
If & = 1, condition (B) means that in the first-order determinant formed by
p11(x1) we may replace the only row by a constant so as to get a determinant
of fixed sign; thus condition (B) holds trivially if ¥ = 1, while condition A may
or may not do so.

We discuss the case k = 2 in the geometrical language of Section 4.5. Here
condition (A) means that the arcs Cy, Co can be separated by a line L; through
the origin, while a second such line L, has Cy, Cy both strictly on the same
side of it. It is easily seen that condition (B) means that there is such a line
L, separating C and Cy, without requiring the existence of Lo, so that (B) is
more general than (A). It is obvious that pairs of arcs C, Cy can be drawn
that can be separated by a line through the origin, but which do not both lie
on the same side of any such line; these would yield examples of (B) without

(A).

Example We now show that conditions (A), (B) are independent when k = 3.
We show first that they can hold together. Let us take the matrix p,s(a.)
to be constant and equal to the unit matrix. Then this has constant positive
determinant, so that condition (A) holds. We get a set of ps such that (4.6.1)
are all positive on taking p; = p2 = p3 = 1.

A similar example will show that (B) can hold without (A). We take the matrix
or array prs(z,) to be constant and equal to

2 -1 -1
-1 2 -1 (4.8.1)
-1 -1 2

This has vanishing determinant, so that condition (A) does not hold. If, how-
ever, we replace any one row by the set (1, 1, 1), we get a positive determinant,
so that condition (B) does hold.
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Example To show that (A) can hold without (B) when k = 3, we need a more
elaborate example. We specify this in terms of the sets C,. defined as in (4.5.1),
for the case k = 2. We take

Cr - (517527'53) | gr - ]-7 Z |£8| =0 ) (482)
S#T

where 6 € [1/2, 1); it is clear that these sets can be parametrized in the form
(4.5.1), but the details would play no part in the argument and will be omitted.

We first show that condition (A) holds for (4.8.2), or that any set of three
vectors chosen one from each of these sets is linearly independent. Suppose if
possible that for same set of s, not all zero, the equation

3
> ps&e =0 (4.8.3)
1

has a solution in each of the C).. Let us determine necessary and sufficient
conditions for the plane (4.8.3) to meet Cy. We must have in this event

3 3
H1 = — Zﬂsgsv Z |£s| =4, (484)
2 2

and so
|1 ] < d max{|ual, |psl}- (4.8.5)

Conversely, (4.8.5) is sufficient in order that (4.8.3) meet C;. For the set of
pairs &2, & such that |[€2] + |£3] = J is connected, and includes the pairs +0, 0,
and 0, +0. Thus the range of values of 28 + psés subject to |&a] + [€5] = 0 is
also connected, and includes the values +0us, +dus; it therefore includes py if
(4.8.5) holds.

Similar arguments apply to the question of whether (4.8.3) meets Co or Cs.
Thus if (4.8.3) meets all of the C,., we must have (4.8.5), and also

2| < 6 max{|usl, [}, (4.8.6)
us| < 6 max{|p1l, [pe2]}. (4.8.7)

However, (4.8.5)—(4.8.7) cannot hold together, if 6 < 1 and the ps are not all
zero. Thus condition (A) must hold for the set (4.8.2) if 6 € (0, 1).

We must now show that condition (B) does not hold for the set (4.8.2) if

d €[1/2,1). We have to show that for any non-zero set (p1, p2, p3) there is a
non-zero set i1, p2, p3 such that

3
Zﬂsps =0 (4.8.8)
1
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and such that the plane (4.8.3) fails to separate two of the C,.; in fact, we show
that such a plane exists that meets two of the C..

By symmetry, it will sufficient to treat the case that

Ip1] < |p2| < |psl- (4.8.9)

If py = 0, we may take any pair uo, pu3 such that usps + pusps = 0, and then
choose p1 so large that (4.8.6)—(4.8.7) hold. Then the plane (4.8.3) will meet
both C5 and C5. Suppose then that p; # 0. We now take

p = =2/p1,p2 =1/p2, p3 = 1/ps, (4.8.10)
so that (4.8.8) will hold. The conditions (4.8.6)—(4.8.7) for (4.8.3) to meet Co
and C3 now take the form

|p2| ™ < dmax{|ps| 71, 2|p1 1)
o3| ™" < dmax{2|p1 |7 [p2| 71}

These are true, in view of (4.8.9), if 6 > 1/2. This completes the proof that
(A) can hold without (B), if & = 3.

Finally, we note that the situation for k = 3 extends to higher values of k. To
adapt an example for the case k to the case k + 1, we border the array with
zeros and a “1,” as in the example

pi1 pi2 -.- pig O
p21 p22 ... pa O

: : Coo (4.8.11)
Pkl Pk2 oo Prk O

0 0 ... 0 1

Clearly, the new array will also have a determinant of fixed sign, and so satisfy
condition (A). Suppose if possible that (4.8.11) satisfies condition (B), so that
on replacing the rows (4.8.11) by some set of scalars (p1, ..., pr+1) we get a set
of k+1 determinants of fixed sign. It is then seen that the determinants (4.6.1)
must have fixed sign, so that the original k-by-k array satisfied condition (B),
then neither does (4.8.11). This proves the result.

4.9 A third condition

We discuss here a slightly more abstruse condition, which may be satisfied
by the matrix or array p,s(z,), and which is relevant to the distribution of
eigenvalues for higher values of k. We term this condition
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(C) there exists a pair of vectors (p1,...,pk), (01,...,0%) such that for any
non-zero set pi1, ..., g satisfying

Z,usps =0, Z,usas =0, (4.9.1)

at least one of the functions
Z,usprs(:cr), ar <xp <b., r=1,...,k, (4.9.2)

should take only positive values.

By reversing the signs of the p1,, we see that at least one of the functions (4.9.2)
must take negative values only. Thus, in geometrical terms, we are asking that
any (k — 1)-dimensional subspace of R¥ that contains the vectors (p1, ..., pr),
(01,...,0k) should separate strictly two of the C,. (4.3.14). In particular, such
a subspace can meet at most k — 1 of the C,..

The condition has little significance in the cases £ = 1,2. In these cases, one
can choose the ps, o5 so that there is no non-zero set p satisfying (4.9.1); this
means that condition (C) is satisfied trivially.

We consider now the relation between this condition and conditions (A), (B),
considered in the foregoing sections. We note first that in the case k = 2
it is clear that condition (B) implies condition (C), since condition (C) holds
automatically.

Theorem 4.9.1. For k > 3, condition (B) implies condition (C).

We have that by Theorem 4.7.1, condition (B) is equivalent to the requirement
that there exist a set p1,...,pg such that if the u, satisfy (4.7.1), then the
functions (4.9.2) contain a pair with fixed opposite signs; it is sufficient to ask
that this set contain a function taking only positive values. The requirement
of condition (C) is then satisfied if in (4.9.1) we take o5 = ps, s=1,..., k.

It is easily seen that condition (C) is more general than condition (B), in that
the former can hold without the latter.

The relation between conditions (A), (C) is more delicate. We have

Theorem 4.9.2. Let the pys(z,) be continuous. Then (A) implies (C) if k =
3,4, but not for k > 5.

Again we note that the implication is trivial in the case k = 2, since condition
(C) then holds in any case. In the case k = 3, we put the argument in geometric
terms. By Theorem 4.4.1, condition (A) means that we can separate the curves
Cy, Ca, C5 by a two-dimensional subspace in any manner. For condition (C)
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in this case, it is sufficient that we can separate some two of the Cy, C5, C3 by
such a subspace; we can then take the vectors (p1, p2, p3), (01, 02, 03) to be
any pair that span this subspace.

We use Theorem 4.4.1 also for the case k = 4. There must exist a real set
©1,- .-, @4 such that the functions

fr(xr) = Z@sprs(-rr), r=1,...,4, (493)

satisfy throughout their respective intervals the inequalities

fi(w1) >0, fa(x2) > 0, f3(z3) <0, fa(ws) <O, (4.9.4)

and a second set ¥, s = 1,...,4 such that, if

gr(mr) = Z'l/)sprs(xr)v r = 1,...,4, (495)

then
g1(z1) < 0,g2(z2) > 0,g3(x3) > 0,g94(x4) < 0. (4.9.6)

We now consider a set of functions of the form
he(zy) = af(z;) + Bgr(xr), r=1,...,4. (4.9.7)

We claim that for any pair «, (3, not both zero, two of the set (4.9.7) have
fixed, opposite signs. If a = 0, or if 8 = 0, this follows at once from (4.9.4) and
(4.9.6). Suppose then that neither of «, g is zero. If they have the same sign,
it will follow from (4.9.4), (4.9.6) that ha(x2), ha(x4) have fixed opposite signs.
If «, § have opposite signs, the same statement is true of hi(x1), hs(xs).

Thus if we set
Hs :a¢s+ﬁ¢s’ s = 17"'74a (498)

where «, 8 are not both zero, two of the functions

4
Zusprs(-rr)a r=1,...,4, (499)
1

will have fixed opposite signs. Now it follows from (4.9.3)-(4.9.6) that the
vectors (¢1,...,¢4) and (¢1,...,1,) are linearly independent. Thus the set of
(1, .., pa) defined by (4.9.8), for varying real a, 3 forms a two-dimensional
subspace of R* and so can be identified with the set of solutions of a pair of
equations of the form (4.9.1). Thus there exists a pair of such equations, such
that any non-trivial solution (1, ..., ps) has the property that the set of four
functions (4.9.9) contains members of fixed signs, one positive and one negative.

This completes the proof that (A) implies (C) if k = 3,4. The case k = 5 will
be discussed in the next Section.
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4.10 Conditions (A), (C) in the case k =5

It is a question of providing an example in which condition (A) holds, but not
condition (C). The example will be similar to that given in Section 4.8, to show
that (A) can hold without (B). For some 6 € (0,1), we define the subset D, of
R’ by

Dr: (517"'?55)|£7":1a2|£s|:6 5 7":1,...,5. (4101)
SFET

We will take C). to be a continuous arc, which is a subset of D, including
all its extremal points, being those for which |{;] = 0 for some s # r. For
example, C7 might consist of a sequence of straight segments joining the points
(1,406,0,0,0), (1,0,+4,0,0), (1,0,0,+6,0), and (1,0,0,0,=£9) in some order.
The convex hull of C,. will then be D,..

We show first that condition (A) is satisfied; the proof is similar to that for
(4.8.2). We note that for any set p1, ..., us, not all zero, the subspace defined
by

5
> psta =0 (4.10.2)
1
will meet C,. if and only if
lpr] < 5m7zzx s (4.10.3)

This cannot be true for all » = 1,...,5,if 0 < § < 1 and the u, are not all
zero. Thus our example satisfies condition (A).

We next wish to show that condition (C) does not hold in this case, for some
d € (0,1). Again our discussion is similar to that of Section 4.8, though the
argument is more lengthy. We have to show that for any choice of ps, o,
s=1,...,5, the pair of equations

Z,usps =0, Zusas =0 (4.10.4)

admits a non-zero solution 4, ..., ps, such that the set of five functions given
by (4.9.2) with & = 5 fails to contain a pair with fixed opposite signs. It
is sufficient to show that four of the functions have a zero. In our present
geometrical language, we wish to show that there is a hyperplane (4.10.2),
satisfying (4.10.4), and meeting four of the five sets C,. Since the condition
for such an intersection is given by (4.10.3), we wish to show that any set of
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equations (4.10.4) has a non-trivial solution, which satisfies (4.10.3) for four
values of r with 1 < r < 5. If ¢t is the exceptional value of r, which must
certainly exist, then |u| is the greatest of the numbers |us|, or one of the
greatest, and our requirement is that

el < Slpul, s £t (4.10.5)

Thus, in order to show that condition (A) does not imply condition (C) in
the case k = 5, it is sufficient to show that there exists a § € (0,1) such that
every three-dimensional subspace of R contains a non-zero element satisfying
(4.10.5), for some t. We deduce this from

Lemma 4.10.1. Every three-dimensional subspace of R® contains an element
of which one component has absolute value exceeding the absolute values of the
others.

We prove this by contradiction. If the result is false, there is a three-dimensional
subspace T such that for every element of T, the maximum of |u,| is attained
for two or more s-values. Writing u for the vector (u1,...,us) we denote by
m(u) the number of s-values, for which |us| attains its maximum. We have to
eliminate the possibility that m(u) > 2 for every non-zero p € T.

Suppose first that minm(u) = 2, for every p € T, up # 0. Then thereisa p € T
such that two of the |us| are equal and exceed the others. For definiteness, we
suppose that

|| = [pz| > max|ps|. (4.10.6)

We must have puy = £us9; it will be sufficient to discuss the case that

We now note that for any v = (11,...,v5) € T and real £ we must have
m(p + ev) > 2. For small ¢, this implies that

U1+ eV = pg + Eva,

so that 1 = vo. Thus (4.10.7) must hold for all elements of T'.

Since T is three-dimensional, it is the set of solutions of (4.10.7) and a second
equation, which we may take to be the first of (4.10.4). We consider solutions
such that p; = pa = 0. Then ps, w4, us may be any solutions of

5
> psps = 0. (4.10.8)
3

If one of ps, s = 3,4,5, is zero, we may take the corresponding us to have any
value, the others being zero, and then have a solution satisfying the assertion of
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the lemma. The case that none of ps, p4, p5 is zero is exemplified by situation
that

0 <lps| < |pa| < ps|.

As shown in (4.8.8)—(4.8.10), there exists in this case also a solution satisfying
the requirements of the lemma. Other cases in which m(u) = 2 involve only
sign-variations on (4.10.7) and permutations of the suffixes; this completes our
discussion of this case.

Suppose next that minm(pu) = 3, for 4 € T. In a sufficiently typical case, there
will be an element such that

lpa| = |pe| = |ps| > max(|pal, |ps)), (4.10.9)

and with

The above perturbation argument then shows that (4.10.10) must hold through-
out T'. Since T is three-dimensional, this describes T' precisely. But then g,
s are arbitrary, and so there exists a set satisfying the requirements of the
lemma.

The supposition that minm(u), p € T, is 4 would imply that 7" was contained
either in the set described by p1 = pe = g = g, or by a set derived from
this by variations in signs or suffixes. Since T is to be three-dimensional, this
is impossible. The case that minm(u) = 5 may be disposed of similarly. This
completes the proof of the lemma.

We pass now to the proof of the main result, that there is a fixed ¢ such that
every three-dimensional subspace contains an element satisfying (4.10.5) for
some t. We suppose the contrary, that there is sequence T3, T5, ..., of three-
dimensional subspaces and an increasing sequence of positive d1, do,..., with
dn — 1, such that T;, contains no element satisfying (4.10.5) with 6 = ¢,,. More
explicitly, let us define for non-zero vectors p a functional x(u) as follows. Let
|s|, s =1,...,5, attain its maximum when s = ¢; we then specify that

X (1) = max || /|- (4.10.11)
s#t
The hypothesis to be disposed of is that

X(K) = 6nyp € Ty # 0. (4.10.12)

We note that y(u) is continuous on the set of non-zero elements of R®.

With the usual inner product, we may suppose that T, is generated by an
orthonormal set u.,, v,, w,. By transition to a subsequence, if necessary, we
may suppose that these converge, respectively, to an orthonormal set u, v, w,
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which span a subspace T', say. By the lemma, T" will contain a non-zero element,
say
p=au+ fv+yw,

such that x(u) < 1. However, by (4.10.12), we have x(au, + Bv, +ywy,) > 0n,
and so, making n — oo, we get x(u) > 1. This gives a contradiction, and
completes our discussion of the case k = 5.

The extension of the fact, that condition (A) does not imply condition (C),
to higher k-values may be accomplished as at the end of Section 4.8, for the
case of conditions (A), (B). For the array (4.8.11), and for the array formed by
deleting the last row and column, condition (A) will hold in both cases or in
neither. If, however, condition (C) holds for (4.8.11), it will also hold for the k-
by-k array formed by these deletions. In fact, if ps, 05, s =1,...,k+ 1, satisfy
the requirements of condition (C) for the (4.8.11), then ps, 04, s =1,...,k will
satisfy these requirements for the array formed by the p,s(x,), 1 < r, s < k.
Thus if condition (C) fails to hold for the latter, it will also not hold for (4.8.11).
This completes the proof of Theorem 4.9.1.

4.11 Standard forms

If the k-by-k matrix of functions p,s(z,) is multiplied on the right by a con-
stant matrix, we obtain a new matrix of a similar form, in which the elements
of the r-th row are again all functions of z,.. This process corresponds to a lin-
ear transformation of the spectral parameters Ay, so that the boundary-value
problem is not essentially altered. It is sometimes convenient to suppose such
a transformation carried out, so that the resulting matrix of functions should
have some special sign-properties.

We take first the case k = 2, that of a set of functions
Drs(@p)y  ap < xp < by, rys=1,2, (4.11.1)

which we suppose continuous. For some set vg, 1 < s, t < 2, with non-zero
determinant, we form new functions

2
Prst (z,) = Zprt(:cr)'yts, r,s=1,2. (4.11.2)
=1

By Theorem 4.4.1, or the discussion in §4.5, we have that if (4.11.1) satisfy
condition (A), that of having a determinant of fixed sign, then we can choose
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the 75 so that
prif(21) > 0,p1af (1) <0, ay <aq <by, (4.11.3)

p21T(-172) > 0,p22T(.r2) >0, ags < w9 <bo. (4.11.4)
Conversely, if (4.11.3)-(4.11.4) hold, the new matrix satisfies condition (A).

Suppose next that condition (B) holds in the case k = 2; as we know, this is a
weaker hypothesis than condition (A) in this case. Again assuming continuity,
we can choose a transformation so that

piaf(21) >0, ar <y <by, (4.11.5)

paal(22) <0, g < xy < by (4.11.6)

This is rather immediate consequence of condition (B). Conversely, if (4.11.5)—
(4.11.6) holds, then so does condition (B).

We now give some results concerning normal forms under conditions (A) or (B)
in the general case.

Theorem 4.11.1. If condition (A) holds, there is a linear transformation such
that the k m-th order determinants

f =1,... 4.11.
1<§§tgmprs (xT)a m 5 aka ( 7)

take only positive values.

For some set z.9, 7 = 1,...,k of values of the x,, we define the matrix ~s,
1<s,t <k, by
(’Yst) = (prs(er))71§ (4118)

condition (A) ensures that the matrix inverse on the right exists. Defining
Prs|(x,) as in (4.11.2), we then have that

Prs! (zr0) = { (1)’ s, (4.11.9)

, T=Ss.

The new matrix p,sf(x,) will also satisfy condition (A), and so is positive for
all sets of the x,. We then derive the result of the theorem, in view of (4.11.9),
on taking z, = x,.0, m < r < k. The result can be used in cases where we seek
to determine in turn the possible values of Ag, Ap—_1, ..., which can appear in
an eigenvalue of (2.1.4)-(2.1.6). In the case of condition (B), we can transform
to a case in which condition (B) is satisfied with

pr=1p3=-=pr=0. (4.11.10)

In other words, the co-factors of the entries of the first column must take
positive values only.
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Theorem 4.11.2. Let the k-by-k matriz p,s(x,) satisfy condition (B), where
k > 2. Then there is a linear transformation such that the new matriz p,ST(mT)
satisfies condition (B) with the choice (4.11.10).

For some matrix 7y, we define

k

k

ptT = Zps’)/stv prtT(xr) = Zprs(mr)’)/st
s=1 s=1

where the p; are such as to render (4.6.1) positive-valued. We need to choose

the 74 such that p;f =1, p,t = 0 for 2 < s < k, and such that det~, > 0.

Evidently, this can be done.

4.12 Borderline cases

In the foregoing, we emphasized situations in which various determinants of
functions, or linear combinations of functions, had fixed sign, without vanishing,
over finite closed domains. While this makes for simplicity and definiteness,
applications have a way of involving slight departures from such hypotheses.
We give here some modifications of earlier results, in which functions may
vanish without changing sign, instead of having fixed sign, or in which the
domains concerned are not closed.

The results of Section 4.3 were formulated for the case that the x,-domains
were compact intervals. In fact, we have

Theorem 4.12.1. The result of Theorem 4.3.1 holds good if the x,-domains
are arbitrary intervals.

The intervals may be open, closed, or neither, and may be bounded or un-
bounded; the proof is unaffected.

In the next result, we weaken the “fixed sign” situation.

Theorem 4.12.2. We retain the continuity of the p,s. Let

detpps(x,) >0, a,€l., r=1,...k, (4.12.1)
where Iy, ..., I, are any intervals, and let inequality in (4.12.1) hold for at least
one set of arguments. Then for any set p1, ..., uk, not all zero, at least one of

the functions
Z,usprs(mr)a r. €1, r= 1,...,k, (4122)
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does not change sign, and does not vanish identically.

Let inequality hold in (4.12.1) when x, = @9 € I,y = 1,..., k. We consider
the perturbed set

Prs (xra 77) = DPrs (xr) + NPrs (xr0)~ (4~12-3)
This has the property that, for all > 0,

det prs(zr,m) >0, a. €L, r=1,... k.

We see this by expanding the determinant on the left in powers of 7, and noting
that all terms are non-negative, the coefficient of n* being positive. The last
theorem shows that for any set of ug, not all zero, at least one of

Z HsPrs (xrv 77) = Z HsPrs (xr) +n Z HsPrs (er)a (4124)

r=1,...,k, has fixed sign in [, without vanishing. In the rest of this section,
all sums are over s = 1,..., k.
We now make n — 0 through some positive sequence 71, 72, . ... By transition

to a subsequence if necessary, we may assume that for some fixed r, (4.12.4)
has fixed sign for all n = n,,. Taking this sign to be positive, say, we have

Zﬂsprs(-rr) + n Zﬂsprs(xro) >0, =z €l (4~12-5)

Making n — oo, we get

Zﬂsprs(mr) > O,l'r € IT.

Here we cannot have equality when z, = x,¢, in view of (4.12.5). This com-
pletes the proof.

We prove next a more delicate result along these lines, with a slightly stronger
hypothesis than (4.12.1) and an element of uniformity in the conclusion.

Theorem 4.12.3. Let the p,s(x,) be continuous on the compact intervals
[ar,by], and let det p,s(x,) be positive for all sets xyy € [ar,by] such that, for at
least one r, x, € (ar,by). Then for any e, with 0 < ¢ < min(b, — a,)/2, there
is a 0 > 0 such that, for any set pi, ..., with Y |us| = 1, we have, for some
r

> peprs(@e) £0,  ar <, <by, (4.12.6)
|Zﬂsprs(-rr)| > 5, ar+e<uwz.<b.—c¢. (4.12.7)
For fixed e, we can define a positive-valued function 6(u1, . .., k) as the greatest

of the numbers

min | Z/,LSPTS(LETN, ar+e <z, <b.—¢, (4.12.8)
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taken over the set of r satisfying (4.12.6); this set is non-empty by Theo-
rem 4.3.1. We have to show that this function is bounded from 0, for fixed e
and over the set of k-tuples (u1, ..., pux) such that > |us] = 1.

We suppose the contrary, that there is a sequence of k-tuples

(Mlna-'w/’(‘kn)a n= 1a27aW1ch|H’sn| = 1a

such that d(g1n, - - ., kn) — 0. By choosing a subsequence, we may take it that
the ps, converge as n — oo, and write pg = lim pg,,. We choose a number z,.,
realizing the definition of § in (4.12.8), so that

S(fins -y pken) = ‘ Z Msnprs(xrn)‘§ (4~12-9)

we also have z,.,, € [a, +¢,b, —e]. Without loss of generality, we assume that r
here is independent of n, and also that x,, tends to a limit, say x,.¢g as n — oco.
We then have, in view of the continuity of the p,s(z;),

>~ prs(ano) =0, (4.12.10)

and also x, € [a, + &, b, — €]. We observe next that there must be a ¢ # r such
that

S tepes(xe) =0, ap <z < by (4.12.11)

For if this were not so, det pss(2¢) would have a zero with one of its argu-
ments, namely, z.q, in the interior of the corresponding interval, contrary to
hypothesis. Since ugs, — ps we have, for all large n,

Z,usnpts(fﬂt) =0, a <z < by,

and so for large n,

5(U1n,~-~aﬂk’n) = min |Zﬂsnpts -rt

ziE€lar+e,br—e]

In view of (4.12.11) this minimum does not tend to 0 as n — oo, and so we
have a contradiction. This proves Theorem 4.12.3.

4.13 Metric variants on condition (A)

In the foregoing, our various conditions, requiring the positivity of certain de-
terminants, were usually reinforced with continuity hypotheses, so as to yield
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some degree of uniformity in the results. In an alternative procedure, we make
more specific the positivity requirements for the determinants in question.

Reviewing our notation, we denote by P the determinant det p,s(x,), by Prs

the co-factor of p,s, and now write P, = P,(x,) for the r-th row formed by
prs(zr), s=1,...,k. As a norm of P, we take

1P = s (). (4.13.1)

We have trivially that

P <TTIP (4.13.2)
and similarly
1Pl < TT 122 (4.13.3)
t#r

The idea is then to impose as a hypothesis an inequality in the opposite sense
to (4.13.2).

We assume that

P(xy,...,21) > {Z fr(xr)} 1112 ()l (4.13.4)

where the f,(z,) are in any case non-negative, and satisfy positivity conditions
at our disposal. For definiteness, we will assume that the f, € Cla,,b,], and
that

fr(xy) >0, ar <z <b, r=1,...,k. (4.13.5)

We refer to this as “condition AM.”

For some real set j1, ..., pr with max |us| = 1, we write

up(zy) = Z,uspm(xr), r=1,...k, (4.13.6)

and claim

Theorem 4.13.1. Let the p,s be continuous. Then for some r € {1,...,k} we
have either

ur(zr) > fr(ze)||Pr(ze)|l, 0 € [ar, by (4.13.7)

or else
Up(xr) < = fr(xe) | Pr(a)|l, o € [ar, byl. (4.13.8)
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We first establish the combined situation of (4.13.7)—(4.13.8), namely,

lur(zr)| > fr(ze)|Pr(@o) I, 2 € [ar, br]. (4.13.9)

Supposing the contrary, we would have for each r = 1,...,k an 2/ € [a,,b,]
such that

lur ()| < fr(@ )| Pr(2) - (4.13.10)

We show that this leads to a contradiction.

Let P’ denote P(z1/,.. l'k "), and likewise write P,.s' for the co-factor of
prs(x'r), up () = Z,usprs( v). Forany ¢t € {1,...,k}, we multiply the latter
by P,/ and sum over r, to get

> Polup(a)) = P (4.13.11)

On the left, we use (4.13.10), and (4.13.3) as applied to the set x1’,..., x1’, to
get

| Pri/ur ()] < fr(a HHP Tm')

The inequality is strict since, by (4.13.10), the factors on the right are positive.
We deduce that

> P < {3 5t }HHP Zo)

Comparing this with (4.13.11), and using the basic hypothesis (4.13.4), we
deduce that |p| < 1, whereas we assumed that max |us| = 1. This completes
the proof of (4.13.9).

In the continuous case, we can deduce from (4.13.8) that just one of (4.13.7)—
(4.13.8) must be valid.

As an L' -variant, we have

Theorem 4.13.2. Let the p,s, [, € L(a,,b,) satisfy (4.13.4) almost everywhere
in the region [[[ar,br]. Then for some r, (4.13.7) holds a.e. in [ay,b;].

The proof is similar to that of Theorem 4.3.1 in this case, using the argument
of (4.3.7)—(4.3.8).

Notes for Chapter 4

The proof of Theorem 4.4.1 is similar to that of Theorem 9.4.1 in Atkinson
(1972). The continuity assumption in the sufficiency part of the proof of Theo-
rem 4.4.1 may be relaxed by introducing the convex hull of the sets C,.. “Then
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the determinant of the matrix ¢y, ca,..., ¢ is still of fixed sign whenever c,
is in the convex hull of C,.. Since the set of values of this determinant is an
interval, this completes the proof of the sufficiency” (H. Volkmer).

Theorem 4.2.3 is contained in the doctoral dissertation of M. Faierman (1966);
see also §1.2 therein.

Conditions (A) and (B) become part of conditions of right- and left-definiteness,
when a column of Sturm-Liouville operators is placed to the right of the p,.
The term “ellipticity condition” is also used in the (B) case. See Sleeman
(1978b), where the relation between the conditions is discussed.

The term “Hilbert type” was introduced in Farenick (1986) for the case of con-
dition (B), where the co-factors of elements in the last column are positive. The
general case, reducible to this by a transformation, was termed “conformable”
for such a transformation. For the use of this condition in connection with the
completeness problem for eigenfunctions, see Faierman (1966), (1969), (1991a),
Sleeman (1978b), and references there given.

The determinant det p,s(z,), acting multiplicatively on functions f(x1,...,xx)
forms an example of a determinantal operator, or operator-valued determinant.
Such operators appear in almost all multiparameter work; see Atkinson (1968),
Volkmer (1986), (1988), Farenick (1986), Kéllstrom-Sleeman (1975b), and so
forth.

For a recent review of the one-parameter case under all definiteness conditions,
one may consult Zettl (2005). The non-definite two-parameter case is treated
in Faierman (1991a, Chapter 6).

4.14 Research problems and open questions

1. As noted in this chapter, the study of determinantal operators is of marked
importance when dealing with the spectral theory of multiparameter problems.
In Aslanov (2004), the main problem is the proof of the following result in the
case where n = 3: If the 3 x 3 tensor determinant is positive (non-negative)
on decomposable tensors, then the operator is positive (non-negative) on the
whole Hilbert tensor product space. For n = 2, the positivity question was
solved in Almamedov et al. (1985) (English translation, vol. 32 (1), 225-227)
and Almamedov et al. (1987). In the finite dimensional case, this positivity
problem is solved by Atkinson (1972; see Theorems 7.8.2 and 9.4.1), while in
the strongly positive case by Binding and Browne (1978a).
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The question here is? to determine whether Aslanov’s theorem on the positivity
of the determinantal operator extends to the case n > 3. Is the non-negativity
result also true?

2. The natural question here is: Assuming continuity of the p,s, what are the
corresponding results for Sections 4.3 and so forth when (4.3.1) takes on both
signs? For basic work regarding this question in the two-parameter case, see
Faierman (1991).

2We are indebted to Professor A. A. Aslanov for these comments.



Chapter 5

Oscillation Theorems

5.1 Introduction

We now specialize the discussion to the second-order Sturm-Liouville case with
several parameters. We wish to extend to this case two classical oscillation
theorems for the one-parameter case of Sturm-Liouville, dealing with the “or-
thogonal” and the “polar” cases.

We have referred to this distinction already in Section 4.1. The “orthogonal”
case is the standard one, in which the coefficient of the spectral parameter is
positive, or at least does not change sign; in this case, there is just one eigenvalue
for each “oscillation number,” the number of zeros of the eigenfunction in the
interior of the basic interval. In the polar case, the coefficient of A changes sign,
but there is a compensating sign-definiteness associated with the differential
operator and the boundary conditions; in this case, there are two eigenvalues
for each oscillation number.

It turns out that these two situations extend to the multiparameter case. That
corresponding to the orthogonal case, in which there is one eigenvalue (k-tuple)
to each set of oscillation numbers, is the subject of what is known as the “Klein
oscillation theorem.” Although this does not seem to have been formulated by
F. Klein in its full generality, it seems clear that he would have expected it.
The other type of result, in which there are two eigenvalues for each set of
oscillation numbers, we term the “Richardson oscillation theorem,” since for
certain cases it was stated by him.

85
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As in the standard one-parameter case, it is possible to use these oscillation
theorems for the approximate or asymptotic location of eigenvalues.

5.2 Oscillation numbers and eigenvalues

We are concerned with the following boundary-value problem: we seek values
of A1,..., \r such that each of the k& equations

k
y () + {Z As Drs () — qr(xr)} yr(zy) =0, r=1,... k, (5.2.1)
s=1

has a solution in its respective finite interval [a,, b,], not identically zero, and
satisfying the boundary conditions

yr(a,) cos . = y,’ (a,) sin o,

yr(br) cos B =y, (br)sin B, 7 =1,... k. (5.2.2)
Here, a,., B, will be assumed real, and without loss of generality subject to
0<a,<m 0<pB.<m r=1,...,k (5.2.3)

The p,s(z,) will be assumed real-valued and continuous, as also the g¢,(z,);
some relaxation of these continuity restrictions is possible, but will not be
carried out at this point.

The situation differs in an essential manner according to whether we assume
the first, or the second definiteness condition, in the terminology of the last
chapter. In the former of these, we impose some positivity requirement on
det prs(z,); we investigate this situation first. As a minimal requirement, we
ask that

det prs(z,) >0 (5.2.4)

for all sets of arguments z, € [a,,b,] in the closed intervals, and

by b,
/ / det pps(x,) dxq -+ - dayg, > 0. (5.2.5)
al ag
Later on, we shall have to make further restrictions.

However, (5.2.4)—(5.2.5) certainly ensure that all eigenvalues, if any exist are
real. We can indeed go further, and claim that there is at most one eigenvalue
corresponding to any given set of oscillation numbers. This statement forms
part of the Klein oscillation theorem. We have
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Theorem 5.2.1. Let (5.2.4)—(5.2.5) hold. Then to each set of non-negative
integers ny, ..., nk, there is at most one eigenvalue (A1, ..., \g) for which these
are the oscillation numbers.

By the latter we mean that the non-trivial solutions y,(z,) of the problem
(5.2.1)—(5.2.2) have, respectively, n, zeros in the open intervals (a,b).

For the proof, we suppose on the contrary that there are two such eigenvalues
(AMy.voy Ak), and (/\J{, el /\2), distinct in that they differ in at least one entry.
By Theorem 4.12.2, the k functions

k
Z(/\s —MDpps(z), r=1,...,k (5.2.6)

s=1

contain one that does not change sign in its interval (a,,b,), and which does
not vanish identically. From classical Sturmian principles, it follows that the
solutions of

k k
yr//+{z)\sprs_QT}yr_0» yr”'i_{z)‘lprs_(h}yr_o
s=1 s=1

satisfying the boundary conditions (5.2.2) for the r-value in question, cannot
have the same number of zeros in (a., b,), and so cannot have the same oscilla-
tion numbers. This gives a contradiction, and so proves the uniqueness of the
eigenvalue.

We have incidentally a fresh proof of the discreteness of the spectrum. For
in any convergent sequence of distinct real eigenvalues, the sets of oscillation
numbers would have to be all different, and so could not be uniformly bounded.
However, it follows from the Sturm comparison theorem that the number of
zeros of any non-trivial solution of any of (5.2.1) must be uniformly bounded
in any bounded (A1, ..., A\g)-region.

This last line of argument can be much developed, so as to provide quantitative
information on the distribution of the eigenvalues.

5.3 The generalized Priifer transformation

It was shown by H. Priifer that a certain polar-coordinate transformation pro-
vides an effective method of establishing the standard Sturmian oscillation
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properties in the one-parameter case. This approach can be usefully extended
to the multiparameter case.

For all A\1,..., \;, we determine solutions
Yr(@r) = yr(@r; A1,y X)), r=1,...k, (5.3.1)
of (5.2.1) by the initial conditions
yr(ay) =sina,, y.' (a,) = cos ay; (5.3.2)

the first of the boundary conditions (5.2.2) will then be satisfied automati-
cally. We then determine continuous functions of the z,., and also of the real
parameters Ay, ..., Ag,

O () = O0p(p; A1y oo, Ag), r=1,...k, (5.3.3)

by
yr(zy) cos 0, (z,) =y, () sin 0, (), (5.3.4)

and fixed initial values
O-(ar)=ap, r=1,... k. (5.3.5)

As in the ordinary case, the requirement (5.3.4) fixes 6,-(z,) to within an arbi-
trary additive multiple of 7r; this is to be determined so as to ensure that 6, is
continuous.

We need the differential equations satisfied by the 6, both as functions of the
x,, respectively, and also as functions of the A;. The calculations are essentially
as in the one-parameter case.

Differentiating (5.3.4) and multiplying by sinf,(z,) we get, writing (') for
d/dx,,

vy, sin 0, cos 0, — .0, sin® 0, = y,” sin? 0, + y,’0,’ sin b, cos 6.
Using (5.3.4), we obtain
Y cos? 0, — yrer/ sin’ 6, = v, sin? 0, + yrer/ cos® 0,.
After rearrangement and use of (5.2.1), we get

k
0, = cos® 0, + {Z AsPrs — qr} sin? 6,. (5.3.6)

s=1
As in the standard case, we have

Theorem 5.3.1. For fivred Ay, ..., \p, 0-(x,) is an increasing function of x,
when 0,.(x,) is a multiple of .
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For the right of (5.3.6) is then positive; these z,-values are those at which
yr(z,) = 0. Thus if 0, (z,) reaches multiples of 7 as x, increases in (a,,b,) it
will reach them in ascending order, reaching each once only, and reaching only
positive multiples of 7; the last remark follows from (5.2.3) and (5.3.5). Hence,
we have

Theorem 5.3.2. For the r-th equation in (5.2.1) to have a non-trivial solu-
tion satisfying (5.2.2), with precisely n, zeros in (a,,b.), it is necessary and
sufficient that

O, (bri Aty Ak) = Br + np (5.3.7)

Thus an eigenvalue of (5.2.1)—(5.2.2), with oscillation numbers nq,...,ny is
a set (A1,...,\x) satisfying (5.3.7) with » = 1,...,k . Our approach will be
to study the solution of these equations with the aid of the implicit function
theorem.

5.4 A Jacobian property

We turn next to the behavior of the functions (5.3.3) as functions of the A;. We
have to calculate the partial derivatives 00/0\s. Differentiating (5.3.4) with
respect to A\; we get

(Oyr/ONs) cos 0 — y,. (00, /OAs) sin 0, =
= (0y../OXs) sin 0, + y..(00,./O\s) cos 0. (5.4.1)
Multiplying by v, sin 8, and using (5.3.4) we get after rearrangement that
(Y. 0y | ONs — yr Oy ONs) sin? O = 1,200,/ O\, (5.4.2)

We now complete the polar-coordinate transformation by introducing positive-
valued functions

Re(zry M,y i), r=1,...k, (5.4.3)

by
yr = R.sinf,, vy, = R, cosb,, (5.4.4)

in accordance with (5.3.4). Then (5.4.2) yields

00, /OXs = R *{y. 0y, /ONs — yr Oyl ONs}. (5.4.5)
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We must now evaluate the expression in the braces in (5.4.5). We differentiate
(5.2.1) with respect to A4, getting

k
3yr'//5>\s + {Z AsDrs — QT} 3yr/3>\s + prsyr = 0.

s=1

Taking account of (5.2.1) itself, we derive

" Oy |ONs — yr Oy, |ONs = Drsy?. (5.4.6)

The left is the x,-derivative of the expression in the braces in (5.4.5), which
vanishes when x, = a,. Thus an integration gives, for a, < z, < b,

Ty

yvl" 8yr/a/\s - yray/r/a)‘s = / pTS(uT){yr(UT)}zdur'

ar

Hence we may re-write (5.4.5) as

x

09,/07s = R? / " prs () {yr () V2duy. (5.4.7)

ar
From this, we draw the main conclusion of this argument.

Theorem 5.4.1. Fora, <z, <b., r=1,...,k,

A0, ....00)/0(Ns -, \e)

k -2 1 Th k
= {H Rr(xr)} / / det prs(u) {I_I(yr(ur))2 dur} .

. (5.4.8)

For the Jacobian on the left is the determinant of the expressions (5.4.7) over
r, s =1,...,k, and this, by Theorem 4.2.3, equals the right of (5.4.8).

5.5 The Klein oscillation theorem

For this, we need to make a slightly stronger hypothesis, than that used in
Section 5.2. We prove

Theorem 5.5.1. Let the prs(x,), ar <z < by, v, s=1,...,k, be continu-
ous, and let
det prs(z,) > 0, (5.5.1)
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for all sets of x1, ...,z such that at least one of the x, lies in the interior of
(ar,b). Then to each set of non-negative integers ny, ..., ny there is precisely
one eigenvalue A\1,..., g such that the n, are the oscillation numbers of the

associated non-trivial solutions y.(x,) of (5.2.1)(5.2.2).

We showed in Section 5.2 that there was at most one such eigenvalue, subject
to a slightly weaker hypothesis on the p,s(x,). We have now to prove the
existence. It is a question of showing that the equations (5.3.7), with r = 1,
..., k, have at least one solution \q,...,\; or, in other words, that the map

()\1, ceey )\k) — (Hl(bl; )\1, ey )\k), ey gk(bk; )\1, ey )\k)), (552)
acting on R” into itself has as its image a set S, say, which includes the “octant”
0<b,<o0, r=1,... k. (5.5.3)

Actually, S is included in this octant. It follows from Theorem 5.3.1, and the
first of (5.2.3), that 0,(by; A1,.., Ax) > 0 for all » and all Ay,..., A\x. Thus we
wish to show that .S coincides with this octant.

The map (5.5.2) is continuous, and (5.5.1) ensures that the Jacobian is positive,
by (5.4.8). The mapping is therefore open. In order to prove the result, it is
sufficient to show that the boundary 0S of S is contained in the boundary
of (5.5.3). Suppose then that P;, P> are points in the octant, of which Py
is in S and P, is not in S. The segment P; P, would then contain a point of
the boundary of S, and since the segment does not meet the boundary of the
octant, we would have a contradiction.

It will be sufficient to show that for any point of 95, at least one of 6,. vanishes.
Let then
()\lnwu,)\kn)a TL:1,2,..., (554)

be a sequence of points whose images under (5.5.2) tend to a point of 9S. This
sequence cannot have a convergent subsequence, since the image of the limit
of such a subsequence would be in S and not in 9S; the two sets are disjoint
since the mapping is open. We suppose therefore that

> Aan| =00, n— 0. (5.5.5)
We introduce associated normalized sets

(Hiny - s fkn), n=1,2 ... (5.5.6)
by
Z |,usn| =1, Asn = Xntsn, Xn >0, (557)

so that
Xn — 0. (5.5.8)
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We appeal now to Theorem 4.12.3, according to which for any ¢, with
O<e<(bp—ap)/2, r=1,...,k,
there is a 6 > 0 such that for some r we have

Zusnpm(xr) #£0, ar <xp<b,, (5.5.9)

’Z fisnPrs ()

We keep ¢ independent of n, and then § is also independent of n. By selection
of a subsequence, if necessary, we can arrange that r in (5.5.9)-(5.5.10) is
independent of n; in the same way, we can arrange that the sign of > pgnprs ()
in (ar, by) is independent of n also.

>0, art+e<z<b.—e. (5.5.10)

Thus for any €, 0 < € < minj<,y<x (b, —a,)/2, thereisa d >0, anr, 1 <r <k,
and an infinite sequence of n-values such that either

Zﬂsnprs(-rr) >0, ar <z <by, (5.5.11)
Z,usnprs(mr) > 67 ar + € < Ty < br — &, (5512)
or else
> panprs(zr) <0, ap <y < by, (5.5.13)
Zﬂsnprs(xr) <—0, ar+e<az <b. —e. (5.5.14)

The first alternative can be eliminated. For (5.5.12) would imply that

Z)\snprs(mr) > Xn(s» ar + € < Ty < br — &,

so that the left would tend uniformly to co as n — oo. By the Sturm comparison
theorem, this would imply that the number of zeros of a non-trivial solution of

yr// + {Z AsnDrs — QT} yr =0

increases without limit as n — oo and this, by Theorem 5.3.1 implies that
er(br; )‘lnv ey )\kn) - +OO,

as n — oo through the appropriate subsequence. Thus the sequence of images
of (5.5.4) would not converge.

It thus follows that for any e as above, there is a § > 0, r and an infinite
n-sequence such that (5.5.13)—(5.5.14) hold. We apply this principle with a
sequence €1, €9, ...tending to zero. By selection if necessary, we can arrange
that the same r, 1 < r < k, can be used in each case; we denote the associated
d-values by 61, do, ....
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Then for some fixed r, a sequence €1, €2, ...of positive numbers tending to
zero, and associated positive numbers 61, J2, ..., we have (5.5.13) and
Z:usnprs(mr) <=, GrF+em < xp < b —ep. (5.5.15)

for some infinite n-sequence.
From (5.5.13) it follows that

Z)\snprs(mr) - qr(mr) S _q’l‘(mT)a Ay S Ty S br (5516)

so that the left is uniformly bounded above, for the same n-sequence. From
(5.5.15), we have

> AenPrs(®r) < =Xnbm,  ar +Em < Ty < by — . (5.5.17)

For any §,,, we can choose n from the appropriate sequence so large that x,d,,
is as large as we please, for example, so that x,0,, > m. If n,, is the n-value
in question, we have then that the sequence of functions

Z/\snmprs(xr) _qT‘(xT)7 n=12...

is uniformly bounded above, and tends to —oo, uniformly on closed subsets of
(ar,by). Thus, by Theorem A.6.1, we have

er(br§ Alns -y )‘k") — 0.

This shows, as required, that at any point of 0.5, at least one of the 6, vanishes.

The argument can be simplified if we assume that (5.5.1) holds for all sets
r1,...,Tr without restriction. It then follows from Theorem 4.3.2 that one
of the functions on the left of (5.5.11) is either bounded from below by d, or
bounded from above by —d, so that for some n-sequence the left of (5.5.16)
either tends uniformly to +o0, or uniformly to —oo. These two eventualities
are then discussed as above.

Example Observe that condition (5.5.1) is necessary that is, Klein’s oscillation
theorem, Theorem 5.5.1, may fail if, say, the determinant appearing in (5.5.1)
vanishes identically on some subinterval, J,., say of [a,, b, for some r.

To see this, consider the (de-coupled) case k = 2 with p1a = p2; = 0 and
[ar,b;] = [-1,1], r = 1,2 with zero boundary conditions at the ends (i.e., the
Dirichlet problem). Let p;; = 0 on [—1,0] and p;; > 0 on [0,1] be defined
so that it is continuous on [—1,1]. Let M > 0 be a given positive integer.
Choose ¢1 to be a constant function that is so large and negative to ensure
that any solution of the first of (5.2.1) has at least M zeros on [—1,0] (this
is always possible by Sturm’s oscillation theorem). Then regardless of how we
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define pag, g2, and so forth, it is simple to see that for any value of \; it will
be impossible to find a solution of the first of (5.2.1) with anything less than
M zeros (since such a solution must satisfy an equation that is independent
of Ay on [—1,0]). So, in this case it follows that if ny < M in Theorem 5.5.1
there are no eigenvalues A\, A of (5.2.1)—(5.2.2) such that n; is the oscillation
number of an associated non-trivial solution of (5.2.1)-(5.2.2).

5.6 Oscillations under condition (B), without
condition (A)

In subsequent sections, we shall pass to a counterpart of the Klein oscillation
theorem, in which there are two eigenvalues to each set of oscillation numbers.
For this purpose, we need a preliminary result.

Theorem 5.6.1. Let the p.s(x,), ar <z, < b.,r,s =1,..., k be continuous,
and let det p,s(x,) change sign. Let there be a set p1,...,pr such that the de-
terminants (4.6.1) are all strictly positive, for all sets of arguments x1, ..., Ty.
Let N(\1,..., ;) denote the total number of zeros of some set of non-trivial
solutions zy(x,), r=1,...,k, of

2"+ {Z)\sprs _QT}Zr =0, r=1,...,k (561)
in the respective intervals (a,,b.). Then
N(\i,. .o, ) — oo (5.6.2)

as

> sl = o0, (5.6.3)

In view of the Sturm separation theorem, the number of such zeros can vary by
at most k& under a change from one set of solutions of (5.6.1) to another. The
result is thus insensitive to the choice of solutions of (5.6.1).

The requirement that det p,s(z,) change sign cannot be dropped. If, for exam-
ple, det p,s(z,) were positive throughout, we could in view of Theorem 4.4.1
make (5.6.3) take place subject to

Z AsDrs(xr) <0, r=1,...,k, (5.6.4)

and then the number of zeros of each z, would be bounded, in view of the
Sturm comparison theorem:.
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We pass to the proof of the theorem. For any sequence (5.5.4) satisfying (5.5.5),
we take a representation in the form (5.5.7)-(5.5.8). By selection of a subse-
quence, we may take it that the ps, all converge. We write s = lim pug, .

We appeal now to Theorem 4.6.1. The requirement that detp,4(x,) change
sign excludes cases (ii) and (iii) of the theorem, and so we have that at least
one of the functions

Z,usprs(mr), r= ].,...,k, (565)

takes a positive value somewhere in [a,,b,]. Thus, by continuity, there is a
sub-interval [z,1, z,2], of positive length, and a 6 > 0 such that for this r,

Zﬂsprs(mr) >0, w1 <xp < T2 (5.6.6)
We note now that

Z )\snprs(mr) = Xn Z Nsprs(mr) > Xn Z Nsnprs(mr) - KXn Z |,usn - Ns'»

where K = max |pys(z,)]. In view of (5.6.6), this gives

Z)\snprs(mr) 2 Xn(s - KXn Z |/~Lsn - /~Ls|» Tr1 S Ty S Tyr2

so that, for large n,

Z)\snprs(mr) 2 Xn(;/Qv Tr1 S Ty S Tpr2.

It follows that
Z /\snprs(-rr) - Qr(-rr) — 100,

uniformly in [z,1, z,2]. The result (5.6.2) now follows from the Sturm compar-
ison theorem.

5.7 The Richardson oscillation theorem

As stated in Section 5.1, we give this name to an oscillation theorem in which
there are two eigenvalues for each set of oscillation numbers. We are concerned
with what, in Section 3.8, we termed the “second definiteness condition”; since
this can overlap with the first condition, for which we have the Klein oscillation
theorem, we suppose that the second of these conditions holds but that the first
of them is violated. We take the second definiteness condition in standardized
form, that is to say with p1 = 1, po = 0,...,pr = 0 in (3.8.1); unlike our
treatment of the Klein theorem, we shall not attempt to cover “borderline
cases,” in which determinants maintain in general the same sign but can have
zeros. We have
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Theorem 5.7.1. Let the p.s(z,), ¢-(x,) be continuous in [ay,by], r, s =

. k. Let detp,s(x,) take both positive and negative values. Let the co-
factors of the elements in the first column of the array p,s(x,) all be positive,
for all sets of arguments x1, ..., x,. Let the hermitian forms

®,0(yr) = yryr a,,. / {|yr |2 + QT|yr| bdw,, r=1,...k, (5.7.1)

all be negative-definite, on the spaces of continuously differentiable functions
satisfying the boundary conditions (5.2.2). Then to each set of non-negative
integers ny,...,ny there correspond precisely two eigenvalues A\i,..., A\ for
which these are the oscillation numbers of the non-trivial solutions of (5.2.1)—
(5.2.2). In one of these eigenvalues, we have Ay > 0, and in the other Ay < 0.

Our assumption concerning co-factors means in particular that

p22(z2) ... pan(z2)

pa2(x3) ... par(xs)
. . >0, (5.7.2)

pr2(zk) oo pre(zr)
for all sets =, € [a,,b,], 7 =2,... k. The Klein oscillation theorem then ensures
that if A; is given, there is precisely one set of values of A, ..., \; such that
(5.2.1)—(5.2.2) have non-trivial solutions for r = 2,...,k, the solutions having
na,...,nk as their oscillation numbers. We may therefore treat Aa,..., \; as

functions of the real variable A\;. The problem is then to adjust A\; so that
(5.2.1)—(5.2.2) with r = 1 has a non-trivial solution with the oscillation number
niy .

In terms of the polar-coordinates used earlier in this chapter, we have to solve
the equation

91(b1§/\1,-~-,/\k) =7+ By, (573)
in which Ao, ..., \; are treated as functions of A\; in the manner just described.
Let us write (A1) for the left of (5.7.3), where Ag, ..., Ay are treated as func-

tions of A\;. In addition to ¢ (A1) being continuous we need the following three
properties, in order to obtain the result of Theorem 5.7.1:

(1) (A1) — +o0 as [\]| — oo,
(ii) ¢(0) < B,

(iii) ¢(A1) is an increasing (resp. decreasing) function when A; > 0 (resp.
A1 < 0) and (A1) = 61 mod 7.
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For (i), we remark that by Theorem 5.6.1, the total number of zeros of any set
of solutions of (5.2.1) must tend to co as |[A;| — oo. If, therefore, we make
A2,..., Ax depend on A; in such a way that the y,(x,), r = 2,...,k, have
fixed oscillation numbers, then the number of zeros of a non-trivial solution
of (5.2.1) with » = 1 must tend to oo, as |[A\;| — oo. Thus (A1) — oo as
[A\i| — oo. We remark that, by general implicit function theorems, (A1) is a
continuous function of A1, and indeed a differentiable one. At this stage, we can
therefore say that for sufficiently large n, there will be at least one positive and
one negative A\; satisfying (5.7.3), so that for given na,...,ng, and sufficiently
large n; there are at least two eigenvalues.

To improve this result, we prove next (ii), which will remove the “sufficiently
large” proviso on np in the statement just made. We shall establish (ii) if we
show that the eigenvalues A of the problem

k
2 (1) + {A+ ) A (0)prs(@r) — qa(z1) bz(21) =0, (5.7.4)
z(a1)cosay = 2'(ar)sinay, z(by)cos B = 2'(by)sinfy  (5.7.5)

are all positive; here A\s(0), s = 2,...,k denote the values of A\g,..., \; as-
sociated with A\; = 0. For suppose that 0(x1;A) is the polar angle function
associated with (5.7.4)—(5.7.5) by

z(z1) cosf = 2'(z1)sinb, 6O(ar;A) = aq, (5.7.6)

where z(x1) is a non-trivial solution of (5.7.4), which satisfies the first of (5.7.5).
It is then a standard property that 6(by; A) is a strictly increasing function of
A. Thus if (5.7.4), (5.7.5) give a problem with only positive eigenvalues, so
that the equations

G(bl;A):ﬂ1+n17r, ny=0,1,...
have only positive roots, and we have that §(by; 0) < 0, then since

this will prove (ii).

We observe next that the eigenvalues of (5.7.4)-(5.7.5) will all be positive if the

form
k

U(z) = Bro(2) + Y Aa(0)14(2), (5.7.7)

s=2
is negative-definite on the space of continuously differentiable z(z1) satisfy-
ing (5.7.5). Here we use the notation in Section 3.3, cf., (3.3.4); the ®.o(y,)
are displayed explicitly in equivalent form in (5.7.1) for the special differential
operators with which we are now concerned. We see this by taking z(x1) to
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be a (real) eigenfunction of (5.7.4)—(5.7.5), multiplying (5.7.4) by z(z1) and
integrating the result over (a1, b1); the statement can also be viewed as a corol-
lary of the extremal expression for the lowest eigenvalue of a Sturm-Liouville
problem.

Thus, to prove (ii), we have to show that (5.7.7) is negative-definite, subject to
(5.7.5). To see this, we denote by y,.(z,), r = 2, ..., k, non-trivial real solutions
of (5.2.1)—(5.2.2) with Ay = 0, Ay = As(0), s = 2,...,k. Then on multiplying
(5.2.1) by the y,(z,) and integrating, we get

k

Dro(yr) + O A(0)Pps(yr) =0, 7=2,... k. (5.7.8)

Let D denote the determinant of the k-by-k array

(1)10(2) (1312(2’) e <I>1k(z)
Doo(y2)  Poa(y2) ... Pox(ye)

Pro(yr)  Pr2(yr) - Prr(yr)
It follows from (5.7.7), (5.7.8), and Cramer’s rule that
D = ¥(z)det ©ps(yy). (5.7.9)

Here the determinant is now over 2 < r, s < k. The determinant on the right is
positive, in view of Theorem 4.2.3 and the fact that det p,s(z,), 2 <r,s <k, is
positive. The whole determinant (5.7.9) is negative, since the elements in the
first column are negative, while the co-factors are positive, for the reason just
mentioned. It thus follows that ¥(z) is negative, as needed. This proves (ii).

It remains to prove (iii), which we do by calculating dy/d\;. Differentiating
(5.3.7) with r = 2,...,k, we have

k
00, /0N + Y (96,/0Xs)(dAs/d\) =0, r=2,...,k,
2

while
k

/(A1) = 001 /0X + Y (901/0As)(dNs/dNy).
2
Using Cramer’s rule again, we deduce that

G M), ... 00)/ONas . AR) = (01, ..., 00)/O(Ms .. An). (5.7.10)

It follows from (5.4.8), and the corresponding result for 2 < r, s < k, that these
Jacobians have the same sign as, respectively,

b,
det [ pon(onlun (e o, 2< s <k (5.7.11)

r
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by
det/ prs(z)|ye(x,))? day, 1< 7,5 <k, (5.7.12)
where the y,.(z,) are solutions of (5.2.1) fixed by (5.3.2). Here (5.7.11) is
certainly positive, in view of (5.7.2) and Theorem 4.2.3. In the case of (5.7.12),
we appeal to Theorem 4.6.1, which shows that this has the same sign as \; at
an eigenvalue. Thus dy/dA\; has the same sign as \; at an eigenvalue, as was
to be proved. This completes the proof of Theorem 5.7.1.

5.8 Unstandardized formulations

It was convenient to prove the Richardson oscillation theorem subject to two
specializations, firstly that we assumed the matrices (4.6.1) have positive de-
terminants when p; = 1, po = --- = pr = 0, and secondly that we assumed
the forms (5.7.1) negative-definite, rather than the more general forms (3.8.9).
We now translate this special form of the result into a version more generally
applicable. This procedure not only obviates the need for preliminary trans-
formations, but also yields additional information.

We first remove the specialization on the ps. We prove

Theorem 5.8.1. Let the prs(zy), qr(zr), ar < xp < b, 7, s = 1,...,k be
continuous, and let the determinants of (4.6.1) take only positive values. Let the
forms (5.7.1) all be negative-definite, on the spaces of continuously differentiable
functions satisfying the boundary conditions (5.2.2). Then to each set of non-
negative integers ni,...,ny there correspond just two eigenvalues A1, ..., \x of
the problem (5.2.1)-(5.2.2); for these two eigenvalues the expression ) | psAs
takes opposite signs.

We make the linear transformations of the ps, As; described in the proof of
Theorem 4.11.2. We require that

k
> peat = O, (5.8.1)
s=1

where d1; = 1, if t = 1 and 0 otherwise in order to achieve the situation of
Theorem 5.8.1. We then have, if )\J{, ceey )\2 are the new spectral parameters,

k k k
Z = Z Z pS’Yst/\I = /\J{- (5.8.2)
1 —_

s=1t=1
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By Theorem 5.7.1, the two eigenvalues associated with the given oscillation
numbers will have )\J{ > 0 in one case, and )\J{ < 0 in the other. This proves the
result.

We now remove the second specialization.

Theorem 5.8.2. Let the assumptions of Theorem 5.8.1 hold, except that in-
stead of the negative-definiteness of the forms (5.7.1), we assume that for a
certain set of T1,..., Tk, the same holds for the forms (3.8.9), and this for the
same spaces of functions. Then, to each set of non-negative integers ny, ..., ng
there correspond just two eigenvalues of (5.2.1)~(5.2.2), and for these the ex-
pression

> A+ 70) (5.8.3)

takes opposite signs.

We introduce new spectral parameters
A" =Xs+ 75, s=1,...k,

so that the differential equations (5.2.1) now read

yT//+Z)\s*prsyr _QT*yr =0, r= 1,...,]€, (584)
where the sum is over s = 1,...,k, and
& =+ Y Tprs, T=1,... .k (5.8.5)

The assumption that the forms (3.8.9) are negative-definite then means that
the same properties hold for the forms (5.7.1) with ¢, replaced by ¢,.*. Thus, by
the last theorem, there are two eigenvalues for each set of oscillation numbers,
for which >~ As*ps has opposite signs. Thus, in terms of the original spectral
parameters, (5.8.3) takes opposite signs on these two eigenvalues, as was to be
proved.

5.9 A partial oscillation theorem

Let us recall that for the one-parameter problem, £ = 1 in (5.2.1)-(5.2.2), in
the polar case that pii(z) changes sign, we can assert that there exists an as-
cending and a descending sequence of eigenvalues, where to each sufficiently
large oscillation number there corresponds one eigenvalue in each sequence. In
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order to claim that there is one such eigenvalue corresponding to each oscilla-
tion number n = 0,1, 2, ..., we have to impose a further restriction, such as the
definiteness of a certain quadratic form. A similar situation holds in the mul-
tiparameter case. We give here a result concerning the existence of eigenvalues
for sufficiently large oscillation numbers.

Theorem 5.9.1. Let the p,s(x,), ¢- () be continuous in [a,, b.], let det p, ()

change sign, and let there exist a set pi,...,pr such that the determinants
(4.6.1) are positive for all sets x1,...,x,. Then for some C > 0, and all sets
of non-negative integers nq, ...,ng such that

> om? >, (5.9.1)

there are at least two eigenvalues A\1,..., A, such that the problem (5.2.1)—
(5.2.2) has solutions with the n, as oscillation numbers.

By means of a linear transformation, we may take it that condition (B) holds
in the standardized form with ps = --- = pr = 0. We use the argument of the
proof of Theorem 5.7.1. We write

(A1) = p(A1sn2, ..., ng) (5.9.2)

for the value of 1 (b; A1, ..., \x), where Ao, ..., \x are determined as functions
of A1 by the requirement that (5.2.1)—(5.2.2) have non-trivial solutions for r =
2,...,k and the given \;. We no longer claim that we have ¢(0) < ;. Instead,
we claim that for some fixed K, we have

©(0) = (0;ng,...,n;) < K, (5.9.3)
for all sets ns,...,n,. This implies that if nq is sufficiently large then there is
an eigenvalue with oscillation count (nq,na,...,ng). Let

Aso = Aso(na,...,nK), s=2,...,k (5.9.4)
be the values of Ao, ..., A\ determined as above, with Ay = 0. The equations
y'' + {Z)\Sopm —qr}yr =0, r=2,...,k, (5.9.5)

then have non-trivial solutions satisfying (5.2.2), having the oscillation numbers
na,..., ng. Thus if we make

D ne = oo, (5.9.6)

where the no, ..., nj run though some sequence of (k—1)-tuples of non-negative
integers, we must have

> " [Asol = o0. (5.9.7)
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For it follows from the Sturm comparison theorem that if the oscillation number
of a solution of (5.9.5) for some r becomes unbounded, then the Asp must
become unbounded; for a more exact exploitation of this argument, we refer to
Section 5.9.

We write
Ao = Xps0, X =0, D |usol =1, (5.9.8)

all these quantities being functions of na,...,nk. In view of (5.9.7), we have
that (5.9.6) implies that

X = x(nag,...,nk) — (5.9.9)

We now use Theorem 4.7.2, which ensures that for some k& > 0 we have

ZI’LSOPT’S(J:'I"') > 6; (5910)
Z ,usopr”s(xr”) <=6 (5.9.11)
for some 7/, r”, as we vary nag,...,ng so as to achieve (5.9.6). It then follows

from (5.9.11) and (5.9.9) that

Z)\sopr”s(mr”) - qﬂ/(xr”) — —0 (5912)

uniformly in [a,~, by~]. This could not occur if " were equal to any of 2,. .., k,
since then the equation (5.9.5) with » = 7" could ultimately not have a solution
with fixed oscillation number satisfying the boundary conditions. Thus we must
have " = 1. It now follows from Theorem A.6.1 that ©(0) — 0, so that (5.9.3)
is satisfied. We now repeat the argument starting with (5.9.2) by interchanging
the roles of A1 and A4 for each fixed s, 1 < s < k. This completes the proof.

Notes for Chapter 5

The positivity of the Jacobian 90/0\ is used in Atkinson (1964a, Section 6.10),
in considering the discrete analogue, that of orthogonal polynomials. For the
differential equation case, see Atkinson (1964a, p. 551); Faierman (1966, Chap-
ter 2). See also Binding and Browne (1984).

Ince (1956) considered the case of several disjoint intervals on the same axis,
without singularities. He used induction over k, together with a Sturm-type
theorem with nonlinear parameter-dependence.

Partial oscillation theorems, to the effect that eigentuples exist ensuring suffi-
ciently large oscillation numbers, have been discussed by many authors. See in
particular Turyn (1980) and Richardson (1918).
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Many authors assume that “condition (A)” holds on the closed region [ [[a., b, ],
though cases occur in which the determinant det p,s vanishes at points of the
boundary.

Theorem 5.9.1 is a multiparameter extension of old results of Richardson (1918)
and Haupt (1911) in the one parameter Sturm-Liouville case. Under weaker as-
sumptions on the coefficients (Lebesgue integrability), this result was extended
by Everitt et al. (1983) in the same setting. In this vein, it is important to
note that there may be non-negative integers ni,...,n; such that there is no
eigenvalue for which these are the oscillation numbers. This eventuality, of
course, is not precluded by Theorem 5.9.1.

5.10 Research problems and open questions

1. Give a different proof of Klein’s oscillation theorem using the fact that
we can vary the p,s, g continuously into constants, retaining the validity of
condition (A), by some homotopy, as functions of 7 in [0,1]. The eigenvalues
will then satisfy a differential equation, as functions of 7, and then each will
remain bounded through this variation.

2. The continuity of the ¢, in this chapter seems unnecessary, and can be re-
placed by Lebesgue integrability. However, relaxing the continuity assumption
on the p,s to Lebesgue integrability over (a,,b,) for all r,s = 1,2,... k seems
much more challenging. Can this be done?

3. Consider the one-parameter case of (5.2.1)-(5.2.2). This is of course the
Sturm-Liouville equation with a weight;

y'(z) + Mp(z) — q(2)y(x) =0, a<z<b, (5.10.13)

where y satisfies (5.2.2). Assume for simplicity that p, ¢ are both continuous in
[a,b] and that

b
/ Ip(z)) dz > 0,

there being no sign restrictions upon p(z) (the so-called non-definite case). The
smallest non-negative integer ny, such that there is at least one eigenfunction of
(5.10.13)— (5.2.2) is called the Haupt index of the problem. The smallest non-
negative integer np such that there is exactly one eigenfunction of (5.10.13)
satisfying (5.2.2) is called the Richardson index (or Richardson number) of
the boundary problem. The existence of these quantities can be found in the
quoted papers of Haupt and Richardson (see Mingarelli [1986] for further details
concerning these numbers). In addition, it is known that there is always an at
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most finite number of pairs say, Ac, of non-real eigenvalues (see Mingarelli
[1983]).

We note that whenever p(z) changes sign there is an infinite sequence of both
positive, A}, and negative, A, eigenvalues having no finite limit point. In this
case, there exists two such indices, nf and nﬁ corresponding in turn to the
positive, respectively, negative eigenvalues.

Is it the case that
Ac < min {nk,ny}?

4. What is the multiparameter analogue of the Haupt and Richardson index
in the cases k > 3% In the two-parameter case, this question is answered by
Faierman (1991, Theorem 1.1).

5. Prove or disprove the following general conjecture (cf. Problem 3 above):
Ac < min{n},n; }.

The only result known in this connection appears to be the special case treated
in Allegretto-Mingarelli (1987); that is, whenever (5.10.13)—(5.2.2) has a non-
real eigenvalue there is no real eigenfunction whatsoever that is of one sign
in (a,b) (at least for the Dirichlet problem). An abstract version of this last
result that includes difference and partial differential operators can be found
in Mingarelli (1994).

6. Find the spectral radius of the non-real spectrum of (5.10.13)~(5.2.2) in
the non-definite case (cf. Problems 3-5 above). A more tractable though not
quite solved problem is to find a priori estimates for the location of mon-real
eigenvalues in terms of the known quantities p,r, or their integrals, and so forth.



Chapter 6

Eigencurves

6.1 Introduction

In this chapter, we present an alternative approach to the study of multiparam-
eter Sturm-Liouville problems in the case of two equations and two parameters.
This is based on a more detailed study of the case of a single boundary-value
problem with two parameters. We apply Sturmian methods to the boundary-
value problem in which we ask whether the equation

V'@ + (3 Api(e) —d@ly(e) =0, a<e<h (6L

has a non-trivial solution satisfying
y(a)cosa =y (a)sina, y(b) cosB = y'(b)sin 3. (6.1.2)

We take pi(x), p2(z) and g(x) to be real and, as a rule, continuous. We take
«, (3 to be real and, without loss of generality, choose them so that

0<a<m, 0<pg<m (6.1.3)

Pairs (A1, A2) such that (6.1.1)-(6.1.2) have a non-trivial solution may be con-
sidered as a sort of eigenvalue. When we are dealing with a single boundary-
value problem with two parameters, we have no reason to expect that such
admissible pairs will have to be real. We shall however confine attention to

105
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real pairs, since only they will be relevant to simultaneous problems with real
spectra.

Frequently, though not invariably, we consider the case that some linear com-
bination of pi(x), p2(z) does not vanish, and so has fixed sign. Since the py,
p2 are to be continuous, there will be a second linear combination, linearly
independent of the first, which also has fixed sign. By a linear transformation,
we can then replace (6.1.1) by a similar equation in which the coefficients of
the parameters have any assigned fixed signs.

A degenerate case deserves comment, namely, that in which the p;(z), p2(z)
are linearly dependent, and not both identically zero. In this case, one of them
will be a constant multiple of the other. If pi(x) = cpa(z), the differential
equation (6.1.1) may be replaced by

v+ {(eM+X)p2 —qly =0, a<ax<b

The spectrum of this, together with (6.1.2), will clearly take the form of the
set of lines cA\; + Ao = const.; here the “const.” will run through a set of values
without finite limit-point, since pa(x) does not vanish identically.

We conclude this section by collecting some general properties of the spectrum.

Theorem 6.1.1. Let the p;(x), j =1, 2, and q(z) be real and continuous, and
the p;(x) linearly independent. Then the real spectrum of (6.1.1)—(6.1.2) is a
non-empty closed set that meets any line in a set without finite limit-point.

Let y(x; A1, A2) denotes the solution of (6.1.1) such that
y(a; A1, A2) =sina,  y'(a; A1, \2) = cosa. (6.1.4)
The points (A1, A2) of the spectrum are then the zeros of
A1, A2) = y(b; A1, A2) cos B — o' (b; A1, A2) sin 3. (6.1.5)

Since A(\1, A\2) is continuous, indeed entire, the set of its zeros, or of its real
zeros, is closed, as asserted.

We prove next that the real spectrum is non-empty. Since p1, pe are linearly
independent, at least one of them, say, p1(x), does not vanish identically. We
can then obtain points of the real spectrum by fixing Ao at any real value, and
treating (6.1.1)—(6.1.2) as an eigenvalue problem for A;. The fact that p;(z) is
not identically zero then ensures that there is an infinity of eigenvalues.

Finally, we show that the spectrum meets any real line in a set without finite
limit-point; to see this, we take an arbitrary real line in the (A1, Az)-plane in
the parametric form

/\j =op;+v, J=12, (616)
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where p1, pa are not both zero, and o is a real parameter. The intersections of
this line with the real spectrum are then the real eigenvalues o of the problem
formed by

y" + {o(pip1 + p2p2) + 11p1 + Y2p2 — ¢}y =0,

together with (6.1.2). Since the coefficient of ¢ in this equation does not vanish
identically, there will be an infinity of such o-values, without finite limit-point.
This completes the proof.

6.2 Eigencurves

In what follows, we assume, unless otherwise stated, that py(z), p2(x), ¢(x) are
continuous in the finite interval [a,d], and that at least one of the ps(x) does
not vanish identically. The “spectrum” of (6.1.1)-(6.1.2) is then a non-trivial
closed subset of the real (A1, \2)-plane.

The spectrum may be divided up into connected components, on each of which
we shall have
O(b; A1,A2) = mod m, (6.2.1)

where 6 is the Priifer angle defined as in (5.3.3-5), with the obvious modifica-
tions. By continuity, we shall then have on each component

0(b; A1, A2) = B+ nm, (6.2.2)

where the integer n is fixed for each component. By Theorem 5.3.1, we have
n > 0; in fact n will be the oscillation number of the corresponding solutions
of (6.1.1)-(6.1.2), the number of zeros they have in the open interval (a,b).

It need not be the case that different connected components of the spectrum
are associated with different oscillation numbers. However, we shall deal with
such a case in what follows; roughly speaking, this will be the case if some
linear combination of the ps(x) has fixed sign. We use the term “eigencurve”
for a connected subset of the spectrum; we shall be concerned with a case in
which eigencurves are characterized by oscillation numbers.

The case in which some linear combination of the ps(z) has fixed sign is most
conveniently investigated in a standardized form, which may be achieved by a
linear transformation. This was discussed in §4.11.

Theorem 6.2.1. Let either

p2(2) >0, a<z<b (6.2.3)
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or
pe(x) <0, a<z<hb. (6.2.4)

Then to each non-negative integer n there is a curve I'(n) defined by
)\2 = f()‘lvn)a —00 < )\1 < o0, (625)

such that T'(n) consists precisely of those A1, A2 satisfying (6.2.2). The func-
tions (6.2.5) are continuous. If (6.2.3) holds, we have

f(/\l,O) < f()\l, 1) < ... (626)

while if (6.2.4) holds, we have (6.2.6) with the inequalities reversed.

Suppose for definiteness that (6.2.3) holds; the case of (6.2.4) can then be
handled by an obvious transformation. We consider the eigenvalue problem
(6.1.1)—(6.1.2) as a standard Sturm-Liouville eigenvalue problem in which A
is given and A, is the spectral parameter. By the Sturm oscillation theorem
(a special case of the Klein oscillation theorem given by k = 1), there exists
an ascending sequence of values of Ay such that the associated solution has n
zeros in (a,b). Denoting these as in (6.2.5), we have the result (6.2.6).

It remains to establish the continuity of the functions (6.2.5). We give here a
proof based on the Sturm comparison theorem. We have, for any A;' #+ A1,
that the equations

y" + {upr + f(A,n)pr — g}y =0, (6.2.7)

v+ {0+ FOuT n)pa — gty =0, (6.2.8)

both have solutions with n zeros in (a,b), satisfying the same boundary con-
ditions (6.2.1)—(6.2.2). Thus the difference between the two coefficients of y in
(6.2.7)—(6.2.8), that is to say,

M= A)pi(@) + (F T, n) = F(A,n))pa(2) (6.2.9)

cannot have constant sign in (a, b); in fact it must either change sign or else
vanish identically. The same is therefore true of

{rOutn) = O}/ AT = A} + pa(@)/p2(2), (6.2.10)
Thus {f(M\', n) — f(Ar, n)}/{\ T = AL} cannot exceed
max {—p1(x)/p2(x)}, (6.2.11)

nor be less than
min {—py(x)/p2(x)}, (6.2.12)

where these extrema are taken over [a, b]. This shows that the functions f (A1, n)
are not merely continuous but satisfy a uniform Lipschitz condition.
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6.3 Slopes of eigencurves

We start by formulating a result that was essentially proved in the last section.

Theorem 6.3.1. Let pa(x), a < x < b, be positive. Then if \y # AT, the ratio

{fan) = FOan) /AT = A}

lies in the interior of the interval

(min {—p; (2)/p2(2)}, max{—pi(z)/p2(2)}], (6.3.1)

unless the interval reduces to a point; in this case said ratio equals the constant

—p1(z)/p2(x).

We have shown that this ratio lies in the closed interval (6.3.1). However, the
function (6.2.10) must actually change sign, unless it vanishes identically, and
this proves the result.

This result may also be seen by evaluating df (A, n)/d);. Differentiating (6.2.2)
with respect to Ay we have

£/ (\,n)00/0Xs + 00/0A; = 0; (6.3.2)

this is a special case of the calculation performed in §5.4. Using (5.4.7) with
minor changes we get

b b
F(q,mn) :—/ D yzdx// po y? da, (6.3.3)

where y(z) = y(x; A1, A2). Thus, if the interval (6.3.1) does not reduce to
a point, the slopes of the eigencurves (6.2.5) all lie strictly in the interior of
(6.3.1); the same will be true of arbitrary chords.

The result of Theorem 6.3.1 remains true if p2(z) is negative throughout [a, b].

We pursue this topic in more detail later, but pause to note that the result of
this section permits an alternative proof of the Klein oscillation theorem in the
case of two parameters. This time we shall not cover the “borderline case” in
which det p,s(z,) can have zeros.
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6.4 The Klein oscillation theorem for £ = 2

We shall assume the differential equations concerned to have been brought to
a certain standard form by a preliminary linear transformation of the spectral
parameters. In the system

0" () + {30 Aepro() = @elon) f () =0, ar S by (641)
with continuous p,s(z,), ¢.(x,), we shall take it that
pu(x1) > 0,pi2(z1) <0, a1 <y < by, (6.4.2)

p21(z2) > 0,p22(z2) >0, az < xp < by (6.4.3)

It was noted in Section 4.11 that this can be arranged by a linear transformation
of the spectral parameters, if in the original system det p,s(z,) had fixed sign.
We have then, as a rather special case of Theorem 5.5.1,

Theorem 6.4.1. Let the pys(xy),qr(x,) be continuous and satisfy (6.4.2)—
(6.4.3). Then for any pair n1, na of non-negative integers, there is precisely
one eigenvalue (A1, \2) of the problem (6.4.1) with boundary conditions (5.2.2)
with k = 2, such that the y,(x,) have the n, as their oscillation numbers.

Since the coefficients of Ay in (6.4.1) have fixed signs, Theorem 6.2.1 ensures
that there exist continuous functions

fne,r), r=12, (6.4.4)

such that if Ao = f(A1,n,,7), then the r-th equation in (6.4.1) has a non-trivial
solution satisfying the associated boundary conditions (5.2.2), and having n,
zeros in the interior of the associated basic interval. We denote the graph of
f(\1,np,r) by I'(n,,r). We have to show that there is a unique Ay such that

f()‘lvnla]-) - f()\17n272) (645)
or that the eigencurves I'(n,, ), = 1,2, have a unique intersection.

This follows from the results of the last section. These show that the slopes of
chords of the I'(n,,r) lie in the intervals

[min (_prl(xr)/pr2(xr))7 max (_prl(-rr)/prz(.ﬁr))], r=1,2, (646)

where the extrema are taken over [a,,b,], r = 1,2. From (6.4.2)-(6.4.3) it
follows that if » = 1, the interval contains only positive numbers, while if r = 2
it contains only negative numbers. This shows that

f(A,n1,1) = 00 as A; — +oo, (6.4.7)
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where the signs are to correspond, while
f(A1,m2,2) — Foo as A\ — Foo. (6.4.8)

Thus the equation (6.4.5) certainly has a root. Since the left of (6.4.5) is an
increasing function, and the right a decreasing function of A, this root must
be unique. This completes the proof.

Example The simplest application of this theorem follows: For k = 2, let
[ar,b:] = [0,1] and p11 = 1, pas = 1, pa1 = 1. Next, let p1o = —1 and consider
the Dirichlet problem on the various intervals. Then (6.4.1)takes the form

Yl (1) + (A = X)ya(21) =0, wy(x2) + (M1 + A2)ya(a2) = 0.

A moment’s notice shows that the eigenvalues are now given by pairs (A1, A2),

where A\{ — Ay = nfﬂz and A\ + Ay = n%wz for ny,ne = 1,2,.... In this case,

the functions f(A1,n1,1), f(A1,n2,2) appearing in (6.4.4) are given explicitly
by
Ao = f(A,n1,1) =\ —nir?, Ao = f(A1,n2,2) = =\ + n3n?.

Equating these and solving we get the defining relations

1 1
A= 5(71% +nd)r?, A= 5(71% —nHr? n,m>1

for the eigenvalue pairs. The corresponding eigenfunctions are of the form
y1(z1) = sin(nymzy) and yo(x2) = sin(nemzs), and these have the required
oscillation properties.

The method of eigencurves described here will be considered in the next chapter
in association with a different two-parameter problem.

6.5 Asymptotic directions of eigencurves

We return now to the topic of §§6.2, 6.3. The result we prove will have as
an incidental consequence that the bounds (6.3.1) for the slopes of chords of
eigencurves are precise, being attained in an asymptotic sense.

Theorem 6.5.1. Let po(x), a < x < b, be positive. Then for eachn=0,1,...
the functions (6.2.5) satisfy

f(A,n)/A — min{—p1(x)/p2(x)}, A — 400, (6.5.1)
J(A1,n)/ A — max {—pi(z)/p2(x)}, A — —o0. (6.5.2)
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We suppose the contrary to (6.5.1), that for some sequence
Alj = )\1 — +OO, (653)
some integral n > 0, and some K > 0, we have

F(A1,n) /A > —pi(zo)/p2(x0) + K, (6.5.4)

where xg € [a,b] is the point at which —p;(x)/p2(x) attains its minimum. By
continuity, there will be an interval [, 7] C [a, b], of positive length, such that

fOusn) /A = =pi(@)/pa(z) + K/2, <z <n. (6.5.5)

Hence in the same interval,

Ap1(x) + f(A1,n)p2(z) > K Aipa(z)/2

and so, if
01 = min pa(z), OJ2 =min{—q(x)} (6.5.6)

the minima being over [£, 7], we have
Aipi() + f(An)pa(z) — q(z) = KMo1/2 402, E<a<n.  (65.7)

It then follows that as Ay — oo the left-hand side tends uniformly to +oo for
x € [£,n]. The Sturm comparison theorem then implies that the number of
zeros of any associated solutions of (6.1.1) tends to co, whereas the oscillation
number is to remain fixed at n. This gives a contradiction, and so proves (6.5.1).
The proof of (6.5.2) is similar. In the case that ps(x) is of fixed negative sign,
the limits in (6.5.1)—(6.5.2) are to be interchanged.

6.6 The Richardson oscillation theorem for k =
2

We use the arguments of the last section to provide a proof of this theorem,
somewhat different from that given in Section 5.7 for the case of general k. We
suppose the matrix of continuous functions

prs(wr)a r,s = ]-727 ar < Ty < bra

brought by a linear transformation to one in which the required sign-properties
of determinants are automatically fulfilled, assuming that

pi2(z1) <0, a; < @1 < by, (6.6.1)
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pa2(z2) >0, as < xy < bo. (6.6.2)

We depart from (6.4.2)—(6.4.3) in requiring that both of p11 (1), p21(x2) should
have zeros in the respective intervals [a,, by], 7 = 1,2, and that at least one of
them should change sign. We have then

Theorem 6.6.1. Let the p.s(z,), r,s = 1,2 satisfy the above requirements,
and let the forms (5.7.1), with r = 1,2, be negative-definite on the spaces of
continuously differentiable functions satisfying the boundary conditions (5.2.2).
Then to each pair of non-negative integers ni, na, there are just two eigenvalues
with these as oscillation numbers, for which the values of A1 have opposite signs.

In view of (6.6.1)—(6.6.2), the functions (6.4.4) are well-defined, and it is a
question of showing that (6.4.5) has precisely one positive and one negative
root.

As in Section 5.7, there are three stages in the proof. In the first, we show that
£(0,n2,2) >0 > f(0,nq,1). (6.6.3)

This follows directly from (6.6.1)—(6.6.2) and the assumed negative-definiteness
of the forms (5.7.1).

In the second stage, in which we show that these roots exist, we take first the
case that both of p11(z1), p21(22) change sign. Since paa(x2) > 0, we have from
Theorem 6.5.1 that as \; — “+o0,

lim f(A1,m2,2)/A\1 = min (—pa1/p22) <0, (6.6.4)
while as A\ — —o0,
lim f (A1, n2,2)/A1 = max (—pa1/p22) > 0; (6.6.5)

here the extrema are taken over as < x9 < bs.

In a similar way, taking into account that pi2(z1) < 0, we have from the duly
modified form of Theorem 6.5.1 that, for Ay — 400,

lim f(A1,n1,1)/A = max (—p11/p12) > 0, (6.6.6)
and, as A\{ — —o0,
lim f(A1,m1,1))/A1 = min (—p11/p12) < 0. (6.6.7)
It follows from (6.6.4), that
Ff(\1,n9,2) = f(A1,n1,1) = —00, A\ — +00, (6.6.8)

and since the left is positive when A\; = 0, we deduce that it vanishes for some
positive A\;. Similarly, we can show that it vanishes for some negative \;.
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We dispose next of the case that only one of pi11(z1), p21(22) changes sign;
suppose that p11(z1) > 0 (and that pi1(x1) = 0 somewhere) while poy(22)
changes sign. Then (6.6.4)—(6.6.5) still hold but now the right-hand side of
(6.6.6) equals zero. Furthermore, (6.6.7) is still in force and so arguing as in
the previous case we may deduce that (6.6.8) vanishes for some \; > 0. A
similar discussion applies in the case where \; < 0.

Finally, it is necessary to show that the positive and negative roots of (6.4.5)
are unique. It is sufficient to show that

' (Aiin2,2) = f/(A,na, 1) (6.6.9)

has the opposite sign to A\; when (6.4.5) holds. In view of (6.3.3), (6.6.9) is
equal to

by by b b
/ p11Y; dfﬂl// p12y; dry — / Po1Ys dﬂﬁz// p2oys dzy.  (6.6.10)
ai a as

aq 2

By (6.6.1)-(6.6.2), the denominators here are, respectively, negative and posi-
tive, and so (6.6.9) has the opposite sign to

by
det/ Prsy> di,. (6.6.11)

We thus need to show that this has the same sign as A\; at an eigenvalue.
The proof is similar to that given in a more general case in Section 5.7, and so

will be only briefly sketched. We multiply (5.2.1) by the respective non-trivial
solutions and integrate over the basic intervals, to get

b
/ (yr// - QTyr) yp dx, + Z As /

r ar

b
prsy>dr, =0, r=12. (6.6.12)

Here the first term on the left is negative, being the same as the form appearing

in (5.7.1).We then get the result on eliminating Ay from (6.6.12).

6.7 Existence of asymptotes

We go back once more to the study of eigencurves for (6.1.1)—(6.1.2), in the
case that some linear combination of the ps(x) is of fixed sign. We continue to
take the standardized form in which ps(z) is positive.
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It was shown in Section 6.5 that the eigencurves I'(n), n = 0,1,... defined
by the functions f(A,n) tend to infinity in definite directions as A — o0,
A — —oo; the directions did not depend on n, but did depend on whether
A — 400, except in the degenerate case when the eigencurves are straight
lines.

The question arises of whether these eigencurves admit not only asymptotic
directions, but also asymptotes in the strict geometrical sense; by this we mean
that the shortest distance between a point on this curve and the asymptote
tends to zero as the point tends to infinity along the curve. The answer is, in
general, negative. We take thus up first in a standardized form.

Theorem 6.7.1. Let pi(z) > 0, p1(z) £ 0, pa(x) > 0, a < x < b. Then
f(A1,n) is a strictly increasing function of A\i. It is bounded as \y — +oo if
and only if p1(x) vanishes on some sub-interval of (a,b) of positive length.

It follows from Theorem 6.3.1 that f(A1,n) is non-decreasing in A;. It cannot
remain constant since 8(b; A1, \2) is a strictly decreasing function of A1, if p;(x)
is non-positive and does not vanish identically.

Suppose that p1(z) = 0 on [a/, V'], where a < @’ < b’ < b. Then on this interval
(6.1.1) takes the form

' (@) + (Nepa(x) — q(x))y(x) =0, o <z <V (6.7.1)

since pa(x) > 0, it would then follow that if Ay were unbounded, the number
of zeros of a solution of (6.7.1) would also be unbounded. Since the number of
zeros is fixed for Ay = f(A1,n), we deduce that A\ must be bounded.

Suppose next that Ay is bounded, and that ps(z) does not vanish identically on
any sub-interval of (a,b) of positive length. It then follows from Theorem A.6.1
that 6(b; A1, A2) — 0 as A\; — oo, whereas we must have 0(b; A1, \2) = B+nm >
0 on I';,. This completes the proof.

Notes for Chapter 6

Among the first papers that use the method of eigencurves in the study of a
two-parameter Sturm-Liouville problem, we find Hilb (1907) and Richardson
(1910). For a current review of such methods, see Binding and Volkmer (1996).

Eigencurves of two-parameter eigenvalue problems associated with formally
selfadjoint 2n-th order real linear differential operators determined by regular
selfadjoint boundary conditions are considered in Binding and Browne (1989a)
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(cf., Binding et al. [1987]). For bounds on the number of non-real eigenvalues
in the abstract two-parameter symmetric case see Binding and Browne (1988)
(cf., also Binding and Browne [1981]).

The special case of the study of the stability boundaries of a periodic Hill
equation with two parameters was undertaken by Loud (1975). In this vein,
but in the case of a doubly periodic differential equation, see Arscott (1987)
and each of the references there: Arscott (1964a), Arscott and Sleeman (1968),
Erdélyi et al. (1953), Ince (1956), Magnus and Winkler (1966), and Sleeman
et al. (1984). The relationship between the expression of a singly periodic
equation in algebraic form and the existence of “multiplicative solutions” is to
be found in Arscott and Sleeman (1968). Background material may be found
in McLachlan (1947).

Regarding two parameter systems in general: An investigation into the geomet-
ric nature of the disconjugacy and non-oscillation domains of a single general
Sturm-Liouville equation with two parameters can be found in Mingarelli and
Halvorsen (1988). A non-definite analogue of the Haupt-Richardson oscillation
theorem (see the Notes for Chapter 5) in the case of a two-parameter system is
actually obtained by Faierman (1991, Theorem 1.1). The completeness of the
set of eigen-elements of a two-parameter Dirac system was proved in Gadziev
(1979). For a generalization of the standard deficiency index theory of sym-
metric operators to the multiparameter case, see Browne and Isaev (1988).

6.8 Research problems and open questions

1. Does Faierman (1991, Theorem 1.1) in the two parameter case (k = 2)
extend to the case k > 37 It appears that new techniques are required to
handle this and all subsequent cases.

2. Determine an oscillation theorem for a two-parameter Dirac system of the

form: i
Ty, = {ZAsAmBr}yr, r=1,2,....k
s=1
in the case k = 2, where J is constant, skew-hermitean and non-singular,

A,s, B, are square hermitean matrices; see Atkinson (1964a, Chapters 9.1-9.2
and Chapter 10.9)) for the case k = 1.



Chapter 7

Oscillations for Other
Multiparameter Systems

7.1 Introduction

In the standard multiparameter theory for arrays
AlO . Alk

: : (7.1.1)

AkO . Akk

as applied to Sturm-Liouville problems with several parameters, it is usual
to locate differential operators in the first column, while the operators A,,
1 <r,s <k in the remaining k columns correspond to multiplication by scalar
functions. This accords with the origin of multiparameter Sturm-Liouville the-
ory in the separation of variables, wherein the “separation parameters” appear
together with the coefficient-functions rather than with the differential oper-
ators. It is also consistent with the operator-formulation in which the first
column consists of unbounded operators with compact resolvents, while the re-
maining columns consist of bounded operators. In an alternative version, one
has bounded invertible operators in the first column and compact operators in
the last k& columns.

The existence of a spectral theory for expressions S — AT, where S, T are both
differential operators (Pleijel et al.) suggests the study of arrays (7.1.1) in

117
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which all the A, are differential operators, of order zero upward. We examine
an example, with & = 2, in which each row contains a Sturm-Liouville operator,
but not both in the same column.

7.2 An example

We consider the problem
Ay (s) + pa(s)y(s) + vb(s)y(s) =0, (7.2.1)
—Ac(t)z(t) 4+ p2" (t) + vd(t)z(t) = 0, (7.2.2)

with three homogeneous parameters A, u, v. Here s, ¢t vary over intervals I, J,
and we impose, for definiteness, the Dirichlet boundary conditions

y=0, z=0, (7.2.3)

at the end-points of I, J, respectively. The functions a, b, ¢, d are to be real,
and for simplicity continuous.

An eigenvalue will be a triple A, y, v, not all zero, such that (7.2.1)—(7.2.2) both
have a solution, not identically zero, satisfying the boundary conditions. Such
eigenvalues are considered projectively; a pair of eigenvalues of the form A, p,
v, and ¢, cp, cv, are not considered distinct. They form collectively the “point
spectrum,” or “joint point spectrum” of the problem posed by (7.2.1)—(7.2.2)
together with the boundary conditions (7.2.3).

Eigenvalues for which A = 0 or p = 0, for which the differential operators do not
appear in either or both of (7.2.1)—(7.2.2) may be termed singular, and may be
excluded by suitable assumptions. It is obvious that (7.2.1), for example, will
not in general have a nontrivial solution satisfying the boundary conditions if
A = 0 while p, v are not both zero, though this eventuality cannot be excluded
in special cases.

Eigenvalues in which A, p are both non-zero may be termed “non-singular.”

An eigenvalue, or triple A, u, v, will be termed “real” if A, u, v are either real
themselves, or are proportional to a triple of real numbers.

We apply the term “eigenfunction” to the product
y(s)z(t), (7.2.4)

in the event that A, p, v is an eigenvalue.
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7.3 Local definiteness

We review the theory developed in Chapter 3 as applied to this situation.
This “definiteness” property, or rather hypothesis, plays a central role in the
development of a spectral theory of, roughly speaking, self-adjoint type. In
particular it serves to ensure the reality of the eigenvalues. To formulate this
property in the case of (7.2.1)—(7.2.3), we set up the array of sesquilinear forms
associated with the operators in (7.2.1)-(7.2.2), taking into account (7.2.3),
thus obtaining the matrix

- fy’2 ds  [ay*ds [by?ds (73.1)
— [cz?dt —fz'zdt [ dz%dt|” e

We then say that the system (7.2.1)-(7.2.3) is “locally definite”! if this matrix
has rank two whenever y(s)z(t) is an eigenfunction, that is to say, whenever y,
z are non-trivial (real-valued) solutions of the problem (7.2.1)-(7.2.3).

In terms of this array, the eigenvalue A, p, v is determined, projectively, by
being orthogonal as a three-vector to the two rows in (7.3.1). The set of such
triples (A, p, v) is clearly generated by a real triple.

More explicitly, an eigenvalue is given in terms of the non-trivial solutions of
(7.2.1)—(7.2.3) by suitably signed minors of the array (7.3.1); A, u, v will be
multiples of the three determinants

Jay*ds  [by?ds
‘—fz’z dt  [dz2dt|’ (7.3.2)
fy’2 ds [by?ds
‘f cz¥dt  [dz?dt|’ (7.3.3)
- fy’2 ds  [ay*ds
. 7.3.4
’—fcszt — [2at ( )

IThis is actually called “definite” in Section 3.4.
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7.4 Sufficient conditions for local definiteness

At the risk of loss of generality, one may ensure local definiteness by imposing
simpler but formally more demanding conditions. This may occur in one or
both of two ways. Firstly, we may require one specific determinant of the three
in (7.3.2)—(7.3.4) be non-zero, for non-trivial solutions of (7.2.1)—(7.2.3); more
generally, we can ask that some fixed linear combination of them be non-zero.
Secondly, we may require that (7.3.1) have rank two for some more general class
of y, z not identically zero; for example, we could impose the rank condition
for continuously differentiable y, z satisfying the boundary conditions, but not
necessarily the differential equations.

Suppose, for example, we wish to ensure that (7.3.4) is non-zero, or in particular

that
/|y'|2 ds~/|z'|2 dt—i—/c|z|2dt-/a|y|2 ds > 0. (7.4.1)

This may be ensured crudely by asking that a(s), ¢(t) have the same fixed
signs, so that (7.4.1) will hold for any non-trivial C’-functions, without regard
to the boundary conditions. Taking the latter into account, we can derive more
sensitive criteria, allowing for a, ¢ to take opposite signs.

Similar remarks apply to the determinants (7.3.2)—(7.3.3), for which we may

ask that
/|y’|2ds~/d|z|2dt—/b|y|2ds~/c|z|2dt;AO, (7.4.2)

/b|y|2ds~/|z’|2dt+/a|y|2ds~/d|z|2dt;AO, (7.4.3)

for non-trivial C’-functions satisfying the boundary conditions.

or that

7.5 Orthogonality

Let
Aj ki Vi J=1,2, (7.5.1)

be (projectively) distinct eigenvalues, and y;, z; corresponding non-trivial so-
lutions of (7.2.1)—(7.2.2); we may take these solutions to be real-valued. We
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form the matrix

_ fyl’y2/d5 faylyQ ds fbylyg ds (7.5.2)
— [ezizodt — [z'2/dt  [dzizpdt| e

The rows of this matrix are orthogonal to both the three-vectors (7.5.1), so
that this matrix has rank at most one.

In other words, all 2-by-2 determinants formed from the array (7.5.2), in a man-
ner similar to (7.3.2)—(7.3.4), must vanish. These three relationships constitute
orthogonalities between the functions

yi(8)z(t), j=1,2. (7.5.3)

These orthogonalities can be extended to suitably differentiable functions of
the two variables s, ¢, not necessarily of the decomposable form (7.5.3).

It follows from the above, together with the hypothesis of local definiteness,
that (non-singular) eigenvalues are isolated; we see this by passing to the limit
in the orthogonality properties (7.5.2) for distinct eigenvalues (see the proof of
Theorem 3.6.1 for details).

7.6 Oscillation properties

We now consider properties similar to the Klein oscillation theorem. It is a
question of whether to every pair of non-negative integers m, n there corre-
sponds one, or more, eigenvalues (triples A, p, v) such that (7.2.1)—(7.2.2) have
non-trivial solutions satisfying the boundary conditions (7.2.3) and having m,
n zeros, respectively, in the interiors of I, J.

We consider the case that
a(s) >0, sel, (7.6.1)
c(t) >0, teld (7.6.2)

This ensures that the determinant (7.3.4) is positive, as in (7.4.1). This implies
that for an eigenvalue we have v # 0. We can therefore pass to an inhomoge-
neous version of eigenvalue in which we take

v=1. (7.6.3)

We can then use the method of “eigencurves.” In the present case, this means
that for each equation (7.2.1)—(7.2.2) separately, we form the set in the real
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(A, p)-plane for which there is a non-trivial solution satisfying the boundary
conditions and having the assigned number of zeros in the interior. Intersections
of these sets will then give eigenvalues (pairs A, ) corresponding to the assigned
oscillation numbers.

Substituting (7.6.3) in (7.2.1) we get

Ny (s) + pa(s)y(s) + b(s)y(s) = 0. (7.6.4)

In view of (7.6.1), and the Sturm oscillation theorem, there will for non-zero A
and non-negative integral m be a unique p such that (7.6.4) has a non-trivial
solution satisfying the boundary conditions and have m zeros in the interior of
I. We denote this by

w=f(Am), X#0, m>0. (7.6.5)
Similarly, for the equation
—Xe(t)z(t) + p2"(t) + d(t)z(t) = 0, (7.6.6)
we define the function
A=g(p,n), p#0, n>0. (7.6.7)

We are concerned with the intersections of the curves (7.6.5), (7.6.7) and pass
to a detailed examination of these curves in turn.

7.7 The curve = f(A\,m).

It is easily seen that, for fixed integral m > 0, f is a continuous function of A
for A\ # 0. Moreover, we have

Lemma 7.7.1. For A # 0, f is a monotone increasing function of \.

Let = f(A,m), u* = f(A*,m), and let y, y* be the corresponding solutions
of (7.6.4). We deduce that

Ny —y"y ) + (A= Ny + (07— p)ayy = 0. (7.7.1)

Integrating over I and passing to the limit as \* — A we deduce that

dp/dx = / Y2 ds/ / ay? ds. (7.7.2)
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Next we consider the behavior as |A\| — co. We denote by a,, the eigenvalue
that is such that
1!
y' +aa(s)y =0, (7.7.3)

has a solution satisfying the boundary conditions, with precisely m zeros in the
interior of 1. We claim then

Lemma 7.7.2. We have

fAm) ~ anA  as |\ — . (7.7.4)

This follows on writing (7.6.4) in the form

" +{(w/A) als) +b(s)/A}y = 0. (7.7.5)

Finally, we must consider small values of A. We observe that the following
lemmas maybe considered as special cases of Theorem 6.5.1. It is instructive
to give the simplified arguments below.

Lemma 7.7.3. As A — 0%, we have

f(A,m) — inf{-b(s)/a(s)}, sel. (7.7.6)

Suppose first that for some € > 0 and arbitrarily small A > 0 we have
FA,m) > inf{—b(s)/a(s)} + <. (7.7.7)
It will then follow that for some 6 > 0 we have
f,m) +b(s)/a(s) > ¢/2,
in an interval of length ¢, so that
{pa(s) +b(s)}/A = als) / (2)),

in such an interval. It then follows from the Sturm comparison theorem that the
number of zeros of y in this interval becomes unbounded as A — +0, contrary
to the definition of f(A, m).

Suppose again that
fA,m) < inf{—b(s)/a(s)} — ¢,

for some £ > 0 and arbitrarily small A > 0. It then follows that

{na(s) +b(s)}/A — —oo

uniformly in 7, and this again contradicts the definition of f(\, m).

In a similar way, we have
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Lemma 7.7.4. As A\ — 0,

f(A,m) — sup{—b(s)/a(s)}, sel. (7.7.8)

The proof is similar. We suppose that for some £ > 0 and arbitrarily small
A < 0 we have

fA,m) <sup{-b(s)/a(s)} — ¢,
so that
fx,m) < =b(s)/a(s) —e/2
in some interval of length § > 0. We then deduce that
pa(s) + b(s) < —ea(s)/2,
{pa(s) +0(s)}/A > ea(s)/(2|A),

in such an interval. This would imply that y has an arbitrarily large number
of zeros.

If again
JA,m) > sup{—b(s)/a(s)} +¢
for some £ > 0 and arbitrarily small A < 0, we would get

{na(s) +b(s)} — —o0,

uniformly in I, which again contradicts the requirements on the zeros of a
solution.

Lemma 7.7.5. Assume that b(t) £ 0 and b(t) takes on both signs in I. Let
the eigenvalues of

y" + Bb(s)y =0, (7.7.9)
with the same boundary conditions be
<P <Po<0< By <PrL < (7.7.10)

Then
f(1/Bm, Im]) = 0. (7.7.11)

Indeed, if this were not the case then a Sturmian argument shows that the (,,
could not be eigenvalues of (7.7.9) and the first of (7.2.3).



7.8. THE CURVE X = g(u, N) 125

7.8 The curve A = g(u,n)

We now choose A in (7.6.6), that is to say, in
=Ac(t)z + p2" +d(t)z =0,

for given p # 0 and integral n > 0, so that z should satisfy the boundary
conditions and have n zeros in the interior of J. Again ¢ is a continuous
function of p. The following lemmas are parallel to those of §7.7, and so their
proofs are left to the reader.

Lemma 7.8.1. For u # 0, g is a decreasing function of j.

We have in fact
d\/dp = —/2’2 ds//cz2 ds. (7.8.1)
We define next v, as the eigenvalue such that
2+ met)z=0 (7.8.2)

has a solution satisfying the boundary conditions and having just n zeros in
the interior of J, and have

Lemma 7.8.2. As |u| — oo,

g(p,n) ~ =Ynp. (7.8.3)

Finally, we must consider the behavior as u — 0.

Lemma 7.8.3. As p — 07,

9(n,n) — sup{d(t)/c(t)} (7.8.4)
Lemma 7.8.4. Asu— 07,

g(p,n) — inf{d(t)/c(t)}. (7.8.5)

Lemma 7.8.5. Assume that d(t) £ 0 and let d(t) take on both signs in J. Let
the eigenvalues of
2" 4+ 8d(t)z = 0, (7.8.6)

with the same boundary conditions be
<01 <0 0<0<dp<h < ... (7.8.7)

Then
9(1/6n, In|) = 0. (7.8.8)
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We now consider the boundary problem (7.2.1)—(7.2.3), taking it that (7.6.1)—
(7.6.2). From these lemmas, we deduce an oscillation theorem according to
which the eigenvalues may be associated with the numbers of zeros of the
eigenfunctions y(s)z(t).

Theorem 7.8.1. For every sufficiently large n, there is an m such that there
is at least one eigenvalue (A, i) of (7.6.4), (7.6.6), (7.2.3) whose eigenfunction
y(s)z(t) is such that y(s) has just m zeros in I and z(t) has just n zeros in J.

It suffices to show that the eigencurves p = f(A,m), A = g(u,n) intersect for
all sufficiently large values of n, m, or equivalently, that u — f(g(p,n),m) =0
always has a solution for such n, m.

To this end, let p > 0. By Lemma 7.8.2, we can choose n sufficiently large so
that g(p,n) < —ynp/2. In addition, by Lemma 7.7.2 we can make f(—~y,u/2,m)
—Ynpiaum /4 for all sufficiently large m. Combining these estimates with Lemma
7.7.1 we get that for g > 0 and n,m sufficiently large

p— f(g(p,n),m) > p(l+ o, /4) > 0.

For p < 0, a similar argument applies. For example, g(u,n) > v, |u|/2 and so
flg(p,n),m) > f(ynlnl/2,m) since f increases in its first variable. In addition,
for all sufficiently large n, m we also have f (v, |u|/2, m) > vn|p|cm /4. Hence,

p= fg(p,n),m) < p(l = o p|/4) < 0.

It follows that for all sufficiently large n,m the equation u = f(g(u,n), m) has
a solution p > 0 and the result follows.

Example We show that Theorem 7.8.1 cannot be true for all non-negative
integer values of n, m, by exhibiting a counterexample in the case n = 0, m = 02.

Let a(s) = 20, c¢(t) = 20 for all s € I = [-1,1],t € J = [-1,1]. Define
b(s) = s, d(t) =t for all such s € I,t € J. Then, by Lemma 7.7.3 we must
have f(A\,m) — —0.05 as lambda — 0T while by Lemma 7.7.4, there holds
f(A,m) — 0.05 as lambda — 0~. In addition, Lemma 7.8.3 tells us that
g(p,m) — 0.05 as p — 0 while g(u,n) — —0.05 as u — 0~ (by Lemma 7.8.4).

Next, a simple (Maple) calculation of the first positive (resp. first negative)
eigenvalue (roi = 1/)% of the Airy type eigenvalue problem y"(s) +osy(s) =0,
y(—1) = 0,y(1) = 0 show that numerically, \T ~ +0.07798.

Similarly, we show that ,uoi ~ +0.07798 where these represent the (reciprocals
of the) first positive and negative eigenvalues of the problem 2" (t) + otz (t) = 0,

2This example is inspired by an analogous construction of Professor Volkmer for discon-
tinuous coefficients (personal communication).
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z(=1) = 0,2(1) = 0, where now o = 1/u. These results together imply that
the eigencurves u = f(X,0), A = g(u,0) both intersect the respective axes at
the values £0.07798 (as there is symmetry in the problem).

Applying Lemma 7.7.1 and Lemma 7.8.1 to the foregoing we get that the eigen-
curves given by A = ¢g(p,0), u = f()\, 0) can therefore never intersect each other
in this case, and thus there cannot be any solutions satisfying the conclusions
of the Theorem.

Notes for Chapter 7

This chapter was written by Atkinson certainly before 1992 judging from the
dated digital material at hand. Indeed, basing ourselves on the manuscripts in
our possession the results within this chapter date back to the early 1980s al-
though references to it can be found in all four Table of Contents (some of which
date to the mid-1970s). Very similar results were obtained later by Faierman
and Mennicken (2005); there one finds a slight sharpening of Theorem 7.8.1
above, cf., Faierman and Mennicken (2005, Theorem 3.2). The L? complete-
ness of the eigenfunctions in special cases of this same problem is considered in
Faierman et al. (2008) using the method of partial differential equations.

In extant table of contents this chapter had at least six more sections present
for which no material was found. The headings for the remaining sections were
7.9 Dirac systems; 7.10 Ma systems;> 7.11 Non-standard arrays of operators;
7.12 Interface conditions; 7.13 Parameter in the boundary conditions; and 7.14
Orthogonal polynomials.

Regarding such “other” types of multiparameter systems there appears to be
only one paper by Binding and Volkmer (2001a) that deals with the existence
of eigenvalues for indefinite one-parameter Dirac systems.

On the subject of eigenvalue problems with a parameter in the boundary condi-
tions, there has been a flurry of activity lately. We cite the works of Allahverdiev
and Isaev (1981), Browne and Sleeman (1979), Bhattacharyya et al. (2001),
(2002), and Binding et al. (1994) as representative.

3Section 7.10 likely would have referred to the systems considered by Stephen Ma in his
Ph.D. thesis of 1972 under the supervision of Atkinson although once again nothing else is
known. Still less can be gathered about the remaining sections.
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7.9 Research problems and open questions
1. What can one say about the uniform convergence of the expansion considered
in Faierman et al. (2008) for the system considered here?

2. Improve Theorem 7.8.1. For example, find bounds on n,m depending on
the coefficients alone.

3. Answer the questions raised in Faierman and Mennicken (2005, Problem 4.8,
p. 1559) for the system considered in this chapter.

4. Formulate an oscillation theorem for Ma systems, Ma (1972), in the case of
k > 2 parameters.



Chapter 8

Distribution of Eigenvalues

8.1 Introduction

For the classical Sturm-Liouville problem, given by
y" +{Ap(z) —q(x)}y =0, a<z <D, (8.1.1)
with continuous p, ¢, positive p and the usual Sturmian boundary conditions,
y(a)cosa =y (a)sina, y(b)cosB = y'(b)sin 3, (8.1.2)

the asymptotic behavior of the eigenvalues was among the earliest solved prob-
lems.

In this chapter, our concern is to extend to the multiparameter case the follow-
ing statements concerning the Sturm-Liouville problem (8.1.1)—(8.1.2):

(i) if p(x) is positive in (a,b), the n-th eigenvalue in ascending order is of
magnitude n?, and the eigenvalues accumulate only at +oo,

(ii) if p(x) changes sign, but a certain quadratic form

b
/ y{y" — q@)y — pple)y} do (8.1.3)

is negative-definite, there is both an ascending and descending sequence of
eigenvalues, the n-th in each case being of order n?, eigenvalues accumulating
both at +oco0 and at —oo.

129
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The statement about the order of magnitude of eigenvalues may, in view of os-
cillation theorems, be re-phrased by saying that the magnitude of an eigenvalue
is of the order of the square of the oscillation number. It is fairly clear what the
extension of this statement to the multiparameter case should be. This will be
dealt with in Section 8.2; the result will deal only with the order of magnitude,
and does not amount to an asymptotic formula.

The remaining statements in (i), (ii) had to do with the limit-points of eigen-
values, in particular the fact that the eigenvalues had no finite limit-point. We
have already extended the latter property to the multiparameter case, under
suitable hypotheses, in Section 3.6. It is now a question of identifying, so to
speak, infinite limit-points of the spectrum. In the one-parameter case, these
are +oo, if p(x) is positive, —oo if it is negative, and both if p(x) takes both
signs. Such limit-points may be considered, at least provisionally, as forming a
sort of essential spectrum.

In the one-parameter case, it is natural to distinguish between the points +oo,
—oo as limit-points of eigenvalues. This means that we consider the parameter
as taking its values not merely on the real line, but on the real line extended
by adjoining the two points +00, —0o; when we endow these points at infinity
with neighborhoods in the obvious way, the real line so extended becomes a
topological space, distinct from the real line, and also from the real line ex-
tended by a single point at infinity, in which 400, —oo are identified. Similarly,
in the multiparameter case, in which an eigenvalue is specified by a set of real
numbers A1, ..., Az, and so by a point in R¥, we do not adopt a one-point com-
pactification, in which all points at infinity are mutually identified. Instead,
we consider what we term “asymptotic directions,” roughly speaking directions
in which some sequence of eigenvalues tends to a point at infinity. The set of
such asymptotic directions forms what we may again consider as an essential
spectrum.

The use of points at infinity may be avoided, in the usual way, by using a
homogeneous formulation. Thus, in the one-parameter case, we consider in
place of the pair (1, A), an equivalence class of pairs of the form (o,0)), o > 0.
Again, such a pair may be represented by a normalized pair,

VA +A), AVA+N,

and so by a point on a circle. In the multiparameter case, an eigenvalue
(A1, ..., k) may be represented by an equivalence class of (k + 1)-tuples

(07 0)‘17 BN o—)‘k)v
o > 0, or alternatively by a point on a sphere S*. The essential spectrum is

then the set of cluster-points on this sphere, in the usual topology.

Points of the spectrum may be represented in a less explicit but more basic
way in terms of sets of quadratic forms instead of eigenvalues. In the notation
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(3.4.1), we have a k-by-(k + 1) matrix of forms ®,,(y,). Taking the y, to be a
non-trivial solution of the boundary-value problem, the k-by-k minors obtained
by deleting any of the k + 1 columns are, when suitably signed, proportional to
1, A1,y Ak

8.2 A lower order-bound for eigenvalues

Passing now to the multiparameter case, we aim to show that in the situation
of either the Klein or the Richardson oscillation theorems, Theorems 5.5.1 or
5.7.1, the order of magnitude of the eigenvalue (A1,...,Ag) is given by the
sum of squares of the oscillation numbers (nq,...,ng). We first take up the
simpler part of this statement, involving a lower order-bound for }_ |As|. This
follows easily from the Sturm comparison theorem, and is actually independent
of whether the Klein or the Richardson case is involved; definiteness conditions
will be brought into play subsequently, to yield upper bounds for the magnitude
of eigenvalues.

Theorem 8.2.1. Let p,s(z.), ¢-(x), s=1,...,k, ap < x, < by, be real and
continuous. Suppose that for an infinity of sets of values of the non-negative
integers ny, . . ., ng there exist sets of values of A1, ..., A\x such that the equations
(5.2.1) have non-trivial solutions with n, zeros in (ar,b.), respectively. Then
there exist A1 > 0, As such that

> A=A A, (8.2.1)

Proof. We write
A = max{|p;s(x,)], [g-(z)|}, (8.2.2)

taken over all r, s and z,. We compare (5.2.1), respectively, with

zr"(xr)+A{Z|)\s| —|—1}zr(m,) = 0. (8.2.3)

The Sturm comparison theorem ensures that a solution of (8.2.3) must have at
least n,, — 1 zeros in (a,, b,-). Hence, using this theorem again, we have

(b, — ar)\/{A (Z INs| + 1)} > (e — D, r=1,....k (8.2.4)

These imply bounds of the form

S sl + 1> As(n, — 1%, r=1,.. .k, (8.2.5)
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where A3 > 0. Since (n, —1)? > n2/2 — 1, we have on summing that

EY N+ k> (A3/2)) n? k.

This is equivalent to a result of the required form (8.2.1).

8.3 An upper order-bound under condition (A)

We now supplement the last result by a bound in the opposite sense, for eigen-
values of (5.2.1-2), under conditions ensuring the Klein oscillation theorem.

Theorem 8.3.1. Assume the stronger Condition (A) in Theorem 5.5.1. Then
the unique eigenvalue A1, ..., \i associated with oscillation numbers ny, ..., ny
satisfies bounds of the form

STl = ALY nd+ Ay, (8.3.1)
STl < B Y n?+ By, (8.3.2)
where Ay > 0, By > 0, and As, Bs are constants.
The existence of eigenvalues is assured in this case by the Klein oscillation

theorem. Since (8.3.1) was established in the last section, we have only to
prove (8.3.2).

We suppose an eigenvalue A1, ..., \; represented in polar form as

As = XHs, s=1,...,k, (8.3.3)

where

x=_ Il (8.3.4)
> lpsl = 1. (8.3.5)

The ps are uniquely fixed by the Ag, except when xy = 0. It is sufficient to
prove the result for xy > xo, say, where xo > 0 is suitably large, if we require
that By > X0-

We now apply Theorem 4.3.2, by which there is a fixed 6 > 0 such that for any
set pg, satisfying (8.3.5), there is a ¢, 1 <t < k, such that either

Zluspts(xt) >0, ar <@y < by, (8.3.6)
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or else
Zﬂspm(mt) <=0, ar <z <y, (8.3.7)

Thus, with A as in (8.2.2), we have either

Z)\Spts(:ct) —qi(z) > x0 — A, (8.3.8)

or

Z )\spts(xt) - qt(mt) S _X6 + Av (839)

for some t, throughout [a¢, by].

We show next that (8.3.9) cannot be the case, if x¢ is suitably large. To this
end, we introduce the real numbers A, r =1, ..., k, as the least eigenvalues of
the one-parameter problem

yr”(xr) + Ayr(mr) =0, (8310)

subject to the boundary conditions (5.2.2). It then follows that for an eigenvalue
of (5.2.1-2) we cannot have

Z)\spts(fﬂt) —qi(we) <Ay, ap <y < by, (8.3.11)
for any ¢t. Thus (8.3.9) is excluded if
—X00 + A < Ay
We conclude that if
Yoo —A> A, t=1,...,k (8.3.12)
then (8.3.8) must hold in [a¢, b] for at least one ¢.

We then use the Sturm comparison theorem to compare (5.2.1), in the case
r =1, with
Zt// + (X(S — A)Zt =0.

We impose the condition that
(b — ar)\/(x00 — A) > 4w, r=1,...,k. (8.3.13)
Then the number of zeros of z; in (a, b;) is not less than
(br — ar)y/(x6 — A) /7 — 1,

and so

ne > (be — ar)y/(x0 — A)/m =2 > (by — ar)/(x6 — A)/(27),
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by (8.3.13). It follows that, for some ¢,
X(S S A =+ {27rnt/(bt — (Zt)}z.

This clearly implies a result of the form (8.3.2). This concludes the proof of
Theorem 8.3.1.

Example For example, we let k = 2, [a,,b,] = [0,1] and p11 = 1, paa = 1,
p21 = 1, p12 = —1. Consider the Dirichlet problem associated with the resulting
equations. Then

Yl (@) + (A = A2)ya(z1) =0, w5 (z2) + (A1 + A2)yz(a2) =0

has the eigenvalues given by pairs (A1, A2) where Ay — Ay = n272 and A\; + A\ =
n3n? for ny,ny = 1,2,.... From this, we find that

1 1
A1 = 5(71% + 02w, Ay = 5(71% —nHr?, n,m > 1

as required by the theorem.

8.4 An upper bound under condition (B)

We show that the same result for the order of magnitude holds for the sec-
ond definiteness condition, in the form that the determinants (4.6.1) have the
same fixed sign, while the full determinant det p,s(x,) changes sign, the latter
means that the first definiteness condition does not hold. Actually, the second
definiteness condition requires also the sign-definiteness of certain quadratic
forms, and the Richardson oscillation theorem then ensures the existence of
just two eigenvalues of (5.2.1-2) for each set of oscillation numbers. However,
we shall not postulate this sign-definiteness condition for the quadratic forms
associated with the differential operators. Instead, we rely on Theorem 5.9.1,
which ensures the existence of at least two eigenvalues for sufficiently large sets
of oscillation numbers.

Theorem 8.4.1. Let the p.s(z,), ¢-(x,) be continuous in [ay,by], r, s =
1,...,k, let det p,s(x,) change sign, and let the determinants (4.6.1) all be pos-
itive for some fized set pi,...,pr. Then the result (8.3.2) holds, with By > 0,
By > 0, for the eigenvalues A1, ..., A\ associated with every set of oscillation
numbers ny,...,n; such that

> nr=c, (8.4.1)



8.5. EXPONENT OF CONVERGENCE 135

for some C > 0.

If the second definiteness condition holds in its complete form, the assertion
will be that (8.3.2) holds for the two eigenvalues associated with any set of
oscillation numbers.

In proving the theorem, we use an argument similar to that of Section 5.6.
Since det p,s(x,) changes sign, alternative (i) of Theorem 4.6.1 holds. Using
Theorem 4.6.2, with reversed sign in (4.6.12), which we may do, we have that
there exist positive d, n such that for any set A1,..., \x we have

Z /\sprs(xr) > 52 |/\s‘ (842)

for some r and some z,-interval of length 7. Hence, with A as in (8.2.2), we
have in this interval

D Aeprs(@e) = gr(@e) = 6> [As| = A (8.4.3)
Increasing C' if necessary, we may assert that if Y- n2 > C, we have
5 Al > 24,
by (8.2.1). It then follows from (8.4.2) that
D Aaprs(@r) = gr(ae) > (5/2) > Al
in an interval of length 7. The Sturm comparison theorem then implies that

ne =S Y N /2) - 2,

or
D Al <2020 (ny 4 2)% < drPn 20T (02 + 4).

This clearly implies (8.3.2) and completes our proof.

8.5 Exponent of convergence

This provides a rather crude measure of the overall density of the spectrum,
which is useful in connection with eigenfunction expansions. For any k-parameter
eigenvalue problem such as those of the last two sections, we introduce the norm

A= 1A (8.5.1)
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of an (inhomogeneous) eigenvalue (A1,. .., A;). The exponent of convergence of
the eigenvalues is then defined as the greatest lower bound o, say, of numbers
~ such that

S {1+ A} < . (8.5.2)

The series is to converge when v > ¢, but not necessarily when v = o.

In the ordinary one-parameter Sturm-Liouville case, when the n-th eigenvalue
is of order n?, it is evident that o = 1/2. The case of general k is covered by
the last two sections for non-singular cases.

Theorem 8.5.1. Under the conditions of Theorem 8.3.1 or 8.4.1, the exponent
of convergence of the eigenvalues is k/2.

It is a question of the convergence of the multiple series
Z...Z(anr...Jrni)*v’
taken over all sets of integral ni, ..., ng, not all zero.
In particular, we have
{1+ <00, ifk=1,

and
{1+ <00, ifk=1,23

8.6 Approximate relations for eigenvalues

In the case of the standard one-parameter problem
' +{ () —qx)}y=0, a<xz<bh,

one has under fairly general conditions a relation of the form

b
nw ~ \//\n/ Vp(z)dx, (8.6.1)

in the case that p(z) > 0, and a similar one in the case that p(z) changes sign.
This relationship is readily inverted to express A, asymptotically in terms of
n for large n. Not surprisingly, the multiparameter case is more difficult. The
analogue of (8.6.1) relates each of the oscillation numbers n, to a function of
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the (A1,...,Ax). This multivariate mapping is not explicitly invertible when
k > 1. Another point is that not all the oscillation numbers corresponding to
a large eigenvalue need be large.

Nevertheless, the analogue of (8.6.1) provides some information. The applica-
tion of Theorem A.3.2 (or Theorem A.2.1) to (5.2.1) suggests the introduction
of the functions

b
Fr()q,...,)\k):/ ReAS Aapro(an)b e, 7 =1,k (3.6.2)

T

as previously, the square root is taken to be non-negative when it is real. These
are continuous functions of the real variables A1, ..., A\x, with non-negative val-
ues; they are homogeneous functions, of degree 1/2. They represent approxi-
mately, under suitable conditions, the increases in the associated Priifer angles
(5.3.3) over (a,,b,). For specific results we introduce, for any positive integral
n, the quantity

Tln, = Max |prs(xr2) - prs(-rrl)|, (863)

the maximum being subject to
|Xr2 — 21| < (br — ar)/n, (8.6.4)
and being extended over all r, s. We write also
A =max|q(z)], ar <z <b,, 1<r<k. (8.6.5)
From Theorem A.3.2 we then have immediately

Theorem 8.6.1. Let the pys(x,), q-(x,) be continuous. Then the number of
zeros in (ar, by] of a non-trivial solution of the r-th equation in (5.2.1) differs
from = F.(\1, ..., \k) by not more than

n+ (b — ay) {\/<""Z|’\S|) +3\/A}. (8.6.6)

We deduce asymptotic estimates concerning eigenvalues, associated with large
oscillation numbers.

Theorem 8.6.2. Let the p,s(x;), q-(x,) be continuous and let det p,s(x,) have
fized sign. Then the unique eigenvalue of (5.2.1-5.2.2) associated with oscilla-
tion numbers ny,...,ng satisfies

ny =1V E (AL ) +0{\/Z|)\s|}, r=1,....k (8.6.7)

as

302 - . (8.6.8)
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The same is true of all eigenvalues associated with these oscillation numbers
if detp,s(x,) changes sign, and the array p,s(z,), r, s = 1,...,k, satisfies
condition (B).

We have to show that for any € > 0 there is a C' such that if

Y oni>cC (8.6.9)

then
7 — Fr(Aas o )| S e/ D[] (8.6.10)

By Theorem 8.2.1, we can choose C' so that (8.6.9) implies that
(br — ar)3V/A < (/3)> |Asl, r=1,... k. (8.6.11)

We choose the integer n so that

(b —ar)vV/mn <¢/3, r=1,... k. (8.6.12)

The desired result (8.6.10) is then ensured if C' in (8.6.9) is so large that, in
addition to (8.6.11), we have

m(n+1) < (¢/3) {3 Il |

1/2
. (8.6.13)

The result of the last theorem can also be expressed with error-terms dependent
on the oscillation numbers, rather than on the eigenvalue. We have

Theorem 8.6.3. Under the assumptions of Theorem 8.6.2, the eigenvalue or
eigenvalues associated with oscillation numbers ny, ..., ny satisfy

Fr(A,.oo d) =ane+0o{> m}, r=1,... .k (8.6.14)

This follows from the last theorem, together with Theorem 8.3.1, if the array
prs(z,) satisfies condition (A), and Theorem 8.4.1 if it satisfies condition (B)
and det p,s(x,) changes sign.

8.7 Solubility of certain equations

One may view (8.6.14) as a set of equations to determine approximately the
eigenvalue A\1,..., A\y when the oscillation numbers ny,...,n; are given. This
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raises the question of whether the equations

Fo(ur,y. . pr) =&, r=1,...k, (8.7.1)

are soluble, uniquely or at all, when &1,...,& are given. As usual, we have
different results for the cases of conditions (A) and (B).

On the first, we have

Theorem 8.7.1. Let the p,s(x,) be continuous, and let det p,s(x,) have fized
sign. Then to each set
& >0,r=1,...,k (8.7.2)

there is precisely one set ji1, ..., pux such that (8.7.1) holds.
Taking first the question of uniqueness, we suppose that there is a also a distinct

set pf, ..., puj, such that

Fo(pyy o oopmy) =&, r=1,... k. (8.7.3)

By Theorem 4.3.1, there is an r such that

Z(:uls - ﬂs)prs (mr) (874)

has fixed sign in [a,, b,]. Suppose first that (8.7.4) is positive for some r. We

then have
Re \/ Z Ulsprs (-rr) > Re \/ Z HsDrs (-rr)a (875)

with strict inequality whenever the right is positive. The latter case must occur
for some x,, by the assumption (8.7.2). Hence

Fr(phy, oo pmy) > Fr(pa, .o i) (8.7.6)

in contradiction to (8.7.3). A similar argument deals with the case that (8.7.4)
is negative in [a,, b,].

We now have to show that the equations (8.7.1) have at least one solution, if
the &, are all positive. This depends on the Klein oscillation theorem. For any
x > 0, we take n, to be the smallest integer with

ne > x& /T, r=1,... k. (8.7.7)

For boundary conditions (5.2.2), chosen at will, and zero ¢.(x,), we take
A1, ..., Ak to be the eigenvalue associated with the oscillation numbers nq, . .., ng;
this exists by Theorem 5.5.1. By Theorem 8.6.3, we then have, as y — oo,

FT"()‘h RN Ak) = X&T + O(X1/2)7
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and so, since the F). are of degree 1/2,
Fo(Oa/X% . /XD — &, r=1,... k. (8.7.8)

By Theorem 8.3.1, the quantities \s/x? are bounded as y — oo, and so we
can make y — oo through a sequence which makes them all converge; we then
have the result on denoting the limits by us, s = 1,...,k, since the F, are
continuous.

The above proof of the uniqueness of the solution of (8.7.1) fails if some or all
of the &, are zero. In the latter case, we have as solution any set (p1,..., /)
such that the k functions Y psprs(z,) are all non-positive. Such sets exist, by
Theorem 4.4.1.

The companion result for the case of condition (B) is

Theorem 8.7.2. Let the p.s(x,) be continuous, let det p,s change sign, and
let the determinants (4.6.1) all be positive, for some set p1,...,pr. Then for

given positive &1, . .., &, the equations (8.7.1) have precisely two solutions, one
satisfying each of the side conditions
> paps >0, (8.7.9)
> paps <0. (8.7.10)

Using Theorem 4.11.2, we suppose a linear transformation performed so that
the (4.6.1) are positive with p; = 1, po = -+ = pp = 0. We prove first that
(8.7.1) cannot have more then one solution with g1 > 0, nor more than one
with p1 < 0, and that it has none with p; = 0.

We dispose first of the last assertion. If y; = 0, and (8.7.1)—(8.7.2) hold, then
2, ..., 1k cannot all be zero and so, by Theorem 4.7.1, there is an r such that

Z/}Lsprs(xr) <0, (8.7.11)

in [a,,b;]. We then have F,.(0, ua, ..., u;) = 0, in contradiction to (8.7.2).

Suppose next that (8.7.1) has two distinct solutions in which the first compo-
nent is positive, given by (8.7.1) and (8.7.3). Without loss of generality, we
suppose that

0< 1 < ph. (8.7.12)

We write
USI/ZM;(Ml//’Lll)a s=1,....k (8713)

Since the F). are of degree 1/2, we have, for r =1,... k,

FT(/’[’/la s ?/’(‘;e) = \/(Mll/ul)Fr(ulﬁanNa s aIU/k:N)~ (8714)
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If
pe = e, §=2,....k, (8.7.15)

then we cannot have p; = pf, for then the sets us, p, would not be distinct.
Thus if (8.7.15) holds, we must have 1 < g}, and then (8.7.14) implies (8.7.6),
giving a contradiction to (8.7.1)—(8.7.3). Hence we may pass to the case that
(8.7.15) do not all hold. By Theorem 4.7.1, there is an r such that

Z(NSH - :us)prs(mT)

takes positive values only. This implies that

FT(Ml’/’I/Q//’ te. aIU/kZN) > FT"(IU/17/’L27 .. 7/’(‘]6)’

since the latter is positive. In view of (8.7.14), this gives (8.7.6) again. Thus
(8.7.1), subject to (8.7.2), will not have more than one solution with py > 0;
the case p1 < 0 is considered similarly.

Finally, we have to show that these solutions actually exist. The proof is
similar to that of the corresponding property in the case of Theorem 8.7.1. We
rely on this occasion on the Richardson oscillation theorem, Theorem 5.7.1,
and Theorem 8.4.1; the conditions (5.7.1) may be ensured by choosing either
gr(xz.) >0or ¢-(z,) =0; . =0, 8, =m, v =1,..., k. Alternatively, the
argument of Section 5.9 may be used.

Notes for Chapter 8

For results regarding the approximation of the eigenvalues of one two-parameter
system of second-order differential equations by means of another such un-
der condition (A), see Faierman (1977). On the other hand, Shibata (1996a),
(1996b), (1997d), (1998b), and (1999) considered the more general problem
of spectral asymptotics of multiparameter nonlinear second-order differential
equations on a finite interval, where the parameters appear linearly. Of course,
the one-parameter case is the most studied one with the latest contributions
being in the indefinite cases. In this respect, see the papers by Atkinson and
Mingarelli (1987), Tumanov (2000), (2001), D’yachenko (2000), and Binding et
al. (2002b), (2003) as typical.

8.8 Research problems and open questions

1. Can it be shown that there is a universal constant C' such that A; =
Bi; = C in Theorem 8.3.17
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2. What is the rate of decay of the o-term in (8.6.14)7 Normally one im-
poses additional smoothness upon the coefficients of the multiparameter
problem.

3. What is the rate of decay of the o-term in Theorem 8.6.27



Chapter 9

The Essential Spectrum

9.1 Introduction

In Chapter 3, we interpreted the term “spectrum” in connection with a multipa-
rameter boundary-value problem as meaning simply the collection of eigenval-
ues, considered inhomogeneously as k-tuples. We showed there, and in Chapter
5, that under suitable conditions eigenvalues were of finite multiplicity and that
the set of eigenvalues had no finite limit-points.The purpose of this chapter is
to take account of, so to speak, infinite limit-points of the set of eigenvalues.
The treatment will be confined to the non-singular Sturm-Liouville setting of
Chapter 3.

In the one-parameter case, the situation may be summed up very briefly. In the
standard “orthogonal” case, in which the coefficient of A in the equation has
fixed positive sign, the eigenvalues can accumulate only at +oco. In the “polar”
case, in which the coefficient of A changes sign, the eigenvalues accumulate both
at oo and at —oo. These two types of limiting behavior for the eigenvalues
are naturally to be regarded as distinct; we shall not confuse them by adopting
a “one-point compactification” of the real line, nor by considering the real line
as a subset of the closed complex plane.

For the multiparameter case, in which an eigenvalue is a real k-tuple, a sequence
of eigenvalues can tend to infinity in various directions. Our main objective
is to determine possible such directions. Naturally, we discriminate between
different directions, or “points at infinity,” in a particular sense.

143
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In the treatment to be used in the sequel, points at infinity will be characterized
by unit vectors in the directions concerned. They will thus be determined, like
the eigenvalues, by k-tuples of scalars. This formulation, though economical,
is open to the objection that the same notation is being used, with two inter-
pretations, for two classes of what is really a single set, a properly interpreted
notion of “spectrum.” One can avoid this objection, although we shall not do
this, by going over to a formulation in which points of the spectrum are real
(k 4+ 1)-tuples, not all zero. We identify two such (k 4 1)-tuples if they differ
only by a positive scale factor; they may be identified with points of a sphere.

In such a formulation, an eigenvalue Ay, ..., A is represented by the (k + 1)-
tuple
(L A1, 0y M), (9.1.1)

or by its normalized representative on a unit sphere S; a “point at infinity,” in
the direction (g1, ..., k), is represented by

(0, o1y - vy k) (9.1.2)

We are concerned here with points (9.1.2), which are the limits of a sequence
of points (9.1.1) when the latter are normalized.

9.2 The essential spectrum

For a multiparameter Sturm-Liouville problem, such as (5.2.1)—(5.2.2), we in-
troduce the notion of an “asymptotic direction.” By this we mean a real k-tuple

M1y ey [ (9.2.1)
not all zero, such that for some infinite sequence of eigenvalues
MM o m=1,2,. . (9.2.2)
and some unbounded sequence of positive numbers
Y™ S0, m=1,2,..., (9.2.3)
we have
AN o s =1, k. (9.2.4)

Clearly, the property of being an asymptotic direction is preserved if all the
s are multiplied by the same positive number. We shall say that (9.2.1) is

“normalized” if
D lpsl = 1. (9.2.5)
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The set of all asymptotic directions will be termed the “essential spectrum,” in
the case of the non-singular eigenvalue problem (5.2.1)—(5.2.2). In non-singular
cases, for example, if one of the basic intervals (a,, b,) were infinite, in one or
both directions, the notion of the essential spectrum must be modified; indeed,
this is true also of the notion of the spectrum as a collection of eigenvalues.

The set of normalized asymptotic directions will be termed the “normalized
essential spectrum,” and will be denoted by S. One may view it as follows. We
form “normalized eigenvalues,” (k + 1)-tuples of the form

[1 +Z|)\S|}_1 M +Z|)\S|}_1,...,)\k [1 +Z|)\S|}_1, (9.2.6)

where A1,..., Ay is an eigenvalue. Assuming, as is the case for (5.2.1)—(5.2.2),
that the eigenvalues have no finite limit-point, the cluster-points of the set
(9.2.6) will all lie on the “great circle,” formed by the subset of the “sphere”
> us| = 1 for which g = 0. On suppressing the first zero coordinate for points
of this set, we obtain the set S.

We have trivially

Theorem 9.2.1. The normalized essential spectrum is closed.

For the set of cluster-points of any set is closed. In the one-parameter case,
the normalized essential spectrum consists of the point 41 in the usual orthog-
onal case, and of the pair +1, —1 in the polar case. Its determination in the
multiparameter case will occupy the next few sections.

9.3 Some subsidiary point-sets

Let prs(xr), ar < 2 < by, r, s = 1,...,k, be any array of continuous real-
valued functions. We denote by S; the collection of real k-tuples (p1, ..., (k)
such that

k
Zuspm(acro) >0, r=1,...,k, (9.3.1)
s=1
for some set
Zro € lar,br], r=1,...k; (9.3.2)

the set x19, ...,z may vary with choice of the ps;. We denote by So the
collection of real k-tuples (p1, ..., ui) such that

> psprs(rro) >0, r=1,...k (9.3.3)
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for some set (9.3.2). The subsets of Sy, So formed by k-tuples, which are
normalized in the sense (9.2.5), will be denoted by Si0, S20, respectively.

It is clear that
Sy € S1, S C Sip. (9.3.4)

We shall show later that Sog € S C Sig, under certain conditions, and will
ultimately identify S with S19. Before doing this, we need some elementary
remarks, based on Chapter 4, and related considerations.

We have first

Theorem 9.3.1. The set Sy is closed, while Sy is open. The set So, and so
also Sag, Sio is non-empty if det pys(x,) does not vanish identically.

For the first assertion, we suppose that we have a convergent sequence of ele-
ments of Sy,

(s s itom) — (1, - i) 9.3.5)
with

> psmprs(@em) =0, =1,k m=12... (9.3.6)
By restriction to a subsequence, we can take it that the x,.,, converge as m — oo
to points x.¢ € [ar,b.], r = 1,..., k. In view of the continuity of the p,4(x.),

we then get in the limit (9.3.1), as asserted.

In proving that So is open, we do not need to assume the p,s(z,) continuous.
If (9.3.3) holds, it clearly holds if the s are replaced by values in a suitable
neighborhood of the pus.

Passing to the last remark of the theorem, we suppose that for some set (9.3.2)
we have

det p,s(zr0) # 0. (9.3.7)

We can then choose the us so that the left-hand sides in (9.3.3) take any
assigned values, in particular a set of values that are all positive. We prove
next a less trivial property.

Theorem 9.3.2. The set Sy includes the closure of So; it coincides with the
closure of Sy if either det p,.s(x,) has fized sign, or again if det p,s(x,) changes
sign and there is a set p1,...,pr such that the determinants (4.6.1) are all
positive.

For the first statement, we assume that (9.3.5) relates to a convergent sequence
of elements of So, so that (9.3.6) holds with strict inequality. As before, we may
take it that ., — 2,0 as m — co. We then get (9.3.1) in the limit, assuming
the prs(x,) continuous.
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Suppose next that det p,s(z,) has fixed sign, and that

(:ulv' . 'nuk) € Slv
so that (9.3.1) holds. By (9.3.7), we can determine v, ..., vy so that

Zysprs(xro) =1, r=1,...,k (9.3.8)
For any ¢ > 0, we then have
> (s + eve)pra(zr0) > 0, r=1,....k, (9.3.9)
so that
(1 +evi, ... up +evg) € Se, > 0. (9.3.10)
Thus (u1, ..., p) is the limit of a sequence of points in Sy, as was to be proved.

We suppose next that (9.3.1) holds, that det p,.s(x,.) changes sign, and that the
determinants (4.6.1) take only positive values. Appealing to Theorem 4.6.1,
we have that since detp,s(x,) changes sign, only case (i) of this theorem is
admissible. Thus, if the u, are not all zero, we must have (4.6.3) for some r, z,
and, by considering the set —pu,, we must have (4.6.3) with reversed sense, for
some r, z,. We may therefore take it that in (9.3.1) we have strict inequality
in at least one case.

It will be sufficient to discuss the case that we have strict inequality in (9.3.1)
with » = 1. We can then determine a set vq, ..., such that

k
D vepe =1, (9.3.11)
1

say, while (9.3.8) hold for » = 1,... k. It then follows that (9.3.9) holds for
suitably small € > 0, and the result follows as before.

For completeness, we note that the result holds also for the point (0,...,0)€S;.
This follows from the fact that Ss is non-empty, by Theorem 9.3.1.

We note that if Sy is the closure of Ss, then Syq is the closure of Sog. This may
be shown by normalizing the approximating family (9.3.10).

9.4 The essential spectrum under condition (A)

In this and the next section, we identify the essential spectrum of a non-singular
Sturm-Liouville problem, under the two principal definiteness conditions. We
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assume in both cases that the p,s(x,), ¢ (x,) are continuous.

Theorem 9.4.1. Let det p,s(z,) have fived sign. Then the normalized essential
spectrum of (5.2.1)~(5.2.2) coincides with the set Sio of normalized k-tuples
satisfying (9.3.1) for some set (9.3.2).

We shall prove that
S99 € S C Syp. (9.4.1)

Since S is closed, and Sig is the closure of Soq, this will prove the result.

The second of (9.4.1) is easily proved, and does not depend on the hypothesis
that det p,s(x,) has fixed sign. We suppose that the point (1, ..., ux) € S but
is not in Sjg, so that for some r (9.3.1) does not hold for any z,9. We have
then

k
Zﬂsprs(xr) < _57 ar < xp < br, (942)
1

for some § > 0. If nevertheless there is a sequence of eigenvalues (9.2.2) satis-
fying (9.2.3)-(9.2.5), it will follow from (9.4.2) that

k
A" pro(xy) = gr(2,) — —00, M — 00 (9.4.3)
1

uniformly in [a,,b,]. In view of Theorem A.6.1, this is in conflict with the
boundary conditions.

It remains to prove the first of (9.4.1), or, what comes to the same thing, that
every k-tuple satisfying (9.3.3) for some (9.3.2) is an asymptotic direction.

It will be sufficient to prove the following. Let the normalized set i1, ..., ux sat-
isfy (9.3.3) for some set (9.3.2). Then for any n > 0, there is a Ko(n; fi1, - - ., (k)
such that, if

then the ball
k

|As — pus| < pn (9.4.5)
1

contains an eigenvalue of (5.2.1)—(5.2.2).

The proof uses ideas similar to those of Sections 5.3. We define the Priifer
angles 0, as in (5.3.1)—(5.3.5), and have to prove that the equations

Or(brs A1y oy Ak) = Br + e, r=1,...k, (9.4.6)
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have a solution in (9.4.5), for suitable integers n,, which may of course depend
on the choice of p, subject to (9.4.4). We choose the n, to be the smallest
integers satisfying

O, (brs ppeas oy ppi) < B +mpmy, r=1,...,k. (9.4.7)

We seek to minimize the function
k
PO ) =Y ABe A nem — (b A1, AR (9.4.8)
1

as (A1,..., \x) ranges over (9.4.5).
Suppose first that this minimum is attained at a point of the interior of (9.4.5).
Then by equating to zero the partial derivatives of 1) we have

k
23 (90, /0N)(Br +nem —0,) =0, r=1,... .k

s=1

Since det prs(z,) is to have fixed sign, the Jacobian (5.4.8) is not zero, and so
we have (9.4.6), as required.

We must therefore eliminate the possibility that the minimum of 1 is achieved
on the boundary of (9.4.5). For this it will be sufficient to arrange that the
value on the boundary exceeds its value at the point (pu1, ..., pug), or that

V(o +nva)s - p(un +nvk)) > lppa, - - - pr),

for all normalized sets v4,...,v,. By our prescription for the n, in (9.4.7), it
will be sufficient to ensure that

Pl +mw1), - plpk + o)) > k. (9.4.9)

This in turn can be replaced by an inequality concerning the zeros of solutions
of (5.2.1). It is clear from (9.4.8) that it will be sufficient to show that

1B + npm — 0p(br; p(p1 + 1), -, p(pk +nvw))| >k,

for at least one . Let N,(A1,...,\x) denote the number of zeros in (a,., b,] of
a solution of (5.2.1) with the initial data (5.3.2); by Theorem 5.3.1 and (5.2.3)
we have then

[0 (brs Aty ooy Ak) — TNR (A1, -y M) <

We have also, by our determination of the n,.,

|TN(ppivs - prir) — (Br + mpm)| < 27
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Hence (9.4.9) will be ensured if we have

| Ne(p(pa +mv1), - - pQp +mvi)) =7 Ne(ppa, - -+, ppw) | 2 (k+3)m, (9.4.10)

for at least one r, for any normalized set of v, and for sufficiently large p.
We now use the results of Section 8.6, which show that

Ne(p(pa +mv1), - plp +mvi)) — Nie(ppas - pg) =
=7 p{Fr (1 +mva, o e+ ) — Fr(pa, ..o pe)} + o(yv/p). (9.4.11)

Here we note that F.(p1,...,ux) > 0, r = 1,...,k, since by hypothesis
(1, -y pg) € Sa. Tt thus follows from Theorem 8.6.1 that

Fo(pr 4+ v, .o g +nvg) # Fe(pa, . p) (9.4.12)

for at least one r. Thus, by continuity, there is a § > 0 such that

|FT(/J’1 + v, ik +77Vk) - F’r(ul?"'?/"tk)‘ > 57 (9413)

for at least one r, for every normalized set of vs. It then follows from (9.4.11)
that, for sufficiently large p, we have

IN-(p(pa + ), - plpas + k) = Ne(ppans - ppi)| > 7 18y/p,  (9.4.14)

for at least one r. This establishes (9.4.10), and completes the proof of Theo-
rem 9.4.1.

As a consequence, we deduce the “essentiality” of the essential spectrum.

Theorem 9.4.2. If det p,s(x,) has fized sign, the essential spectrum is inde-
pendent of the quantities cv., B, in the boundary conditions (5.2.2).

9.5 The essential spectrum under condition (B)

Similar results hold in this case also.

Theorem 9.5.1. Let det p,s(x,) change sign, and let there be a set p1, ..., pk
such that the determinants (4.6.1) have fixed positive sign. Then the normal-
ized essential spectrum coincides with the set Sig, and is independent of the
boundary-angles a., 3.
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As before, the result will follow from Theorems 9.2.1 and 9.3.2 if we prove the
inclusions (9.4.1). The second of these was proved in the last section; the proof
given there made no hypotheses concerning the sign of determinants. It is thus
sufficient to establish the inclusion Sy C S.

We suppose as usual that a linear transformation has been performed on the
parameters so that (4.6.1) are all positive with p; =1, po = -+ = pr, = 0.

Assume that (u1,. .., ur) € Sa; by Theorem 4.7.1, we must have that p; # 0.
We take as representative the case that g > 0, and wish to show that for
large p > 0, suitable neighborhoods of (pu1, ..., pux) will contain eigenvalues
of (5.2.1)-(5.2.2). In place of the ball (9.4.5), we take now the “cylinder”

k
M=ol < pms YA = pps| < pma- (9.5.1)
2

We claim that there exist arbitrarily small positive 11, 72, such that (9.5.1)
contains an eigenvalue, for large p, say, if

p> K1 = Ki(n,m2; p, - fi)- (9.5.2)

On 71, 12, we impose first the requirement that

(1 + vy .oy pii + Vi) € So, (9.5.3)
for all sets vq, ..., v, such that
k
bl <m, > vl < (9.5.4)
2

This is possible since S5 is open. In view of Theorem 4.7.1, we must then have
in particular that

m < p1- (955)
Let > 0 be such that the inequality

k k
Zysprs(-rr) > 62 |Vs|, ar <z, < by, (956)
2 2
holds for some r, and the inequality
k k
> veprolan) <=0 |vil,  ap < 2p < by, (9.5.7)
2 2

for some other r-value. Theorem 4.7.2 ensures the existence of such a d; the
values of r concerned may depend on the choice of vy, ..., vr. We denote by A
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some bound for |p,s(z,)|, valid for all r, s, x,; we impose on 7y, 72 the further
restriction that
0< ?71A < 5772/2 (958)

We next assemble some consequences of these restrictions. Since the functions
F,, defined in (8.6.2), are positive and continuous on S, there will be a (; > 0
such that, if (9.5.4) holds,

FT(/*L1+V17"',/*L]€+V/€)2C17 Tzlv"'vk' (959)

We impose (9.5.8) for the consequence that if

k
il <m, > vl =ma, (9.5.10)
2
then
k
Vsprs(xr) > 6772/2, ar < xp < by, (9.5.11)
1

for either of the r-values satisfying (9.5.6)—(9.5.7); since Z]f Vsprs(x,) will then
have fixed sign, we have

Fr(ul +V1a-~'auk’+yk) # FT(/’[’la'“?/’(‘k)
for such r. By continuity, there is a (o > 0 such that if (9.5.10) holds, then
|Fr (1 + vy g+ vi) = Fro(pa, - )| = G, (9.5.12)

for some r with 2 <r < k.

We now follow an argument resembling that of Section 5.7. We consider the
partial eigenvalue problem

Or(brs A1y oy Ak) = Br + e, =2,k (9.5.13)

where the integers ng,...,nj; are the least admissible in (9.4.7), with r =
2,...,k; we do not fix n;. By Section 5.5, this fixes Ao,..., A\ uniquely as
continuous functions of the real variable A1, in view of the hypothesis that

zg(rig,tqp”(mr) > 0;

we denote these functions by Aa(A1), ..., Ak(A1) .

We consider now the curve
(M, A2(A1), - (A1), (9.5.14)
as A1 describes the interval

Pl —m) <M < p(pa +m). (9.5.15)
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We claim that for large p > 0, this curve lies strictly inside the cylinder (9.5.1),
except for the end-points, which lie on the “faces”

k

A= —m), Y| = ps| < pna, (9.5.16)
2
k

A =p(u+m), YA — pps| < pna- (9.5.17)
2

We prove first that this is so for the “mid-point” of (9.5.14). The argument is
very similar to that of the last section. By a slight modification of (9.4.14), we
have

IN:(p(p1 +v1)s oo p(pk + vk)) — Ne(ppas - - ppk)| = G2v/p/(27),  (9.5.18)

if (9.5.10) holds, and p is suitably large, for some r, 2 < r < k. Applying this
with v1 = 0, we shall have

|Br 4+ npm — 0, (bys pria, p(pe + v2), ..., ppx +vi))| > km, (9.5.19)

by reasoning similar to that applied to (9.4.10). The argument of Section 9.4
then shows that, for large p, (9.5.13) have a unique solution with

k

A =ppn, YA = pps| < pna-
2

Thus, for large p, the curve (9.5.14) lies inside the cylinder (9.5.1) when A\ =
PH1-

We next argue that, as A; varies subject to (9.5.15), the curve cannot meet the
“sides” of the cylinder, that is to say, the set

k

M=ol < pmy YA = pps| = pra-
2

This again is a consequence of (9.5.18), more precisely of (9.5.19) with ppuy
replaced by p(u1 + v1).

Let now (Af,...,A,), (AM”,...,\t") denote the end-points of (9.5.14), lying,
respectively, in the faces (9.5.16)-(9.5.17). We have by construction

Or (b Npy oo M) = 0p (b M N, T =2, k. (9.5.20)
If we show that

91(b1; /1, ceey /\;6) — 91([)1; /\1//, ceey /\k//) > ™, (9.5.21)
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it will follow that (9.5.1) contains a solution of (9.4.6), for some integer n;.
This will complete our proof.

We show first that for some (3 > 0 and all p > 0 we have

F. (N ) = BN > G, (9.5.22)
for some r, 1 < r < k. For by homogeneity,

FoN X)) = VN M E- (AL D),
where
NN = (o =m0 /(s s A= AN s =2, k.

Hence the left of (9.5.22) may be written
{1 VO INDYE O M) B0 A D) = e A )

By Theorem 4.7.1, there is an r such that

k

Z()‘l - /\s//)prs(xr) >0, a.<uz <b,,
2

and so
EOu" AL AL > B0 "),

We thus get, for some r,
Fr(M e A8) = Fr(N ) = Gve{ = (i1 —m)/ (e +m) Y
where (; is as in (9.5.9). This is equivalent to (9.5.22).

By Section 8.5, we then conclude that, for large p, we have
Or(brs Npy oo s A = Or(bes M5 N > (3v/p/ (27),

for some r. By (9.5.20), we cannot have r = 2,..., k, and so we must have r = 1.
This justifies (9.5.21) for large p, and completes the proof of Theorem 9.5.1.

9.6 Dependence on the underlying intervals

From our identification of the essential spectrum in the last two sections, it
was immediate that the essential spectrum did not depend on the choice of the
one-point or separated boundary conditions (5.2.2). There is on more simple
deduction to be made. Heuristically expressed, we have
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Theorem 9.6.1. If the basic intervals [a,,b,], are expanded, with preservation
of the hypotheses of either Theorem 9.4.1 or Theorem 9.5.1, the new essential
spectrum will include the original one.

For the set of non-zero k-tuples p, ..., ux for which a set (9.3.2) exists satis-
fying (9.3.1) does not diminish if the intervals [a,, b,] are enlarged.

9.7 Nature of the essential spectrum

We make here some general remarks of a geometrical character, and we assume
throughout that the p,4(x.), ¢-(x,) are continuous.

Theorem 9.7.1. If det p,s(x,) has fized sign, the essential spectrum is con-
nected.

By Theorem 9.4.1, the (unnormalized) essential spectrum coincides with the
set of non-zero elements of S, and so we have to show that the latter set S,
say, is connected. Let p1,...,ur be a set of numbers, not all zero, satisfying
(9.3.1) for some set (9.3.2). By Theorem 4.4.1, there is a set uj,...,u), such
that

k
S prs(an) >0, ap <ap <by, r=1,.. k. (9.7.1)
1
It then follows that, for 0 < 7 <1,
k
Z{(l — T)s + T prs(r0) >0, r=1,...,k, (9.7.2)
1
so that the set
(=71 + 7y, (=T + 7)), 0<7<1, (9.7.3)
is non-zero and is in S7; in fact it is in Sy for 0 < 7 < 1. Thus any element
of S} is connected in S} to some fixed element (u7,. .., u}); hence the essential

spectrum is connected, and indeed starlike.

Notes for Chapter 9

Of the few papers that study asymptotic directions in this and more general
scenarios, we cite Binding and Browne (1980) who consider the question in a
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general setting, Binding et al. (1992) for the general two-parameter Hilbert
space case, Shibata (1996a) for nonlinear multiparameter problems, and Volk-
mer (1996) undertakes a study of the asymptotic directions in the general mul-
tiparameter case in Hilbert space.

9.8 Research problems and open questions

1. Is there a version of Theorem 9.4.2 in singular cases?

2. Determine the validity of Theorem 9.7.1 if the determinant there changes
sign or vanishes identically on some subinterval of [a;, b,] for some r.



Chapter 10

The Completeness of
Eigenfunctions

10.1 Introduction

We pass now from the description of the properties of individual eigenvalues and
eigenfunctions to the principal property enjoyed by the eigenfunctions as a set.
This is represented by the theory of “eigenfunction expansions”; an “arbitrary”
function, of the several variables involved, can be expanded as a series of eigen-
functions, products of solutions of the individual ordinary differential equations
that make up the eigenvalue problem. Since the eigenfunctions are mutually
orthogonal, with respect to a determinantal weight-function, the coefficients in
such an expansion are easily found, given the function to be expanded. The
difficulty is, of course, to show that the function being “expanded” is indeed
represented by the series of eigenfunctions, even when the latter series is known
to be convergent.

In this chapter, we are concerned with proofs of the completeness of the eigen-
functions of a multiparameter Sturm-Liouville problem involving finite inter-
vals. It will be a question of deducing this completeness from the corresponding
property for some related eigenvalue problem. Our procedure in the present
chapter will be to appeal to completeness properties for some associated mul-
tiparameter problems.

157
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In the first approach, we use the method, common in the one-parameter case,
of reduction to Fredholm integral equations with symmetric kernel; here the
kernel is given by the Green’s function of the differential equation and boundary
conditions. The completeness, under suitable hypotheses, of the eigenfunctions
of a multiparameter set of Fredholm integral equations is covered by a similar
theory for sets of compact operators (Chapter 11 of Atkinson [1972]).

10.2 Green’s function

As a preliminary to the method of reduction to a set of integral equations,
we assemble here standard results concerning the Green’s function of a Sturm-
Liouville problem.

Theorem 10.2.1. Let gq(z), a < x < b, be in L(a,b), and let «, [ be real.
Suppose that the boundary-value problem

y"'(x) + q(x)y(x) =0, a<x<b, (10.2.1)
y(a)cosa =y (a)sina, y(b)cosf = y'(b)sin 3, (10.2.2)

has only the trivial solution. Then there is a real and continuous function
G(z,t), a <z, t <b, symmetric in the sense that

G(x,t) = G(t, z), (10.2.3)
and such that for any continuous f(z), a < x <b, the unique solution of
y'(2) +a(@)y(x) + f(2) =0, a<z<b (10.2.4)

satisfying the boundary conditions (10.2.2) is given by

b
y(z) = / Gz, t)f(t) dt. (10.2.5)

For the proof, we choose solutions wu, v of (10.2.1) satisfying the conditions
u(a) =sina,u’(a) = cosa, wv(b) =sin3,v'(b) = cos . (10.2.6)
These are linearly independent, since otherwise (10.2.1)-(10.2.2) would have a

non-trivial solution. Thus their (constant) Wronskian

W =vv—u (10.2.7)
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is not zero. It is easy to see that the required Green’s function is then given by

] u(z)(), it t>w,
Glz,1) = { (@), if <z (10.2.8)
We next recall information concerning the parametric case
y'+ (A +4q(2)y =0, a<wz<b, (10.2.9)

where ¢(z) is still L(a,b). The above lemma states that G(x, ) exists provided
that 0 is not an eigenvalue of the Sturm-Liouville problem (10.2.9)-(10.2.2).
In particular, it will exist if all these eigenvalues are positive, and this can be
arranged by a shift in the A-origin. Let the eigenvalues of (10.2.9)—(10.2.2) be
Ao < A1 < ..., and let yo(z), y1(x),... be the associated eigenfunctions; we
may assume them real, and normalized so that

b
/yﬁ(x)dx:l, n=0,1,.... (10.2.10)

We need the fundamental fact that if g(z) is representable in the form

b
g(x) = / Gz, t)f(t)dt, a<x<b, (10.2.11)

where f(x) is continuous (or at least in L?(a, b)), then the eigenfunction ex-

pansion
b

9(x) = cayn(2), cnz/ Yn(t)g(t) dt, (10.2.12)
0 a

is true, in fact with uniform and absolute convergence, provided of course that
0 is not an eigenvalue. Equivalently, we have that this expansion holds if g(x)
satisfies

d"+qg+f=0, a<xz<h, (10.2.13)

and the boundary conditions (10.2.2).

10.3 Transition to a set of integral equations!

We now return to the multiparameter Sturm-Liouville problem

k
y (z) + {Z AsPrs(zr) + qr(xr)} yr(z,) =0, a. <z, <b. (10.3.1)

s=1

yr(a,) cosa, = yl(a,)sina,., y.(b.)cos B, = y.(b.)sinB,;  (10.3.2)

LObserve that we have changed the sign in front of the g,-term without loss of generality.



160 CHAPTER 10. THE COMPLETENESS OF EIGENFUNCTIONS

the intervals [a,, b,], r = 1,...,k, are to be all finite and the ¢, p,, all real
and continuous. We consider the case of “condition (A),” that in which

det prs(zy) >0, ar <z, <by, r=1,... k. (10.3.3)
Then (10.3.1)-(10.3.2) has an infinite sequence of eigenvalues (A§”>, cee /\,(Cn)),
where n = (nq,...,ng) runs through all sets of non-negative integers, n, being

the number of zeros of y,(z,) in the open interval (a,, b;) (cf., Theorem 5.5.1).

There is an infinite sequence of eigenfunctions of the form

y(@) =[] vz, (10.3.4)

products of non-trivial solutions of (10.3.1)—(10.3.2) associated with (A§”>, cee
)\fﬁn)). These are mutually orthogonal in the sense

b
/ Ynr (T)yn (x)p(z)dz =0, n#n'. (10.3.5)

Here we have written

k
a=(ar,...,ax), b=(b1,...,bx), px)=detp.s(z,), dz= Hdm,.
1
(10.3.6)
In (10.3.5) n, n’ are distinct k-tuples of non-negative integers, and so differ in
at least one component.

There are various ways of fixing the constant factors in the specification of the
eigenfunctions. At this point, it is most convenient to suppose them normalized,
so that

b
[ lm@Pota)de = 1. (103.7)

In addition, we shall suppose them real-valued; we recall that the eigenvalues
are real. This leaves y,,(z) determinate except for a sign-factor +1, which will
be left undetermined.

We denote by G,.(x,, t.) the Green’s functions of the problems given by the
differential equations

v (xr) + qr (@ )y (z0) + fr(2) =0, (10.3.8)
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together with the respective boundary conditions (10.3.2), provided that these
Green’s functions exist.

Actually, we shall need to ensure that these Green’s functions not merely exist,
but arise from boundary-value problems with positive spectrum. This may be
ensured by a change of A-origin. Let us write

Xs = NT =T, s=1,...k, (10.3.9)

where the real numbers 7, 1, ..., ux are to be determined. In view of (10.3.3)
and Theorem 4.4.1, we can choose the us so that

k
> psprs(ze) >0, ar <ap <by, r=1,... k. (10.3.10)
1

The effect of the substitution (10.3.9) on the differential equations (10.3.1) is
to replace the A, by the A, and the qr(x,) by

0 (2r) = qrl(@e) =7 Y praprs (). (10.3.11)

We can thus choose 7 > 0 so that the ¢,"(z,.) should be all negative, and whose
absolute values are arbitrarily large. We can thus arrange that the boundary-
value problems, with p, as parameters,

v () +{ar " (2,) + prYye(wr) = 0, (10.3.12)

together with the boundary conditions (10.3.2), should have all positive spectra,
all eigenvalues being positive.

In what follows, we shall suppose such a transformation made, if necessary, so
that the boundary-value problem

y (z) + {qr(z) + pr}yr(z) =0, r=1,... k, (10.3.13)

all have positive spectra, when taken with the respective boundary conditions
(10.3.2).

Thus in particular the Green’s functions G,.(z,., t,.) will all exist. The problems
(10.3.8), (10.3.2) will have the unique solutions

by
Yr(ar) = / Gy (wr, ) fr(ty) dt. (10.3.14)

We now make the substitution (10.3.14) in (10.3.1), and get

b k
fr(-rr) _/ Gr(-rmtr) {ZAsprs(tr) fr(tr)} dt, =0, r=1,...,k
’ ' (10.3.15)
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We are thus led to a second eigenvalue problem; an eigenvalue of this problem
will be a k-tuple Aq,..., A, such that all of the equations (10.3.15) have a
non-trivial solution.

The relation between the two problems is described in

Theorem 10.3.1. Let the pys(xr), qr(zr) be continuous and satisfy (10.3.3).
Assume that, by a change of \-origin if necessary, the eigenvalue problems
(10.3.13), (10.3.2) have purely positive eigenvalues, and let the G (x,,t,) be the
Green’s functions of the problems (10.3.8), (10.3.2). Then the integral equation
problem (10.3.15) and the Sturm-Liowville problem (10.3.1)—(10.3.2) have the
same eigenvalues, all of which are simple. With the notation (10.3.4) for the
eigenfunctions of (10.3.1)—(10.3.2) and the notation

FN@y) = —(d?/da? + gr(2,)) yi™ (), (10.3.16)

the associated non-trivial solutions of (10.3.15) are given by (10.3.16), while
the eigenfunctions of (10.3.15) are

k
F @) =TT £ (@) (10.3.17)

For suppose that Aj,..., Ax is an eigenvalue of (10.3.1)-(10.3.2), with y,(x,),
r=1,...,k being a set of non-trivial solutions. We then have (10.3.8) with

k
fr(xr) = Z As prs(-rr)yr(-rr), (10.3.18)

and so (10.3.14) with this expression for f,.. Substituting (10.3.14) on the right
of (10.3.18) we obtain (10.3.15). Also, since y,, and so also f;, is not identically
equal to zero, we have that A1, ..., A\; must be an eigenvalue of (10.3.15) also.

Conversely, suppose that A1,..., \x is an eigenvalue of (10.3.15), the f, being
a set of non-trivial solutions. Then defining y, by (10.3.14), we have that y,
satisfies (10.3.8) and the boundary conditions (10.3.2). Substituting (10.3.14)
on the left of (10.3.15), we find that (10.3.8) implies (10.3.1). Thus the two
problems have the same spectra.

It is trivial that the problem (10.3.1)-(10.3.2) has eigenvalues with multiplicity
one only. In the case of (10.3.15), it is plain that if f, # 0, then y, as defined
by (10.3.14) is not identically zero, for otherwise it would follow from (10.3.15)
that f, vanished identically. Thus the number of linearly independent solutions
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of (10.3.15), for any one r, cannot exceed that for (10.3.1)—(10.3.2) for the same
r, and so must be one.

Thus the spectra coincide in respect of multiplicities also; in the course of the
proof, we have dealt with the relation between the two sets of eigenfunctions.

10.4 Orthogonality relations

It is convenient to introduce the scalar product

be pbe L
(f.g)r = / / G (w0, t)F(t,)5T0) db day, (10.4.1)

where, in the first place, f(x.), g(z,) € Clar, b;]. We write G, for the linear
operator defined by G,(z,, t,) as an integral kernel, so that (10.3.14), for
example, could be written y, = G, f.. Write also p,s; for the operation of
multiplication by the function p,s(x,), and V;4 for the composite operation
prsGr; thus, for example, (10.3.15) can be written as

k
o= A Visfe=0, r=1,...,k (10.4.2)
1

The operators V,.; are symmetric with respect to the scalar product (10.4.1);
that is to say, for any continuous complex-valued functions f,(z,), ¢-(z,), we
have

(Vv"sfra gr)r = (f'l"a Vrsgr)r- (10.4.3)

To see this, let us write y, = G, f, as in (10.3.14), and likewise z, = G,g,. It
then turns out that

by
(‘/rsfragr)r - / prs(mr)yr(mr)zr(mr) dmr' (1044)
Qr
A simple calculation shows that the right of (10.4.3) is also equal to the right

of (10.4.4).

By means of this, we translate the orthogonality properties of the Sturm-
Liouville eigenfunctions into their corresponding results for the integral equa-
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tions. The former, that is to say (10.3.5), may be written

by
det/ prs @)y (2)y " (2,) de, = 0, n#n'; (10.4.5)

r

here we have taken it, as we may, that the yf«n) (x,) are real. In view of the

identity (10.4.4), this is equivalent to

det (Voo /™, f")) =0, n#n. (10.4.6)

If we suppose the constant factors implicit in the choice of the yf«n) (x,) chosen

so as to ensure the normalization (10.3.7), we shall also have

det (Vys £, f{™) = 1. (10.4.7)

10.5 Discussion of the integral equations

With a view to applying the result of [Section 11.10 of Atkinson (1972)] we
introduce for each equation (10.3.15), or in abstract form (10.4.2), a Hilbert
space H,; we also need their tensor product X.

We define the space H, as the completion, with respect to the norm associated
with the scalar product (11.4.1)

by b,
(f,f)r=/ / Gr(xp,ty) frty) fr(zr) dty da,. (10.5.1)

Thus H, will contain all continuous functions on [a,, b,]; it will contain certain
“generalized functions” as well, and furthermore all elements of L?(a,, b;.).

To be more specific, let us associate with a function f,.(z;) its Fourier expansion

Frl@n) = emzrml(@r), (10.5.2)
where the z,.,,(z,) are the eigenfunctions of the kernel G, (z,, t,), so that
by
Zrm(Zr) = Prm / Gr(Tr, ty) 2pm(tr) dty, (10.5.3)
ar
normalized in the standard sense that

by
| ot o =1, (105.4)

r



10.5. DISCUSSION OF THE INTEGRAL EQUATIONS 165

In other words, the z.m, (), prm are the normalized eigenfunctions and eigen-
values of the Sturm-Liouville problem (10.3.13), with boundary conditions
(10.3.2). We then have

o0

(frs Fode =D lem|*prm- (10.5.5)

0

Elements of H, may thus be identified with expressions (10.5.2) for which

oo

Z lem|2omt < 0. (10.5.6)
0

In the present Sturm-Liouville case, (10.5.6) will be equivalent to

o0
> leml? (14 m?) 7! < 0. (10.5.7)
0

It is clear that the continuous functions form a dense set in H,..

The operator V, is defined and symmetric on the set of continuous functions,
with respect to the scalar product in H,.. It can thus be extended uniquely to
a symmetric operator on H,, if we know that is bounded, in the norm of H.,.,
on the set of continuous functions. Writing such a function f,.(z,), so that the
expansion (10.5.2) will be valid, at least in the L2-sense, we have

b, 00
/ Gyt foltr) dty = S om0 )orh (10.5.8)
Qr 0
and so
VisF)(@e) = Pra(@e) Y Cmzem (0o
0
= Zdnzrn(-rr)a (1059)
0
say, where
by
dy, = Zcmp;r}b/ Drs (@) Zpm (20) 2rn (27) d2yp; (10.5.10)

here we take it, as we may, that the z,., are real-valued.

We have to show that the ratio

oo oo
D ldnlora /Y leml? o (10.5.11)
0 0
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admits a fixed upper bound, for all sets of z.,,, not all zero. Applying the
Cauchy inequality to (10.5.10) we have

00 0 b, 2
|dn|2 < {Z |Cm|2prn11} Zp;T}L (/ PrsZrm Zrn dxr) ;
0 0 ar
Thus the ratio in (10.5.11) does not exceed

>kt ([

2
by
PrsZrm Zrn dxr) . (10.5.12)

by
/ |Zrm Zrn| da,,
Qr

and the last integral does not exceed 1, since the z,,, are normalised, as in
(10.5.4). Using this fact in (10.5.12), we find that the norm of V;.; in the space
H, satisfies

r

by
/ PrsZrm Zrn ATy < sup |prs(@,)
ar

1Vesllr < sup |prs(ay IZprm, (10.5.13)

this last sum is finite, since the eigenvalues p;.,, of (10.3.13) behave, roughly,

asm2 as m — oQ.

Rather similar arguments show that Vs is a compact operator on H,. We
suppose we have a sequence of elements of H,.,

o0
which is bounded, in the sense that
Z ‘C(J)\Qp*1 <M<oo, j=1,2,.... (10.5.15)

Without loss of generality, we can take it that the Fourier coeflicients c%)

converge, so that, say,

9 — e, j— o0, (10.5.16)
where
> lem o < M. (10.5.17)

We take these ¢, as defining h € H,., as in (10.5.2) and then claim that

Vesh?) = Vish,  j— 0. (10.5.18)
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To see this, we choose some (large) integer N, and write

mD =3 D, he? = 3 Dz, (10.5.19)
m<N m>N

with a similar notation for A = hy + ho. We then have
Vish = Vish®) = Vigha + (Vesha = Vesht V) = VighaV). (10.5.20)

In the case of the first and last terms on the right of (10.5.20), we are applying
V,.s to the subspace of H,., generated by the z,.,, for m > N. A slight modifica-
tion of the argument leading to (10.5.13) shows that the norm of the restriction
of V.5 to this subspace is not greater than

sup [prs (,)]y/ { > P o }

m>N n

and this can be made as small as we please by making IV large. Since ho, héj )
are uniformly bounded, we can ensure by taking N large that

Vishallr <&, |[VishS || <,

for any chosen € > 0. Having chosen N in this way, we can then ensure by
choosing j large, that

1Ves(ha — B, < e

Thus, for large j, we have ||V;.s(h — h())||,, < 3¢, for any chosen ¢ > 0. This
proves (10.5.18), and establishes the compactness of the V..

To complete the requirements of [Section 11.10 of Atkinson (1972)], we need to
verify a certain positive definiteness property, and to introduce a tensor product
space X. The first of these amounts to the condition that

det (Vpshp, by )y > 0, (10.5.21)
for any set of non-zero
hy € Hy, r=1,... k (10.5.22)
If we write .
() = / G (e, )b (1) b, (10.5.23)
Qr

then for f. € H,, u, € L?(a,,b,) and so the required property is that (cf.
(10.4.4))

b
det/ prs(@)|up () da, > 0, (10.5.24)

r



168 CHAPTER 10. THE COMPLETENESS OF EIGENFUNCTIONS

and this is certainly the case (4.2.6) if the u,(x,.), r = 1,...,k, are all not
identically zero. Thus we need to know that if h,. # 0, as an element of H,.,
then wu,(z,) # 0. This is evident from (10.5.2), (10.5.8). Finally, we define the
tensor product X of the spaces H, as follows. Let X be the space formed by
finite linear combinations of products hy(x1) - - - hy(zx) of continuous functions
on [ar, by], r =1, ...,k. Such products will be decomposable elements. The
scalar product

k b b,
(f,9) = { de, [ dt.G.( T,tr)}f(t ot gz, )
9 H /a z /aT x 1 k) g(z1 Tk

T

(10.5.25)
is then defined for all pairs of functions
flze, .. xk),  glar, ..., k) (10.5.26)
continuous on the closed box
ar <. <b., r=1,... k. (10.5.27)

In particular, it is defined for pairs of elements of Xy; we specify that X is the
completion of Xy in the norm associated with the scalar product (10.5.25).

We need the observation that X includes all continuous functions on (10.5.27).
For a continuous function can be approximated by elements of Xy in the L2-
sense; for example, partial sums of the expansion of a continuous function in
a multiple Fourier series will serve this purpose. A continuous function can
therefore be approximated by elements of Xy in the weaker sense given by
(10.5.25). The induced operations V,i, on X, corresponding to V,., on H,, are
given by applying these operations to the r-th arguments. For example, if
f(z1,...,xp) is any continuous function, then

b,
Vst F)(@1, - 78) = prs () / Cr(ans ) f (21, b ) d.

(10.5.28)
Similarly,

b,
(GrTf)(xl,...,xk):/ Crlam ) f (@1, b k) dtre (10.5.29)

10.6 Completeness of eigenfunctions

We can now deal with this, under slightly restrictive conditions on the coeffi-
cients.
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Theorem 10.6.1. In the differential equations (10.3.1), let prs(xr), qr(zr),
be real and continuously twice differentiable in the finite intervals |a,, b.], r =
Lk, and let

detprs(xy) >0, ar <z, <b., 7=1,...,k.

Let a,.,B,, 7 = 1,... .k, be real. Then the eigenfunctions (10.3.4) are complete
in the space of functions, which are in L? over the region a, < xz, < b,,
r=1,...k.

As previously remarked, the completeness to be proved is in the mean-square
sense, with the positive weight-function det p,s(z,); since the latter is continu-
ous and positive, it will have positive upper and lower bounds, so that approxi-
mation in mean-square with this weight-function is equivalent to approximation
in mean-square with a constant weight-function.

To prove the result, it will be sufficient to establish the Parseval equality for
the eigenfunction expansion of a class of functions whose linear combinations
are dense in the space concerned. A suitable class of functions for our purpose
will be those of the form

k
u(@s, .., wx) = [Jur(e), (10.6.1)

where u,(z,) is four times continuously differentiable and vanishes in neighbor-
hoods of a,, b,. For each k-tuple n = (ni,...,nx) of non-negative integers, we
form the Fourier coefficient

b
Cn = det/ prs(xr)ur(xr)yﬁn)(xr)dm?"

e
= /p(x)u(ac)y(")(x)dx (10.6.2)

with respect to the normalized eigenfunction (10.3.4). Here we have used the
notation (10.3.6) in (11.6.2). What we have to show is that

b,
det / Drsle)ur () Py = 3 el (106.3)
Qr

For this purpose, we define functions
hr(xT) = —{dz/d:ﬂz + qr(xr)}ur(mr)a (1064)

and
k

(... x) =[] o), (10.6.5)
1
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We also define k£ functions
vs(T1,. .., xk), s=1,....k, (10.6.6)

as solutions of

k
0*u/0x? + qr(x,)u + me(mr)vs =0, r=1,...,k (10.6.7)
1

The vy are uniquely determined by these equations since detp,s(z,) is to be
positive.

In addition, the determinantal solution of (10.6.7) exhibits the vs as contin-
uously twice differentiable in each of the x1,...,xx; it is for this reason that
we have assumed the u, to be four times differentiable, and the p,s, ¢, twice
differentiable. Moreover, the operators

82/8l‘7% + qr ()

may all be applied to the vs. We note furthermore that the vg will vanish
whenever one of their arguments is in a neighborhood of the end-points of the
associated interval. Thus they all satisfy the boundary conditions in all of the
variables.

We write now

k

wy(zy,. . an) = [[(=07/022 = ge(a,))vs (1, ., 2p). (10.6.8)

We apply to the r-th equation in (10.6.7) the operator

D, = [[(-0%/027 — ¢;(x;)). (10.6.9)
i

In view of (10.6.4)—(10.6.5) this gives

k
~h+> prsDrvs =0, r=1,.. k (10.6.10)
1

However, since the differential operator —d?/dz? — q,(x,) is inverted by the
Green’s function G, (z,,t,), acting as the kernel in an integral operator, we
have

b,
(DTUS)(mla . '7xk) = / Gr(mrvt’r‘)ws(mlv . '7t7“7 s 7xk)dt7‘~
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Hence (10.6.10) gives

by

k
h(xl,...,xk):Zprs(xr)/ Gr(zr tr)ws(z1, ... tr, ..., 2k) dty,
1 a,

forr=1,... k.

In other words, we have
h=>Y Viw, r=1,...k, (10.6.11)

where V[, is the induced operator given by (10.5.28). We are now in a posi-
tion to apply Theorem 11.10.1 of Atkinson (1972). In (10.6.11), we have the
situation called for in #bid. (11.10.8) of the theorem in question, since h is
decomposable and the ws, being continuous, are in the tensor product space X
concerned. The discrepancy in sign, as between the A, in ibid. (11.10.3) and
the V.5 in (10.4.2), is of no importance; it may be removed by reversing the
signs of the parameters.

We therefore have that the Parseval equality holds for the expansion of h in
terms of eigenvectors of (10.4.2). Here the result (11.10.9) of Atkinson (1972)

gives
det(‘/rshra hr)r = Z |7n|27 (10612)
where

Yo = det(Voghy, f),. (10.6.13)

However, it follows from (10.6.4), and the fact that w, vanishes near a,, b, and
so satisfies the boundary conditions, that

b,
() = / G (e, ) B () .

Thus, by (10.4.4), the left of (10.6.12) is the same as the left of (10.6.3). In
a similar way, the right of (10.6.12) is equal to the right of (10.6.13). This
completes the proof of the completeness of eigenfunctions.
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10.7 Completeness via partial differential equa-
tions

As we have seen in the preceding section, the coefficients in an eigenfunction
expansion are easily found, given the function to be expanded. The difficulty
is, of course, to show that the function being “expanded” is indeed represented
by the series of eigenfunctions, even when the latter series is known to be
convergent. Here we discuss an approach that places the difficulty elsewhere, in
the theory of the completeness of eigenfunctions, for boundary-value problems
for partial differential equations with one parameter.

We shall do this for the classical multiparameter Sturm-Liouville problem, and
start by assembling information found in the intervening chapters. We take the
opportunity to recall a more compact notation. We write = (z1,...,xy) for
a real k-tuple satisfying

ar <z, <b., T=1,...k, (10.7.1)

and n = (ny,...,ny) for a k-tuple of non-negative integers. We have then

Theorem 10.7.1. Let the functions pys(x,), r, s =1,....k, and ¢ (x,), r =
1,...,k, be real and continuous in the finite real intervals (10.7.1). Let o, B,
r=1,...,k, be real. We define p by

p(z) = det prs(z,) > 0, (10.7.2)

in the domain (10.7.1). Then the eigenvalue problem

y?"//(xr) + {Z)\sprs(-rr) + QT(-rr)} yr(-rr) =0, a<xz.<b,, (1073)

yr(a,) cosa, =yl (a,)sina,., y.(b.)cos B, = yl.(b,)sin By, (10.7.4)
r=1,...,k, has an infinite sequence of eigenvalues
(A amy, (10.7.5)

where n = (ny,...,n,) runs through all sets of non-negative integers, n, being
the number of zeros of y,(x,) in the open interval (a, b,). There is an infinite
sequence of eigenfunctions of the form

k
y(@) =T v, (10.7.6)

products of non-trivial solutions of (10.7.3)~(10.7.4) associated with (10.7.5).
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As in § S123, these are mutually orthogonal in the sense

b
[ @ va@p@rde =0, 2w (10.7.7)

where we have used the notation in (10.3.6). Furthermore, we can arrange that
(see (10.3.7))

b
[ i@ P oy s = 1. (10.78)

Let now

f(@) = f(a1,...,zx) (10.7.9)
be any continuous function in the “box” (10.7.1). We form the Fourier expan-
sion

F@) ~Y enynle), (10.7.10)
where

b
cn:/ f(@)yn(x)p(z) da. (10.7.11)

As noted earlier, we are concerned with whether equality holds in (10.7.10), in
the pointwise, mean-square, uniform or any other sense. Allied with this is the
question of whether there holds the Parseval equality

/ £ (@)Pp(x) de = [ea]*. (10.7.12)

It should be noted that the weight-function (10.7.2) plays an essential part in
the orthogonality (10.7.7), and so also in the eventual expansion theorem, by
way of (11.6.2), (11.6.3). In particular, the most natural function-space for the
expansion theorem is the space of measurable and square-integrable functions,
with respect to the weight-function p(z). Of course, if p(z) is positive and
continuous in (10.7.1), this space contains the same functions as the ordinary
space of L?-functions over (10.7.1) .

10.8 Preliminaries on the case k =2

We consider the system (10.7.3)—(10.7.4) in the case k = 2, using the possi-
bility of making transformations so that certain coefficients p,.s(z,) have fixed
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assigned signs. The system will take the form

2
yT” * {Z /\S])rs + qr} yr =0, a, <z, < bra r=1,2, (10'8'1)
1

together with boundary conditions

yr(a,) cosa, =yl (a,)sina,., y.(b.)cos B, =y.(b.)sinB,, r=1,2.
(10.8.2)

We shall assume a transformation made so that
pi2(71) <0, a1 < a1 < by, paz(xe) >0, ag <z < bo. (10.8.3)
The possibility of doing this, subject to condition (A), or (10.7.2) was estab-
lished in Section 4.11; it was also shown there that the same can be arranged
under condition (B), which is weaker than condition (A) if k = 2.
We now form the partial differential equations satisfied by products
u(z1, 72) = y1(z1)y2(r2),

namely,

2
0%u/072 + > Aprs + ar}u=0, r=1.2, (10.8.4)
1

and eliminate the parameter \o; this gives

pggazu/amf—plgazu/axg-l-(pzzth —p12q2) u+)\1 (p11p22 —plgpgl) =0. (10.8.5)

In addition, u will satisfy the boundary conditions

ucosa, = (Ou/0xy)sina,, 2, =ap, r=1,2, (10.8.6)
wcos By = (Qu/0x,)sin By, xp =bp, 7 =1,2. (10.8.7)

Thus the eigenfunctions of (10.8.1)—(10.8.2), that is to say, products of non-
trivial solutions of (10.8.1)-(10.8.2), are eigenfunctions in the standard sense
of (10.8.5)—(10.8.7); in particular, any eigenvalue (2-tuple) (A1, A2) of (10.8.1)—
(10.8.2) in the multiparameter sense, yields an eigenvalue A of (10.8.5)-(10.8.7)
in the usual sense. Our next task is to reverse the argument, and to show that
all eigenfunctions and eigenvalues of (10.8.5)—(10.8.7) are to be obtained in this
manner.
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10.9 Decomposition of an eigensubspace

We now suppose that, conversely, A; is an eigenvalue of the problem (10.8.5)—
(10.8.7) and discuss whether for some Ay the pair (A1, A2) is an eigenvalue of
the multiparameter problem (10.8.1)-(10.8.2); furthermore, we ask whether all
non-trivial solutions of (10.8.5)—(10.8.7) for this value of A; can be obtained by
taking linear combinations of products of solutions of (10.8.1)-(10.8.2), with
the various admissible values Ao and fixed ;.

We prove first a result involving a sort of Fourier coefficient.

Theorem 10.9.1. Let u(z1,x2) be a solution of (10.8.5)~(10.8.7). Let ya(z2)
be a solution of (10.8.1)—(10.8.2) with r = 2. Define

b
yl(m):/ w(x1, x2) paa(we) y2(w2) ds. (10.9.1)

2

Then yi(x1) satisfies (10.8.1)—(10.8.2) with r = 1.

We first check that y;(x;) satisfies the boundary conditions (10.8.2). At x; =
ay, we have

y1(ay) cosag — yi(a1) sinay

bo
= / pasye{u(ar, x2) cosay — (0/0 za)u(ar, x2)sin vy } das.

2

Here the integrand on the right is zero by (10.8.6), and so we have the first of
(10.8.2) with = 1. The case of the boundary condition at 1 = by is similar.
We must now verify that y; satisfies the differential equation in (10.8.1). We
have

b2
y1// +qy1 = / pggyg{azu/am% + qru} dxs. (10.9.2)

2
From (10.8.5), we have
pgg{azu/ﬁxf +qu} = P12{52U/59€? + gau} + M (pi2p21 — prip22)u.

Substituting this in (10.9.2) we get

b2 b2
" + @y = pro {0%u/0x3 + qeu + Mparul yo dvs — Mipia / D22uy2 da.

a2 a2
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In view of (10.9.1), this may be re-written as

b2
1" + v + Mipiyr = pi2 {0%u/0x3 + qou + Miparu} yadra.  (10.9.3)

az

We now use the fact that ya(2z2), u(r1, x2) satisfy the same homogeneous bound-
ary conditions in zo at ag, bo. From, this it follows that

b2 b2
/ (0%u)0x3)ys dmgz/ u Yo" ds.

a2 a2

Thus (10.9.3) may be replaced by

b2
v 4+ @y + Mpiyn = plz/ (Y5 + q2y2 + Aip21y2) u dxs.

as

In view of (10.8.1), the right is the same as

ba
—P12/ A2p22y2t dTo = —AoD12Y1.
as
Thus

y1”" + (A\ip11 + Aapi2 + 1)y = 0,

as was to be proved.

The above argument was of a formal nature; we do not need for the p,s to
have any specified signs, or even that they be real-valued. To complete the
discussion, however, we must impose restrictions of this nature. We then have

Theorem 10.9.2. Let the pys(z,), g-(z,) be real and continuous, and let
po2(x2) > 0, pr2(x1) < 0, as in (10.8.3). Then for any real A1, the space
of solutions of (10.8.5)~(10.8.7) has finite dimension, and is generated by prod-
ucts of solutions of (10.8.1)—(10.8.2), for a finite set of values of As.

We may assume that A; is an eigenvalue of (10.8.5)—(10.8.7), since otherwise
the space of solutions would have dimension 0. For such A\, we may consider
(10.8.1)-(10.8.2) as providing two distinct eigenvalue problems in which A\; is
fixed and Ay is the parameter to be determined. In the problem given by
(10.8.1)—(10.8.2) with r = 2, the coefficient of Aays is pa2(22), which we take to
be positive. This is therefore a Sturm-Liouville problem of standard type, in
which the eigenvalues for Ay form an increasing sequence, with no finite limit-
point. In the problem given by (10.8.1)-(10.8.2) with r = 1, the coefficient
of \ay1 is p12(x1), which we take to be negative. In this case, therefore, the
eigenvalues A\ form a decreasing sequence, with no finite limit-point. Thus the
two sequences of eigenvalues Ao can have at most a finite number of members
in common.
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Let now
yém)(mZ)v ’ITLZO,].,...
be a complete system of eigenfunctions of the problem (10.8.1)-(10.8.2) with

r =2, and let )\(Zm), m =0, 1, ...be the associated eigenvalues; here we continue
to treat \; as fixed. We form the Fourier coefficients

b2
cm(xl):/ u($1,$2)yém)($2)p22($2)d%z. (10.9.4)

2

By Theorem 10.9.1, ¢, (x1) must satisfy the eigenvalue problem (10.8.1)-(10.8.2)

with » =1, and with A\ = /\gm). Hence either ¢, (z1) is identically zero, or else
)\gm) is a common eigenvalue of the problem (10.8.1)—(10.8.2) given by fixing A;.
As we have shown, this is possible for at most a finite number of values of As.
The eigenfunction expansion of one-parameter Sturm-Liouville thus ensures a

representation

-1
ba

u(x, o) Zcm (z1)yy (x2) {/ P22|y§m)|2d§2} ,
a2

as a sum of products of solutions of (10.8.1)—(10.8.2) in which the sum is taken
over a certain finite set only. This proves the result.

We sum up our result for the completeness of eigenfunctions as

Theorem 10.9.3. Let the p.s(x.), q-(z), ar <z, <b,., r, s =1,2 be real and
continuous, with paa(xe) > 0, p12(x1) < 0. If the eigenfunctions of the partial
differential equation problem (10.8.5)—(10.8.7) are complete in a space, then the
eigenfunctions of the two-parameter problem (10.8.1)—(10.8.2) are complete in
the same space.

We have reduced the problem of the completeness of eigenfunctions in the
two-parameter case to that of the completeness of the eigenfunctions for a
one-parameter problem for a partial differential equation. One may consider
this last problem as solved classically; however, for completeness we sketch a
treatment here. Our treatment will rely rather heavily on the positivity of the
coefficients paa(z2), —p12(z1) of the second-order terms in (10.8.5), and to a
lesser extent on the positivity of the coefficient (p11pa2 — p12p21). We recall
that if the latter holds, that is to say, “condition (A),” then the former can
be arranged, though we can also arrange that pss > 0, p12 < 0 under the less
demanding (if k£ = 2) condition (B). We first assume that condition (A) holds.

Theorem 10.9.4. Let p.s(z,), ¢-(x), ar < z. < b, 7, s = 1,2, be real and
continuous, and let p(z) = p11(z1)paz(w2) — pr2(z1)pa1(z2) > 0 in this domain.
Then the eigenfunctions of (10.8.1)~(10.8.2) form a complete set in the space
of functions f(x1, x2), ar < xp < by, v = 1,2, which are Lebesgue-measurable
and square-integrable over this rectangle.
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The proof of Theorem 10.9.4 proceeds as follows: On the basis of Section 4.11,
we can arrange, by means of a linear transformation (4.11.2), that the p,(z;)
have the fixed signs indicated in (4.11.3—4.11.4). Supposing this done, we note
that we can choose a real v, large and negative if necessary, so that the problems

2" (xy) + {qr () + vpr1(zr) + A} 2 (1) = 0, (10.9.5)
zr(ay) cos o = 21 (ay) sin a., 2. (by) cos B, = z..(b,) sin By, (10.9.6)
where 7 = 1,2, both have purely positive spectrum.
We then write (10.8.5) in the form
Au+ N Bu = 0; (10.9.7)

here the operators A, B are defined by

—A = p22d?/ 02} — p120?/073 + (p2oqi — p12¢2)
+y(p11p22 — P12P21) (10.9.8)
B = (p1ip22 — pi2p21), M =7+ M\ (10.9.9)

in which B acts, of course, by multiplication.

We are then concerned with the completeness of the eigenfunctions of the
problem formed by (10.9.7), with disposable A}, and the boundary conditions
(10.8.6)—(10.8.7).2

10.10 Completeness via discrete approxima-
tions

It is well-known that finite difference approximations are not only basic numer-
ical tools, but can also serve to establish theoretical results of a general nature.
In the case of the completeness of Sturm-Liouville eigenfunctions, this argu-
ment goes back a long way; references to the work of Plancherel and Fort will
be found along with some discussion in Atkinson (1964a), with application to
a similar problem involving rational functions. In the ordinary Sturm-Liouville
case, a concise version of the argument has been given by B. M. Levitan; we
refer for this to Titchmarsh (1962). Here we adapt this argument to the mul-
tiparameter case.

2Editorial Remark: In all manuscripts the proof of Theorem 10.9.4 ends here. For a
plausible reconstruction of the remaining part of the proof, see the Notes at the end of this
Chapter.
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The argument proceeds in terms of the various Parseval equalities. In the ordi-
nary Sturm-Liouville case, one replaces the differential equation by a recurrence
or finite-difference equation, based on a finite subdivision of the basic interval,
thus replacing the original boundary-value problem by an eigenvalue problem
for a real symmetric matrix. The known completeness of the eigenvectors of
such a matrix yields the Parseval equality for the expansion of a suitably chosen
general vector. The final steps are to make the size of the subdivisions tend
to zero, and to ensure that the Parseval equality converges uniformly in this
process; this involves applying the Bessel inequality to a suitable function.

In the multiparameter version of the argument, the completeness of the eigen-
vectors of the approximating problems is no longer a matter of the completeness
of the eigenvectors for a finite-dimensional one-parameter problem. Two meth-
ods are available. We can appeal to the general theory of arrays of symmetric
matrices. In the resulting set of multiparameter algebraic equations, we apply
the completeness properties established in Chapter 7 of Atkinson (1972). Al-
ternatively, we can use the “Klein oscillation theorem” for sets of recurrence
relations, which ensures that there are just enough eigenvalues (k-tuples) for
completeness to hold. To obtain the uniform convergence, we need to apply
the Bessel inequality to several functions.

10.11 The one-parameter case

In this and the next section, we review briefly the proof by discrete approxi-
mation of the completeness of the eigenfunctions for the one-parameter Sturm-
Liouville case?

v+ (Op(z) —q(x)y =0, a<z<b, p(x)>0, in (a,b), (10.11.1)

with suitable separated boundary conditions. We denote by y(z, A) the solution
with initial data
y(a,\) =sinca, y'(a,\) = cosa,

and the eigenfunctions by y,(x) = y(x, \,), where Ao, A1, ..., are the eigenval-
ues.

We consider the expansion of a function f such that

/p(ﬂﬂ)lf(ﬂﬂ)l2 dx < oo, (10.11.2)

3Note the change of sign before the coefficient g(x) in this and subsequent sections.
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all integrals being over (a, b). This takes the form

F@) ~ > cnyn(@)/pn, (10.11.3)

where

Cn

/p(w)yn(a:)f(x) dz, (10.11.4)

Pn = /p(x)|yn(x)|2dx (10.11.5)

The validity of this expansion in the space of functions given by (10.11.2) is
characterized by the “Parseval equality”

[r@lr@P de =Y leo/ (10.11.6)

» »

The same result with “ > 7 instead of “ =" is the “Bessel inequality,” which
is trivially true. The statement (10.11.6) is independent of the way the eigen-
functions are normalized.

For the sequel, it will be relevant to comment on the rate of convergence of
the series on the right. For this purpose, we suppose that f, f’ are absolutely
continuous, that both vanish at the endpoints, and that

g="(af = f")/p (10.11.7)

lies in the space (10.11.2). We apply the Bessel inequality to the expansion of
g. We write

d, = / PgYn d
so that

dp = /(qf — [yp dx = /f(qyn —yYdr = A\ /pynf dx = Ancpn, (10.11.8)

where we have used integration by parts and the boundary conditions. The
Bessel inequality for g then implies that

/p92 dx > Zd%/pn = Z(Ancn)z/pn. (10.11.9)

We deduce that, for any A > 0,

> /pn < A*2/p|g|2dx. (10.11.10)

An>A

We proceed to discretize this argument.
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10.12 The finite-difference approximation

We pass now to finite-dimensional approximations. For this we consider a

sequence of integers m, tending to oo, for each of which we divide the interval

a, b) into m equal parts, of length h = (b — a)/m, by nodes x,;, = 2™ such
(a, b) qual p g y 5

J
that
a=x9g<x1 << Ty, =b. (10.12.1)

For an eigenfunction expansion, we replace y(z) by a piecewise linear function
z(x) = 2" (2, ), determined at these nodes by initial data

z(xg) =sina, z(x1) =sina+ hcosa, (10.12.2)
together with the three-term recurrence relation
h2A%2(z;) + 2(x;) {\p(x;) — q(x;)} =0, j=1,....m—1 (10.12.3)
where the second-order difference operator A? is given by
A%z(z;) = 2(2j41) — 22(x5) + 2(zj-1). (10.12.4)
We then set up the algebraic eigenvalue problem
2(xp) cos B = h™H{2(x) — 2(xm_1)} sin . (10.12.5)

For small h > 0, we shall have sin o+ h cosa # 0 so that z(x,,) is a polynomial
of degree m — 1 in \. Likewise, for small A > 0 we have cos 3 — h™!sin3 # 0
so that (10.12.5) is a polynomial equation of degree m — 1, and there will be
just m — 1 eigenvalues all distinct and real, say,

= p™, n=0,...,m—2, (10.12.6)

which could be characterized by oscillatory arguments. The corresponding
eigenfunctions z(x, y;) are orthogonal in the sense

th(xj)z(xj,un)z(xj,u%) =0, n#n (10.12.7)
with all summations over 1,...,m — 1. For any function f(z), we have an
expansion, valid at the x;,

£l = 3 ey n) o (10.128)

where

=S b))z () (@) 0w =S plag) 2@y )2 (10.12.9)
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The Parseval equality is

Yool @) =D 1l /o, (10.12.10)

which is certainly valid in this finite-dimensional situation; this will need more
attention in the multiparameter case.

In (10.12.9), we have suppressed the dependence on m, but will now re-introduce
it and make m — oo, with a view to obtaining (10.11.6) in the limit, for suit-
able f. Let us assume that f € C”[a, b], and that f =0 in neighborhoods of a
and b. It is clear that the left of (10.12.10) tends to the left of (10.11.6), if p
is Riemann-integrable on [a, b]. It is also clear, by standard results [Faierman
(1969)] on discrete approximation and initial-value problems, that for any fixed
w, we have

/
2 (@) = y(a,p), 2™ (@ n) =y () (10.12.11)

as m — oo, uniformly on [a, b]; in the latter case, 2(m)’ may be interpreted as a
one-sided derivative when taken at a node. From this we see that if u%m) tends

to a limit A as m — oo, then A must be an eigenvalue of the original problem,
and that

By pla™)e @™ w) ™) — / p@)y(e,p)f(@)de,  (10.12.12)

Ry pl™)22 @™, p) — /pgf(x,m da. (10.12.13)
J

We now have to consider the convergence properties as m — oo of the m — 1
eigenvalues of the discrete problem. For this purpose, we choose some (large)
A > 0, and for each m divide the eigenvalues u%m) into two classes, those for

which

|ulm) | < A, (10.12.14)
or
|{™| > A. (10.12.15)

Our first remark is that the number of eigenvalues in the class (10.12.14) with
fixed A remains bounded as m — oo. In the contrary event, there would be an

unbounded m-sequence with two distinct eigenvalues uﬁf”), uﬁ{”'), both tending
to the same limit 4 as m — oo. In view of (10.12.7), this would imply that

/p(x)yz(x,u) dx =0,

which is impossible. It follows that by selection of a subsequence of m-values,
we may arrange that the eigenvalues in class (10.12.14) all converge, say,

,u%m)—>)\n, n=20,...,N,



10.13. THE MULTIPARAMETER CASE 183

where the A, are distinct eigenvalues of the full problem, and

V2 )on — €2/ pn. (10.12.16)

It remains to consider eigenvalues of the class (10.12.15). For this we need
the analogue of the argument (10.11.7)-(10.11.10). We have, dropping the
superscripts “(")” and using the boundary conditions on f for large m,

Sdq(xy) f(xg) — h 2 A2 f(x5) Y2 (2, pn)
=Y Aa(@j)z(x), pn) — B 2A%2 (x5, pn) f(25) = pn o p(25) f (25)2(25, fin).

We introduce, in analogy with (10.11.7), the auxiliary function
wj = {q(z;) f(x;) — k2% f(25)}/p(x;)

and write
O =Y pla)w;z(x;),
so that the above gives, in the notation (10.12.9),
On = HnVn-
Again we have by the Bessel inequality (though exact in this case)

th(mj)wgz‘ 2 2572;/071 = Z(Nn'yn)z/an'
Hence

> wPon SATRY pla)w?. (10.12.17)

[Hn|>A

It might be noted that we did not prove that every eigenvalue of the contin-
uous problem will appear by way of a limit from the discrete approximation.
However, it is sufficient to know that the Parseval equality is true for a subset
of the expansion coefficients.*

10.13 The multiparameter case

We now go through the analogue of the argument of §10.11 in the case of the
system (5.2.1-5.2.2) in the original continuous case, leaving the discrete approx-
imation to the next section. We now start with a given function f(x1,...,xy),

4The construction ends here in all manuscripts. For a possible reconstruction, see the
Notes.
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assumed to have continuous second-order partial derivatives, and to vanish in
a neighborhood of the boundary of the box I. In analogy with (10.11.7), we
now define k functions

gs(1, .., x), s=1,...k, (10.13.1)
by
k
0*f 022 — qrf + > prolan)gs =0, (10.13.2)
1
forr=1,...,k, ar < x, <b,.. These functions are well-defined since we assume

that det prs # 0. We need the analogue of the results (10.11.8), connecting
the Fourier coefficients of f and the gs.

Let (A1,..., A\x) be any eigenvalue, and [] y,(x,) the corresponding eigenfunc-
tion. We multiply the r-th equation (10.13.2) by y,(z,) and integrate over
(ar,b,). Integrating by parts as in (10.11.8) we get

b, b,
/ (40f — 021 /022y, di, = / Flaryr — o) dar,

r

and hence, using (5.2.1),

k by k by
Z AS / prsyT dx'l" - Z / gsprsyr dxr, (10133)
s=1 ar s=1"Yar

forr =1,..., k. Here, for any such r, the expressions on each side are functions
of the x;, where t # r.

Choosing now j,r, with 1 < j,r < k, we multiply (10.13.3) by

Py [ wele),

t#r

where P,; is the co-factor of p,;, and integrate with respect to the x¢,t # r,
and finally sum over r. This gives

)‘j/pryr dx = /gijyr dz, (10.13.4)

where p = detp,s, 1 < j < k and the product extends over all indices r =
1,...,k. This is the desired relationship.

We may now deduce a Bessel inequality for each of the g;, or for that matter for
any linear combination of them. Going over to a compact notation, we define

en = /py(")f dz, dj, = /py(”)gj dz, p, = /ply(”)lzalﬂﬂ5 (10.13.5)

5The construction ends here in all manuscripts. For further details, see the Notes.



10.14. FINITE DIFFERENCE APPROXIMATIONS 185

10.14 Finite difference approximations

With the y, defined as in (10.3.1)-(10.3.2), for an unbounded sequence of in-
tegers m — oo, we form finite-difference approximations to these functions,
denoted by

ze(xy) = zfqm)(xr), ar <z, <b., r=1,....k (10.14.1)

the superscript “(")” will often be omitted. To form these, we first divide the
intervals [a,, b,] into m equal parts, of length

hy = h{™ = (b, — a,)/m (10.14.2)
at nodes x,; = acyjn) such that
Ar = Tpg < -+ < Ty = by, (10.14.3)

For simplicity, we take m to be independent of r.

As in the one-parameter case, the z, are initially defined at these nodes, starting
with the initial data

zr(Xpo) =sinay., z.(x,1) = sina, + h, cos a;.. (10.14.4)

We then continue the definition at the nodes with the aid of recurrence relations
h, 2A? 2r(2r5) + 2r(Trj) {Z AsDrs(ZTrj) (xrj)} =0, (10.14.5)

where j=1,...,m— 1.

Finally, we complete the definition of z,. between the nodes by linear interpo-

lation; z, will be continuous and piecewise linear, z,. being constant except at

the nodes.

The functional dependence is expressed in full by
Zﬁm)(xr) = ,2’7(‘7”)(1'7”7 )\1, ey )\k)

At the node x5, this will be a polynomial in Aq, ..., Ay of degree at most j —1.

Corresponding to the boundary condition at b,., we impose the condition

2r(Tym,) cOS By — hr_l{zr(xrm) — 2p(Tp 1) }sing, =0, r=1,... k.
(10.14.6)



186 CHAPTER 10. THE COMPLETENESS OF EIGENFUNCTIONS

Here the left is a polynomial in the A4, of degree at most m — 1.

The eigenvalues, k-tuples A1, ..., \;, will be common zeros of the equations
(10.14.6). We denote them by

pl™ = S, (10.14.7)
or more simply by p,, = fi1,,, - -, ty,,, Where n runs through some index set. In
place of (10.12.7), we have

k m—1
SN (pan — pen)rs(@ng) 2 (T, pin) 20 (@rjs i) = 0, n#0,
s=1 j=1
where 7 = 1,...,k, and so, if the eigenvalues are distinct, we have the orthog-
onality relation
m—1
det Z DPrs (mrj)zr (xrja ,U/n)zr (mrj» /~Ln/) - 0»
j=1
and so, by (4.2.4),
m—1 m— k k
> Z det prs(wru,) [ [ 20@rurs ) [ 20 (@rugs pinr) =0, m#0".
up=1 r=1 r=1 r=1

These constitute orthogonality relations between the eigenfunctions, which are

now products
k

112 @ru, ) (10.14.8)

r=1

defined on the k-dimensional grid

Tlugy -2 Thuy, Uj=1,...,m—1, j=1,... k. (10.14.9)

At this point, a new element enters the argument, in that we need to use
the completeness of the discrete eigenfunctions (10.14.8) on the set (10.14.9).
Assuming this, we can set up the finite-dimensional Parseval equality. We
define for the Fourier coefficients of f,

Yn = Z e Z detprs(mru,,.)f(xlul PRI al'k:uk) H Zr(xrura ,U/n)
Uk

u1

and the normalization constants

On = Z .. Zdetpm(xrw) H 22 (L, i)
uy U
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The Parseval equality then takes the form

> > det pra(@en ) (@rugs TR )P =D [l on, (10.14.10)
Ul Uk

and as before we have to make m — oo, and to show that the series on the
right is uniformly convergent with respect to m.

For this we need to introduce k auxiliary functions wg on the grid (10.14.9) by

k
h2A2f —qof +) praws =0, r=1,... .k (10.14.11)

s=1

This we may do since detp,.s # 0. Following the steps of Section 10.12 we
multiply by z, and sum over the grid-values of z,., the other x;, t # r, remaining

constant. We have
STA2f)z = f(AZ), (10.14.12)

and so we get

SN Aprezf =303 przews, =1,k (10.14.13)

where one summation is over s = 1,...,k, and the other over the x,,,. Both
expressions are functions of the x,,., v # r.

For some ¢, 1 <t < k, we multiply (10.14.13) by
Py H Zvs
vFET

formed with arguments x,,,, v # r, sum over these variables, and finally sum
over r. This gives

HsnTn = 5sn6
where the 7, are defined by the right-hand side of (10.14.13).

Notes for Chapter 10

For basic results on eigenfunction expansions in the one-parameter case Sec-
tion 10.2, the reader may consult Atkinson (1964a) and Atkinson (1972).

An expansion theorem for periodic multiparameter Sturm-Liouville equations
on a finite interval with boundary conditions of the form v, (T;.) = v.(0) exp(it,),

SCuriously enough, this construction ends here in all manuscripts as well. For further
discussion, see the Notes.
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yr(T,) = y.(0)exp(it,), r = 1,2,...,k was given by Guseinov (1980) with a
similar result for finite difference equations (a topic to be considered in a later
chapter).

The point of view that treats the question of an expansion theorem for func-
tions in C?(0, 1) via partial differential equations has been taken up by Faier-
man (1978) in the two-parameter case; see also many further references by this
author in the bibliography regarding this question. The construction of a spec-
tral measure in the three-parameter case is accomplished by Almamedov and
Aslanov (1986a), (1986b). In particular, Faierman and Roach (1988b) consider
the question of full and half-range expansions in the general multiparameter
case.

An abstract expansion theorem is presented by Konstantinov (1994); see also
Konstantinov (1995) and Konstantinov and Stadnyuk (1993). The uniform con-
vergence of the expansion is studied by Rynne (1990) in the case of sufficiently
differentiable coefficients. A nice though now dated survey on the eigenfunction
expansion question is given by Volkmer (1984b).

Comments on the proof of Theorem 10.9.4: The theorem itself may be proved
using discrete approximations as was done originally by Faierman (1966), (1969).
The idea is that the transformation described in §4.11 that leads to (4.11.3-
4.11.4) shows that we may assume without loss of generality that pia(z) < 0.
Hence the partial differential operator —A defined in (10.9.8) is elliptic. Now
the operator B is invertible, by assumption, so it follows that B~ A is symmet-
ric in the rigged (L2, ()) space with inner product defined by [f,g] := (Bf,g).
It is then a matter of showing that the operator B~'A is self-adjoint and the
result follows. Omne possible continuation of the argument presented here can
be found in either Faierman (1991b, Chapter 2 and pp. 57-59), Volkmer (1988,
§6.8) or even Berezans’kii (1968).

The technique being described, that is, of rewriting the problem as a generalized
(symmetric) eigenvalue problem for a pair of operators (i.e., a partial differential
operator and a positive multiplication operator) is one that has been exploited
successfully in a number of subsequent papers by Faierman (1981a, 1981b,
1983a, 1985, 1986).

Comments on the construction in Section 10.12:

Note that the right-hand side of (10.12.17) is O(A~2) since the product of the
remaining terms are O(1), as this is an approximation of the integral

/ p(@)g(x)? da,

where g(z;) = w; and this integral is finite by virtue of (10.11.7) and the
assumptions on ¢ at the outset. Since |u,| > A we get from (10.12.17) the
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lower bound

> vnfon=0(A), (10.14.14)

|Hn|ZA

as A — oo, where the O-term is uniform in m. Thus,

lim sup Z V2 /on = 0. (10.14.15)

A—oo
" [pn|>A

Combining (10.14.15) with (10.12.16) we deduce that

m—2 00
§ : 2 § : 2

’Yn/O'n - Cn/pnv m — o0.
n=0 n=0

Hence, by (10.12.10), (10.11.6) and the fact that if the Parseval equality holds
for a subset of Fourier coefficients of f then by the Bessel inequality it holds for
all Fourier coeflicients, we see that the Parseval equality holds for all functions
that are C?[a, b] and vanish along with their first derivatives at both a, b. Since
these are dense in L2[a, b] the completeness follows.

Comments on the construction in Section 10.13: We proceed as in the previous
paragraph noting that Atkinson’s “compact notation” helps to bring about
a major simplification in the derivation of the completeness question. This
notation is enforced in the sequel.

First we observe that by the Klein oscillation theorem the eigenvalues can be
uniquely indexed according to the oscillation numbers of the non-trivial solu-
tions of (5.2.1-5.2.2). Thus we can suppose that they are indexed serially and
denote them by A\i,,,..., Akn, for n = 0,1,2,..., with their associated (real)
solutions being denoted by y1,,(x1), - .., yrn(zx). The quantities ¢y, djn, pn de-
fined in (10.13.5) have

k
y" =[] vm(er).
r=1

Now the Parseval equality takes the form

/P\f|2 dz = |enl*/pn, (10.14.16)

because of the presence of the p,-term in the general form (10.11.3). On the
other hand, the Bessel inequality (which is clear) takes the form of the preced-
ing equation with equality replaced by >. The equation that corresponds to

(10.11.8) is (10.13.4), or
djn = )\jncn.

The latter, when used in conjunction with the Bessel inequality, gives

/ PlosPdz > 3 (dinl2/on = 3 (Agncn)?/on
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As before, for A > 0 and |A;,| > A we derive that (cf., (10.11.10))
S leaPlon <A [ Plod.
‘Ajnle

We now move on to the last remaining gap, the one to be found at the end of
Section 10.14.

Comments on the construction at the end of Section 10.14: The quantities figy,
dsn are defined, respectively, by (10.14.7) and

Osn = Z e Z{detprs(xmr)}ws(xlul, ey Xy, ) H 2r (Tpu, s fn ), (10.14.17)
Ul Uk

that is, the Fourier coefficient of wy (of course this depends on m). We follow
closely the argument of Section 10.12 leading to (10.12.16), which, when applied
to this case, shows that

V2[00 — ¢ pn 81— 00

(even if for a subsequence only). In order to prove the continuous Parseval
equality (10.14.16), it is sufficient to show that

li 2/o,| = 14.
Ngnoosgprgvlvn/anl 0, (10.14.18)

since this and the previous display together give that

N-—2 [e%s)
. 2 2
Jim Y dfon =) ch/pn
n=0 n=0

which on account of (10.14.10) gives the desired result. Note that (10.14.18)
holds if and only if

lim sup Y |72 /on|=0. (10.14.19)

A—oco m R
a1 [Hsn|>A

Let A > 0. If lezl |tesn| > A, then there exists at least one s, 1 < s < k, such
that |psn| > A/k. Applying the Bessel inequality to ws, we get

D > Adet pra(@re, )} ws (@1, - 2P =Y |0enl?fom
ul Uk

= Z llusn’Ynlz/O'n
NET2Y " i onl.

Y

But the left side is bounded uniformly as m — oo, by our assumptions on
f and so on wg, hence so is the right side upon taking the supremum and
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then the limit. This yields (10.14.19) and so (10.14.18). The Parseval equality
now holds for functions f(z1,...,2x) assumed to have continuous second-order
partial derivatives, and that vanish in a neighborhood of the boundary of the
box I. The result for L? follows from a density argument.

10.15 Research problems and open questions

1. Is the dimension of the solution space referred to in Theorem 10.9.2 finite
dimensional regardless of the sign conditions on the coefficients?

2. Determine the extent of the validity of Theorem 11.6.1 in the case where
for some r we have det p,s(x,) = 0 identically on a subinterval of a, <
T, < b,.



Chapter 11

Limit-Circle, Limit-Point
Theory

11.1 Introduction

We first recall a standard formulation for the one-parameter case. Let g(z),
a < x < 00, be real and continuous. For the differential equation

y'+ (A —q(2)y=0, a<z<oo, (11.1.1)

we introduce the following basic classification:

(i) the equation is in the “limit-circle” condition at oo if all solutions are in
L*(a, 00),

(ii) the equation is in the limit-point condition at oo if there is a solution
not in L?(a, o0). It is known, from the fundamental work of Weyl, that the
classification does not depend on the choice of the parameter A; if all solutions
are in L?(a, co) for some \, real or complex, then this is the case for all A.

The classification thus pertains to the differential operator —d?/dx? + q(z),
acting on a space of suitably differentiable functions on (a, co). It leads to a
classification of this operator as being “essentially self-adjoint,” or not when
acting on a space of suitably differentiable functions satisfying a Sturmian initial

193
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condition at z = a, and to the notion of the “Deficiency-indices” of such an
operator.

The classification has a crucial effect on the eigenfunction expansions associated
with (11.1.1) and an initial condition

y(a)cosa =y (a)sina. (11.1.2)

In the limit-point case, there is just one such expansion; it need not take the
form of a discrete series expansion. In the limit-circle case, there is a whole
family of series expansions. These may be obtained by imposing a boundary
condition at oo, in addition to (11.1.2). To formulate this, we choose a family
of solutions y(z, A) of (11.1.1) with y(a, \) = sina, 3'(a, A\) = cosa, choose
some real p to be an eigenvalue, and then determine the remaining eigenvalues
by asking that

y'(z, Ny(a, p) = y(@, Ny’ (z, p) — 0. (11.1.3)
In an alternative procedure, we choose any b > a, any real 3, and impose
together with (11.1.2) the boundary condition

y(b) cos B =y (b) sin 3. (11.1.4)

The idea is then to set up the associated eigenfunction expansion over (a, b),
and then to proceed to the limit in some sense as b — oo, with § possibly
varying with b. It turns out that under certain conditions we obtain a unique
eigenfunction expansion in this way in the limit-point case, and a family of
eigenfunction expansions, of series type, in the limit-circle case.

In the one-parameter case (11.1.1), we have followed the standard practice
in taking the coefficient of A to be unity. This covers many cases of practical
importance, either directly or by way of a change of variables, and is convenient
from the point of view of classical operator theory. However, this cannot be
done in the multiparameter situation. For the generalization of (11.1.1) given
by

v+ (Ap(z) —q(x)y =0, a<xz<oo, (11.1.5)

where p(z) is continuous and positive, the corresponding classification deals
with whether for all solutions the integral

/oo (@) y(@) 2 dz (11.1.6)

converges, to a finite limit. If so, we speak of the limit-circle case, and if not of
the limit-point case. Again, the classification is independent of the choice of .

In the multiparameter case, an additional complication presents itself, in that
the coefficients of the spectral parameters need not have fixed signs. However,
the manner of dealing with this must be deferred to a later section.
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11.2 Fundamentals of the Weyl theory

We outline here proofs of certain basic propositions. The first of these cov-
ers the property, already referred to in §11.1, that the limit-point, limit-circle
classification of (11.1.1), or indeed (11.1.5), is independent of the choice of A.

Theorem 11.2.1. Let g1(x), g2(x), a < x < o0, be continuous, with h(x) real
and non-negative. Let all solutions of

¥ +q1y=0, a<z<oo, (11.2.1)
satisfy
o0
/ hly|? dz < oo. (11.2.2)
a
Then if
lg2(x) — g1(x)] < Kh(z), a<z < oo, (11.2.3)

for some constant K, all solutions of
y' + 92y =0, a<z<oo, (11.2.4)

also satisfy (11.2.2).

For the proof, we use the method of variation of parameters. Let y1, y» be a
pair of linearly independent solutions of (11.2.1); for convenience, we choose
them so that

Y1y2 — yay1 = L. (11.2.5)
For any solution y of (11.2.4), we set

Y =uiyr + ugy, Y =uiyy + ugys, (11.2.6)

so that
0 =wiyr +usyz, (91 — g2)y = uiy; + usys.
Hence, using (11.2.5),

uh = (g1 — g2)yy2, uh = (92 — g1)yy1.

Using (11.2.6), we get the system of linear differential equations

!

uy = (g1 — 92)y1yeur + (g1 — g2)y3uz, (11.2.7)
uy = (g2 — g1)ytur + (92 — 91)y1y2us. (11.2.8)
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Here the coefficients of u1,u2 on the right are in L(a, o0), in view of (11.2.3),
the Cauchy inequality and our assumption that yi, yo satisfy (11.2.2). Hence,
by a known theorem on linear differential systems wq, us tend to finite limits
as r — oo, and in particular are bounded. It thus follows from the first of
(11.2.6) and the boundedness of u1,us that y itself satisfies (11.2.2), as was to
be proved.

Weyl’s second main theorem on this topic has a different character.
Theorem 11.2.2. Let g(z), a < x < o0, be continuous, and let
Img(z) >0, a<uz<oc. (11.2.9)

Then
y' +9y=0, a<z<oo, (11.2.10)

has a solution, not identically zero, such that

/OO Im g(x)|y(x)|? dz < co. (11.2.11)

Let y1, y2 be linearly independent solutions of (11.2.10), with real initial data,
say, with

yi(a) =1, yi(a) =0, y2(a) =0, yh(a) = 1. (11.2.12)
Let b > a be such that ,
/ Img(z)de >0: (11.2.13)

if there is no such b, that is to say, if Im g(z) vanishes identically, the proposition
is trivial, and so we suppose that (11.2.13) holds for suitably large b. For such
b, we denote by C'(b) the collection of m-values such that if

Yy = y1 +mysa, (11.2.14)

then
Im {y'(b)/y(b)} =0, or y(b) = 0. (11.2.15)

It will turn out that C(b) is a circle in the complex plane, and that if D(b)
denotes the closed disc bounded by this circle, then D(b) includes D(b') for any
b >b.

We note first that if y satisfies (11.2.10) and is given by (11.2.14), then
y' (0)y(b) — v ()y(b) {v'(a)y(a) — y'(a)y(a)} +
+ [ 0 @@ - ) do

= (m—m)+/{g—g}\y|2dx. (11.2.16)



11.2. FUNDAMENTALS OF THE WEYL THEORY 197

The set C'(b) may equally be described by (11.2.15) or by

y' (b)y(b) — ' (b)y(b) =0 (11.2.17)
and so, in view of (11.2.16) by

b
/ Im g(z)|y(x)]* dz = Imm. (11.2.18)

We denote by D(b) the set of m satisfying

/b Im g(z)|y(z)|* dz < Tmm. (11.2.19)

We have at once the “nesting” property that
D) D> D) ifb< Vs (11.2.20)

the effect of increasing b in (11.2.19) is to sharpen the inequality, so that the
admissible set of m is certainly not increased.

We claim next that the sets D(b) are, for b satisfying (11.2.13), bounded and
non-empty. For the first statement, we expand the left of (11.2.19), using
(11.2.14), as

b
/ Tm g{[y1]? + Ty + mgiys + [ml2lyal?} de.
a

Here the coefficient of |m/|? is positive by (11.2.13), and so if we make m — oo
in any manner, the left of (11.2.19) tends to oo as |m|?, while the right is of
order m. Thus D(b) is bounded, subject to (11.2.13).

To see that D(b), indeed C(b), is non-empty we note that it contains the point

m = —y1(b)/ya(b). (11.2.21)

Here y2(b) # 0, again subject to (11.2.13); if y2(b) = 0, we would obtain a
contradiction on using (11.2.16) with yo replacing y.

Thus, assuming (11.2.13) to hold for some b and so for all large b, we have that
the sets D(b) constitute a family of bounded nesting closed non-empty sets,
which must have a point in common. Let mg be one such point; it need not
be unique. Then (11.2.19), with y = y1 + moy2, is true for all b, and so is true
if we make b — oo on the left. Thus (11.2.11) holds for this solution, which is
not identically zero. This completes the proof.

We give the geometrical refinements that justify the terms “limit-circle,” “limit-
point.”
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Theorem 11.2.3. Under the assumptions of Theorem 11.2.2, and assuming
(11.2.13) to hold for large b, there are two possible cases;

(i) all solutions of (11.2.10) satisfy (11.2.11), and the circles C(b) tend to a
limit-circle, or

(i) there is a solution of (11.2.10), which does not satisfy (11.2.11), and the
circles C(b) tend to a point.

We prove that C(b) is indeed a circle, subject to (11.2.13), and will obtain the
result by calculating its radius. Using (11.2.15) we have that C'(b) is the inverse
image of the closed real axis under the fractional-linear map

w = {y1(b) + 2y5(0)}/{y1(b) + zy2(b) }; (11.2.22)

this is a non-degenerate conformal map in view of (11.2.12) and has as its
inverse

2 = {wyi(b) — o5 (0)}/ (v () — wy2 ()} (11.2.23)

Here C(b) is obtained by letting w describe the real axis; it is necessarily either
a circle or a straight line, and cannot be the latter since, as we showed earlier,
it is bounded.

Tts radius will be half the greatest distance between any point (11.2.21), with
real w, and the particular point (11.2.23) of C(b). Using (11.2.12), we find that
this radius is

(1/2) sup [ya(b){wy2(b) — ya(b)} ",
the “sup” being over all real w. Since, subject to (11.2.13), which ensures that
y2(b) # 0, . / /
min [wyz(b) — y5(b)] = [y2(b)[[Im {y2(b)/y2(b) },

we have that the radius of C'(b) is

1253(6) Im {y3(0)/y2(0)} " = [21m {y5(b)y=(B)}| "

Using (11.2.16) with yo replacing y, we have that the radius is

-1
b
{2 / Im g(z)|y2 () |? dm} . (11.2.24)
a
We now discuss the two possibilities
/ Im g(x)|y2(z) > dz < oo, (11.2.25)

/00 Im g(x)|y2(z) > dz = oc. (11.2.26)
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In the first of these, we have case (i) of the theorem. For then the circles
C(b) contract to a circle, and the discs D(b), which they bound, have a non-
trivial disc in common. In particular, these discs have at least two points in
common, so that there are at least two values of m that satisfy (11.2.19) for all
b. This gives us two linearly independent solutions satisfying (11.2.11), so that
all solutions satisfy (11.2.11). If (11.2.26) holds, then the radius of the circles
C(b) tends to 0, so that they tend along with the discs D(b) to a point; in
addition, of course, we have a solution not satisfying (11.2.11). This completes
the proof.

11.3 Dependence on a single parameter

In this section, we interpret and extend the results of the last section for the
case of an equation of the form

v (z) + {p(z) — q(2)}y(z) =0, a<x<oo. (11.3.1)

It will be assumed throughout this section that p(x), ¢(x) are continuous and
real-valued, and that p(z) is non-negative and not identically zero. From The-
orems 11.2.1-11.2.3 we have immediately

Theorem 11.3.1. For the equation (11.3.1), there are two possibilities. Either
(i) all solutions of (11.3.1) satisfy

/00 p(x)|y(x)]? de < oo, (11.3.2)

for all values of A\, real or complex, or alternatively (ii) for every value of A,
real or complex, there is at least one solution not satisfying (11.3.2). In either
case, if Im A # 0, there is at least one non-trivial solution satisfying (11.3.2).

The case that (11.3.2) holds for all y and all A is naturally termed the “limit-
circle case”; that that for all A there is a solution not satisfying (11.3.2), is the
“limit-point case”.

For the former case, we can attach a certain uniformity to the result (11.3.2).
The basis for this is

Theorem 11.3.2. Let (11.3.1) be in the limit-circle case. Let, for some fized
a, y(x, \) denote the solution of (11.3.1) such that

y(a,\) =sina, 3y'(a,\) = cosa. (11.3.3)
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Let z1(x), z2(x) be solutions of
2"(x) —q(z)2(z) =0, a<z<oo, (11.3.4)
such that
z1(a) =0, 2i(a) =1, z2(a)=1, z5(a)=0. (11.3.5)

Then there are entire functions Ui(\), Us(\), which do not vanish together,
such that, as x — o0,

y'(z, \)z2(x) — y(z, N2 (x) — U (M), (11.3.6)
y(x, N)2) () — o' (2, N) 21 (x) — Ua(N). (11.3.7)

This follows by a refinement of the proof of Theorem 11.2.1. We define functions
Ul(l‘, )‘)? ’U,Q(J?, )‘) by

2 2
y(z,\) = Zus(x, Nzs(z), ¥ (z,N) = Zus(x, A)zL(z), (11.3.8)
1 1

and so have, as in (11.2.7)—(11.2.8),

uy(e, ) = =Ap(a){z1(2)z2(2)ur (2, X) + 23 (2)uz(z, N)},
uhy(z,\) = A\p(x) {23 (2)ur (2, \) + 21 (2) 22 (2)uz(z, N} (11.3.9)

The initial condition (11.3.3) gives

ui(a, ) = cosa, uz(a,\) =sina. (11.3.10)

This has the form of a vector-matrix system
u'(xz,\) = X A(z)u(z, N), ula, ) =ug #0, (11.3.11)

where u(z, \) is a two-vector, and A(x) is a two-by-two matrix of functions
in L(a, o). It follows from known results in differential equation theory that
ui(x, A), uz(z, \) tend as & — oo to entire functions Uy (A), Uz(A), uniformly
in any compact A-region; these limiting functions cannot vanish together, since
the initial values (11.3.10) are not both zero.

In particular, uj(z, A), uz(x, A) are uniformly bounded for

a<z<oo, [A<A,
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for any fixed A. An easy application of the Gronwall inequality to (11.3.9)-
(11.3.10) yields the bound

[ur (25 A)| + |ua(z; N)| < Jug| exp {2|/\|/ p{|z1)? + |22|2}dt} , (11.3.12)

where |ug| = | cosa| + | sinal|. From this, we derive

Theorem 11.3.3. For the solution y(x, \) of (11.3.1) defined by (11.3.3), the
integral

/oop(x)|y(:c;)\)|2 dx (11.3.13)

converges uniformly in any bounded \-region.

For it follows from (11.3.12) that, for any fixed A > 0 and all |\| < A, there is
a finite C'(A) > 0 such that

ly(a; M) < C(A){[z1(2)] + |22(2)[}- (11.3.14)

We turn to a different aspect. We recall that a differential equation, in the real
domain, on a half-axis (a, 00), is said to be “oscillatory” if every solution has
an infinity of zeros, that is to say, if the set of zeros of any solution has no upper
bound. In the contrary event, when there exists a solution that is ultimately
of fixed sign as x — oo, the differential equation is “non-oscillatory.” In the
case of (11.3.1), with p(z) > 0, the Sturm comparison theorem shows that if
(11.3.1) is oscillatory when A = Ay, and A\; < Ay , then (11.3.1) is oscillatory
when A = A\y. Thus the real A-axis may be divided into at most two intervals,
according to whether (11.3.1) is oscillatory or non-oscillatory. In the limit-circle
case there is only one such interval.

Theorem 11.3.4. In the limit-circle case, (11.3.1) is either oscillatory for all
real \, or non-oscillatory for all real \.

We show that if A\ # Ao, and (11.3.1) is oscillatory when A = Ay, then it is
oscillatory when A = Ao. By a change of A-origin, we can arrange that A; = 0,
and so it will be sufficient to show that if (11.3.4) is oscillatory, then so is
(11.3.1), for any real \.

Supposing then that (11.3.4) is oscillatory, we have that z1(x), z2(z) have an
infinity of zeros; these interlace, and each takes alternating signs at the zeros of
the other. For the A-value in question, we have that Uy (\), U2(A) are not both
zero. Suppose, for example, that Uy (\) # 0, so that ui(z, A) # 0 for large x.
It then follows from (11.3.8) that, for large z, y(x, \) takes alternating signs
at the successive zeros of z3(z). Thus, y(z, A) has an infinity of zeros, as was
to be proved.



202 CHAPTER 11. LIMIT-CIRCLE, LIMIT-POINT THEORY

114 Boundary conditions at infinity

In the limit-circle case, the formulation in terms of eigenvalues and eigenfunc-
tions can be retained, with slight modifications. There are, at least, three ways
of specifying the behavior at oo, to take the place of the boundary condition
(11.1.4). These proceed

(i) in terms of the functions Uy (\), Uz(A) of (11.3.6)—(11.3.7). For some real
A, we ask for A such that

Ui () siny = Ua()) cos . (11.4.1)

(ii) in terms of the orthogonality. We designate some real p to be an eigenvalue,
and specify that A will be an eigenvalue if

- [ " p(@)y(a, Ny(e, ) dz = 0. (11.42)

(iii) in terms of a Wronskian. Again fixing some real p as an eigenvalue, we say
that A is an eigenvalue if

y(@, Ny’ (z, 1) = y(z, Wy’ (x,2) = 0, z — oo. (11.4.3)

In the limit-circle case, all these formulations make sense. In (11.4.1) the eigen-
values are given as the zeros of an entire function, in view of Theorem 11.3.2;
they thus form a discrete set, without finite limit-points. As to (ii), we note
that the integral in (11.4.2) exists, in view of (11.3.2). Passing to (iii), we note
that the limit in (11.4.3) exists, since it is given by the integral in (11.4.2).

Furthermore, these formulations are equivalent. As we have just noted, (11.4.2)—
(11.4.3) are mutually equivalent, and so we have to consider the relation of
one of them to (11.4.1), for suitable 4. Using (11.3.8) and the fact that
2129 — 2125 = 1, we have

y(@ Ny (@, p) = y(a, Wy’ (2, A) = ui(e, pua(z, A) — w (@, Nus (2, ).
(11.4.4)
Thus (11.4.3) is equivalent to

Ur(n)U2(A) = Ur(A)Uz2(p), (11.4.5)
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which is equivalent to a condition of the form (11.4.1).

Conversely, a condition of the form (11.4.1) is equivalent to (11.4.2)—(11.4.3),
for suitable p. To see this, we use a substitution of polar coordinate type,
defining a continuous (z, A) by

o(x; A) = arg{ug (x, \) + tuz(z, A)},  u(a,\) = a. (11.4.6)

Write also
P(A) =limp(z, ) = arg{U;(\) + iUz(N\)}. (11.4.7)

In particular, we have
¢(z,0) =9¢(0) = o (11.4.8)

What we have to prove is that () takes every value, modr, as A increases
on the real axis. In fact, 1)(\) is monotonic increasing, and tends to oo with .

This may be seen by considering the differential equation satisfied by ¢ (z, A),
as a function of z; using (11.3.9), we obtain

@' (2,N) = X p(x)(ur21 + uaz0)?/(uf + uj). (11.4.9)

This shows that if A > 0, ¢(z, ) is non-decreasing as a function of z, and
that it is increasing at zeros of p(x)y(x, A); furthermore, it is increasing as a
function of A, if x is so large that

/xp(t)dt > 0. (11.4.10)

Choosing b > a so that (11.4.10) holds when 2 = b, let A* denote the first posi-
tive eigenvalue of (11.3.1) with initial conditions (11.3.3) and terminal bound-
ary condition

y(b; N){21(b) cosa + z5(b) sina} = /' (b, \){21(b) cos a + 22(b) sin a};
this has been chosen so that we must have

m(b,\*) =a mod 7.

Since (b, A) is increasing in A, this implies in view of (11.4.7) that ¢(b, \) >
7 + «, and here in fact equality must hold. Since p(z, ) is non-decreasing in
x, we have ¥)(\) > 7 + a. By (11.4.7), we have that t()\) increases over an
interval of length at least 7, as X increases over (0, A*); this proves that (11.4.1)
gives an eigenvalue problem of the type (11.4.2)—(11.4.3).
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In (11.4.2)—(11.4.3), we use one eigenvalue p to determine the remaining eigen-
values. The question arises of whether we get precisely the same set of eigen-
values if this role of u is taken over by another member of the set determined
by p. That this is so may be seen from the version (11.4.5). Thus, in the limit-
circle case, if two functions of the form y(x,\), for various A, are orthogonal to
a third, in the sense (11.4.2), then they are orthogonal to one another.

The eigenvalue condition (11.4.5) may be put in the form

Y(A) = ¥(p) + n, (11.4.11)

where n is an integer, not necessarily positive. This may be used to number
the eigenvalues according to the oscillatory behaviour of the eigenfunctions even
when (11.3.1) is oscillatory.

11.5 Linear combinations of functions

The foregoing depended essentially on the positivity, or at least non-negativity,
of the coefficient p(x) of the spectral parameter A in the differential equation
(11.3.10). When extending the investigation to k differential equations in k
parameters, we have to consider both the positivity of a determinant of coef-
ficients, as in earlier chapters and also the positivity of linear combinations of
the coefficients appearing in a single equation. We start by taking up this last
topic in respect of positivity, and without reference to differential equations.

Let
ps(x), s=1,....k a<x<o0, (11.5.1)

be a set of real-valued functions. We can then define a set UT < RF as the
collection of real k-tuples (1, .., pui) such that

k
> peps(x) >0, a <z < oo (11.5.2)
1

This will be closed as a point-set in R¥. It will also be closed under the
algebraic operations of addition and of multiplication by non-negative scalars.
It may therefore be described as a cone; U™ will in any case contain the origin
(0,...,0). We shall be concerned with the richer situation described in

Theorem 11.5.1. Let the functions (11.5.2) not all vanish together for any x
in [a,00). Then the following situations are equivalent:
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(i) U" contains interior points,

(ii) there exist k linearly independent linear combinations of the ps(x), which
satisfy (11.5.2),

(iil) there is a positive linear combination

k
= paps() (11.5.3)

such that, for certain constants cs > 0,

Ips(x)] < esp(x), a <z < oo, (11.5.4)

(iv) there exist k linearly independent linear combinations of the ps(x), which
are positive on [a,0).

If the above situations hold, then the interior of UT consists of those points
(1, -y pui) such that for some positive A, B we have

<> neps(z) < Bplz), a <z <. (11.5.5)

Suppose first that (i) holds. Then U™ contains an open set in R*, and so
contains a set of k points

(B1js-- s tkg)s G =1,...,k, (11.5.6)

which do not lie in any proper subspace, so that

det p155 # 0. (11.5.7)

Since these points are in U™, we have

D peps(r) =0, j=1,...k a<z<oc. (11.5.8)

This is the situation of (ii), and so we have (i) = (ii).

Suppose next that (ii) holds. We take

k k
= Zzusjps (11'5'9)
1 1
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We then claim that
p(z) >0, a<z<oc. (11.5.10)

For it follows from (11.5.8) that p(z) > 0, and that equality can hold here only
if we have equality in all of (11.5.8). This is excluded by (11.5.7), and the
hypothesis that the ps(x) do not all vanish together. Using (11.5.7) again we
have that there are numbers vy; such that

k

p(z) = Z Vs Z 115 ().

j=1 t=1

Since
0< > psips(z) < pla),
by (11.5.8), (11.5.9), we deduce (11.5.4), with ¢s = > |vs;|. Thus (ii) = (iii).

We next remark that (iii) = (i). It follows from (11.5.4) that (p1,...,px) is an
interior point of U™,

Finally, we consider (iv). It is trivial that (iv) = (ii). In the converse direction,
we know that (ii) = (iii), so that it will be sufficient to show that (iii) = (iv).
This is proved by the remark that 3 psps(x) will be positive if > ¢s|ps—ps| < 1.
In view of (11.5.3)—(11.5.4), the set of such (p1, ..., ux), being open, certainly
includes k linearly independent members.

Passing to the last assertion of the theorem, we suppose that the conditions
(i)—(iv) all hold. We denote by int UT the interior of U'. For every set
(1, .., pi), there will be a B > 0 satisfying the second of (11.5.5), in view of
(11.5.4). Suppose first that there exists an A > 0 satisfying the first of (11.5.5).
Tt then follows from (11.5.4) that > ulps(z) > 0if Y |l — us| is suitably small;
we thus can conclude that (u}, ..,u}) € int UT. Suppose conversely that the
latter holds; we have to show that there is an A > 0 satisfying (11.5.5). Since
(p1, ..., px) € int UT, it can be expressed as a convex linear combination of
k linearly independent elements of U™, or for that matter as a sum of k such
elements. Writing

pi(a) =) psps(2), (11.5.11)
there will be a representation
ph(@) =33 oup(a),

where the o,; satisfy the same conditions (11.5.7)—(11.5.8) as the pg;. It then
follows, as in (iii) above, that

Ips(x)] < clp(z), s=1,...,k. (11.5.12)
From (11.5.3), we then have

p(@) <> lpslelp’(z), a <z <oo,
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and this is equivalent to the first to the first of (11.5.5). This completes the
proof of Theorem 11.5.1.

A positive-valued linear combination of the py(x), for which there exist ¢,
satisfying (11.5.4), may be termed “dominating.” The ratio of two such linear
combinations is bounded from above and away from zero.

11.6 A single equation with several parame-
ters
Let the functions ps(z), s = 1,...,k, ¢(x), be real and continuous on [a, c0).

We consider the equation

k
y"(z) + {Z Asps(x) + q(x)} y(z) =0, a<z< . (11.6.1)
s=1
We say that it is of “limit-circle type” if every solution satisfies

(o]
/ ps(@)|Jy(@)*dr < 00, s=1,... k. (11.6.2)

In the contrary event, that for some solution one of (11.6.2) fails, we say that
it is of “limit-point type.” The classification is not dependent on the choice of
the parameters. We have, as a simple application of Theorem 11.2.1,

Theorem 11.6.1. For the equation (11.6.1), there are just two possibilities.
For all sets of values of A1, ..., \g, real or complez, all solutions satisfy (11.6.2).
Alternatively, for every set of values of the s, there is a solution not satisfying
all of (11.6.2).

The limit-circle, limit-point terminology may be shown to be appropriate under
mild additional conditions on the ps(z). Let us assume that there is a linear
combination of the py(x), which is non-negative, and which does not vanish
identically. We can then justify the limit-circle notion, in the case (11.6.2). Un-
der slightly stronger conditions, we can justify the limit-point term, if (11.6.2)
fails.

We need first
Theorem 11.6.2. Let \,..., \; be such that either

Im Z)\Sps(m) >0, a<z<oo, (11.6.3)
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or
Im Z)\Sps(:c) <0, a<z<oo. (11.6.4)

Then (11.6.1) has a non-trivial solution such that

/Oo |Im{2)\sps(m)} Iy ()2 dz < co. (11.6.5)

a

Suppose further that the left of (11.6.3)=(11.6.4) is not identically zero. Let
Yi(x), Ya(z) be solutions of (11.6.1), which are linearly independent, and which
have fized real initial data (e.g., as in (11.3.5)). Write y(z) = Y1 (z) + mYa(z),
and let C(b) be the set m-values such that cf., (11.2.15), (11.2.17),

Im {y/(b)y()} = 0. (11.6.6)

Then if b is such that

/b Im > Aps(z)da #0, (11.6.7)

the set C(b) is a circle. As b increases, the circles C(b) nest.

This comes from Theorem 11.2.2. The “nesting” of the circles C(b) is strict, as
b increases, only if the absolute value of the integral in (11.6.7) increases.

For the limit-circle case, we have then

Theorem 11.6.3. Let one of (11.6.3)~(11.6.4) hold, without identical equality.
Let all solutions of (11.6.1) satisfy (11.6.2). Then the circles C(b) of the last
theorem tend to a circle, of non-zero radius, as b — oco.

This follows from case (i) of Theorem 11.2.3.

In connection with the limit-point case, we recall the definition of the set U™
satisfying (11.5.2), and the conditions given in Theorem 11.5.1 for it to have
an interior. If it does so, there will exist dominating linear combinations of
the ps(x), characterized by (11.5.4); we denote anyone of these by p(z). The
conditions (11.6.2) are then equivalent to

/ T p@)ly@)? de < oo, (11.6.8)

so that the limit-point case is characterized by the existence of a solution such
that

/OO p(2)|y(2)|? de = co. (11.6.9)
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Theorem 11.6.4. Let int UT be non-empty, and let there be, for some set of
parameters and so for all, a solution satisfying (11.6.9). Let one of the points

(Im )\1,...,Im )\k), (—Im )\1,...,—Im )\k) (11610)

be in int Ut. Then the circles C(b) described in Theorem 11.6.2 tend to a point
as b — oo.

The proof proceeds by showing that for at least one solution of (11.6.1),

/ Im Y~ Aeps(@)l[y(a)]? da: = oo. (11.6.11)
To see this, we remark that (11.6.9) holds for at least one solution, and that

Im > Aps(z) > Ap(z), (11.6.12)
by (11.5.5), for some A > 0. This proves (11.6.11), for the same y(z) as in
(11.6.9). The result now follows from Theorem 11.2.3.

We conclude this section by noting two straightforward adaptions of results for
a single parameter.

Theorem 11.6.5. In the limit-circle case, (11.6.1) is either oscillatory for all
real sets A1, ..., g, or non-oscillatory for all such sets.

This follows from Theorem 11.3.4. From Theorem 11.3.3, we have

Theorem 11.6.6. Let y(x; ) = y(x; A1,..., \;) denote a solution of (11.6.1)
with y(a, ), y'(a, \) fized, independently of X. Then, in the limit-circle case,
the integrals

/ ps(@)|ly(z; M) de, s =1,...,k, (11.6.13)

converge uniformly in any bounded A-region.

11.7 Several equations with several parame-
ters

After these preliminaries, we come to our main concern, namely, a set of equa-
tions

yTH(xT) + {Z )\sprs(mr) + QT(mr)} yr(xr) =0, (1171)

ar <zp <00, r=1,...,k
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Here the p,4(x,) are real and continuous. In this chapter, as in the next, we
take up the case in which all k£ underlying intervals (a,, co) are infinite; the
case in which some only are infinite would also be of interest.

For the purposes of eigenfunction expansions, we are interested in spaces of
functions defined on the product of the intervals

ar <xp <00, r=1,...,k. (11.7.2)

The relevant scalar product is given, for two such functions, f, g by

(f»g) = /Oo"'/Oof(xlw",wk)g(mly~»~,$k)detpr5(l'r)d1'1 dl’k.

(11.7.3)

Accordingly, we assume that
det prs(z) >0 (11.7.4)
in the domain (11.7.2) and are concerned with functions f(z1,...,x)) such that

(f; ) < o0

In this section, we discuss the simultaneous limit-circle case, in which all k
equations (11.7.1) are in the limit-circle case. This will mean that

(o)
/ Iprs ()| |yr () ? day < 00, 7,8 =1,...,k, (11.7.5)
ar

for all solutions of (11.7.1). By Theorem 11.6.1, it is sufficient that this be the
case for one set of values of the Ay, since it will then be true for all sets, real
or complex. Under this hypothesis, eigenfunctions will have finite norm. This
will follow from

Theorem 11.7.1. Let the p,s(x,) satisfy (11.7.4) and let all equations (11.7.1)
be of limit-circle type. Let

y(@r,.xe) = [Joelen), (11.7.6)

be a product of solutions of (11.7.1). Then
(y,y) < o0, (11.7.7)

where the scalar product on the left is given by (11.7.3).

This is evident since, by Theorem 4.2.3, adapted to infinite intervals,

(yay) = det /Oo prs(-r)‘yr(xr)‘zdxr, (11.7.8)

r

and all entries in this determinant are well-defined by (11.7.5).

The same result can be put somewhat differently.
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Theorem 11.7.2. With the assumptions of Theorem 11.7.1 let y(x1,...,xx)
be a product of the form (11.7.6) where the y, are solutions of the simultaneous
partial differential equations

0%y /022 + {Z AsDrs(xr) + q,(m,)} y=0, r=1,...,k (11.7.9)

in the region (11.7.2). Then (11.7.7) holds.

This is so since y will now be a linear combinations of products of the form
(11.7.6).

The continuous-dependence properties of the limit-circle case have an obvious
consequence for sets of equations, which is needed for the discussion of limiting
spectral functions.

Theorem 11.7.3. Let (11.7.1) all be in the limit-circle case. In (11.7.6), let
Yr(Tr) = Yr(@r, M,..., M) be solutions of (11.7.1) with initial values y,(a),
yi.(a,) independent of \1,..., . Then (y, y) is a continuous function of the
As-

This follows from Theorem 11.6.6.

Theorem 11.7.1 gives conditions under which all products (11.7.6) satisfy (y,y) <
00, so that we obtain, for each A1, ..., Ay, 2¥ linearly independent products with

this property. Of course, we get at least one such product if we assume, for the

AL, ..., Ak, the existence of at least one non-trivial solution for each of (11.7.1),

which satisfies (11.7.5). More fully, we have

Theorem 11.7.4. For some given set \1,..., A let the r-th equation (11.7.1)
have just v, linearly independent solutions satisfying the corresponding k in-
equalities in (11.7.5). Then the number of linearly independent products y(x1, . . .
xy) of solutions of (11.7.1), such that (y, y) < 0o, is not less than

JIE2 (11.7.10)

1

This follows at once from the representation (11.7.8). If v, =2, r = 1,...,k,
as in Theorem 11.7.1, the estimate (11.7.10) is of course precise, since 2* is
the maximum number of linearly independent products of solutions of (11.7.1).
However, it is not apparent that it is precise in other cases.
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11.8 More on positive linear combinations

The notions of Section 11.5 can be applied to assist in clarifying the point
just raised. For the array of real continuous functions p,s(,), and for each
r=1,...,k, we define the set UT of real k-tuples (i1, ..., ux) such that

k
> psprs(ar) 20, ap < @y < 0. (11.8.1)
1

We denote by U,~ the reversed set, which give < 0 in place of > 0 here. We
continue to assume that
det prs(z) > 0. (11.8.2)

It is immediate from the latter assumption that the sets U," contain non-zero
elements. To see this, let P,; denote the co-factor of p,s(z,) in det p,s(z,); Prs
will be a function of all of the z1,..., z, except x,. Taking, for definiteness,
r =1, and

s = Prg(xa,. ... xp), s=1,... k, (11.8.3)

we then have, by (11.8.2),

k
Zuspls(l“l) >0, a3 <z <o0, (11.8.4)
1
for all choices
xp € [ay,00), r=2,..., k. (11.8.5)
Generally, we have, for any r =1,...k,
(Py1,...,Py) €UT, (11.8.6)

for all sets of =y > ay, t # r.

Furthermore, any collection of k sets, chosen one from each of U, U,
1,...,k, has a non-zero element in common. This may be seen from Theo-
rem 4.4.1. For any set of b, > a,, we can find a set of ug so that the linear
combinations Y psprs(z,) have assigned fixed signs for all z,, a, < x, < b,;
the ps may be supposed to satisfy > p2 = 1. We then make the b, — oo,

choosing a subsequence so that the ps converge.

T =

We need assumptions on the p,s(z), which ensure slightly stronger properties,
in particular that the sets U have non-empty interiors, and that expressions
such as (11.8.6) can be used to give points of these interiors.
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One such assumption concerns the expression

ko ( k —1/2
V(zy,...,xr) = {det prs(z,)} H {Z|pm(xr)|2} , (11.8.7)
r=1 (s=1

which may be viewed as a sort of measure of the solid angle between the k
vectors represented by the rows of the matrix p,s(z,). Write also

W(by,...,bp) =minV(zq,...,x5), (11.8.8)
the minimum being over
ar <. <b., r=1,... k. (11.8.9)

Thus W (by, ..., bx) will be a positive non-increasing function of each of the b,..
We have then

Theorem 11.8.1. Let W(by,...,bx) have a positive lower bound if all but one
of the b, is bounded above. Then the point (11.8.6) is in the interior of U,.

For some fixed j, 1 < j <k, and some fixed set of x; > a¢, t # j, we form the
Pj1,..., Pj, and have to show that if, for some ¢ > 0,

s — Pjs| <&, s=1,...,k, (11.8.10)

then
k
> nspjs(;) >0
s=1

for all ; > a;. In fact

k
Z,uspjs(mj) >detprs xr EZ ‘pjs xg

s=1
1/2

ko( k 1/2 k
> xlv"'a H{Z pTS(‘rT)F} _5\/k {ijs(mj)z} ;

s=1

and this is positive if for all x, < b,.,

i 1/2
evk <W(bi,....00) [] {Z prs(xr)2} , (11.8.11)

r#j

which is the case for sufficiently small . In particular, U ;‘ will have non-empty
interior if there holds either (11.8.11) or

—1/2
ek < det prs(xy) {Z IDjs(x;)] } (11.8.12)
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for some fixed z, > a,, 7 # j, and all x; > a;. This proves the result.

There is an alternative criterion of a less computational nature, not involving
det prs(z,) explicitly, apart from the standing requirement that it take only
positive values.

Theorem 11.8.2. For each r, 1 < r <k, let the family of vectors
Pr1(r)y ey prk(ay),  ap < @, < 00. (11.8.13)
not all lie in any proper subspace of R*. Then the UF have non-empty interiors.

The proof consists in specifying elements of these interiors. We consider for
each b, > a, the dimension of the least subspace of R¥ containing the vectors

pTl(xT)v'“aprk(mr)v ar <z, < by, (11814)

and note that this dimension is an non-decreasing function of b,.. If the dimen-
sion were less than k for all finite b, > a,., the same would be true for the whole
family (11.8.13), which is contrary to hypothesis. We suppose the b, so large
that the families (11.8.14) of vectors do not lie in proper subspaces of R*.

To simplify notational aspects, we treat as typical the case of U1+ , and show that

it has non-empty interior. With b, sufficiently large, as above let h(xa, ..., xx)
be any continuous positive function on the set a, < z, < b, 7 =2,..., k. We
take

ba by
pS:/ / Pig(zo,...,xp)h(xe, ..., xx)dee -+ drg, s=1,...,k,
az ag

(11.8.15)
and claim that
(p1y.--,px) € int U (11.8.16)

In view of (11.8.3)—(11.8.4), we certainly have

(pla"'apk’) € U1+

since h is positive-valued. Thus if (11.8.16) were not true, (p1, ..., pr) would
be in the boundary of U 1+ . There would be a non-zero linear functional on R*,
which took the value zero on (p1,..., px), and which took non-negative values
on U;", and in particular on vectors of the form (11.8.6). If such a functional
is given componentwise as (i1, ..., i), we would therefore have

k
Z,uspls(x% s ,xk’) >0, Z/}Lsps = 0.
1
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By (11.8.15), we would then have
k
> psPi(za,. k) =0, ap Sap b, r =2,k (11.8.17)
1

that is to say,

ROVt
p21(z2) ... pax(x2)
. . =0, (11.8.18)
pr1(Te) oo Prr(Tr)
for the same set of xs, ..., k.
If we fix all but one of the xs, . .., z), allowing the remaining one, z.., say, to vary
over (a,, b.), this states that some linear combination of p,1(x,),. .., prr(a.)

vanishes over [a,, b,.]. Since (11.8.14) is not to lie in any proper subspace, we
have that the linear combination concerned must be the trivial one. In other
words, the co-factors of all elements in the determinant (11.8.18), except those
in the top row, are zero.!

If k = 2, this says that p1, po are zero, which is contrary to the hypothesis
that (u1, p2) is a non-zero functional. This contradiction proves the theorem
in this case.

If £ > 2, we argue that since the co-factors of the elements in the bottom row
of (11.8.18) are all zero, the first (k — 1) rows are linearly dependent. It follows
that the top row can be expressed as a linear combination of the next (k — 2)
rows; these (k — 2) rows are themselves linearly independent, by the standing
hypothesis (11.8.2). The same argument applies to any subset of (k—2) from the
last (k — 1) rows in (11.8.18). The top row in (11.8.18) is therefore expressible
as a linear combination of each (k —2) of the last (k — 1) rows. If the top row is
not zero, this implies that the last (k—1) rows are linearly dependent, contrary
to (11.8.2). This completes the proof of Theorem 11.8.2.

1Alternately, we can choose xo such that the first two rows of the determinant on the
left of (11.8.18) are linearly independent. This is possible otherwise all possible second rows
would lie in a one-dimensional space. Then we can choose x3 such that the first three rows
are linearly independent (or else all possible third rows would lie in a two-dimensional space)
and so on. We eventually obtain a contradiction to (11.8.18) without resorting to co-factors
[Volkmer].
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11.9 Further integrable-square properties

In Section 11.7, we used the rather obvious deduction that if the integrals
in (11.7.5) all converge, then so does the determinant (11.7.8). We consider
now the converse deduction. This is possible under either of the conditions
of Theorem 11.8.1-11.8.2. In what follows, we assume the p,s, ¢, real and
continuous and to satisfy the requirement that det p,s(z,) > 0.

Theorem 11.9.1. Let the p,s(x,) satisfy one of the following two conditions:

(i) for each r = 1,...,k, the function W(by,...,bx), defined in (11.8.8), is
bounded from zero, when the b;, j # r, are bounded above,

(ii) for each 7, the family of vectors (11.8.13) is not contained in any proper
subspace of RF.

Then, if y is a product of continuous functions y,(x,), not identically zero, and
there hold,

o0 (o)
/ / ly(z1, ... 2) | det prs(2,) day - -+ day, < o0, (11.9.1)
al ag

we have (11.7.5).

For this purpose, we do not need that the y,(x,) satisfy any differential equa-
tions.

We give the proof of (11.7.5) in the case r = 1; the general case can of course
be reduced to this.

The result (11.9.1) remains in force if any of the upper limits co in the integrals
are replaced by finite b, > a,.. Thus, if

bo by k
ps:/ / H\yr(xr)|2Pls(x2,...,xk)dmg-~-dmk, s=1,...,k,
a ag 2
(11.9.2)

o (K
/ {Z pspls(-rl)} ly1 (1)) day < o0; (11.9.3)
a 1

here P, denotes, as previously, the co-factor of p, in det p,s(x,). The conclu-
sion, (11.7.5) with r = 1, will follow if we show that

(p1y...,pr) € int U (11.9.4)

we have
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Suppose first that we have the situation of Theorem 11.8.1. We take the b,. > a,.,
r=2,...,k, suitably large, and write

X(bQ,...’bk) :ian(bl,bQ’...’bk) (1195)
the “inf” being over by > a;. We have then, in the notation of (11.8.7)—(11.8.8),
V(z,...,x5) > X(bay ..., bg) (11.9.6)

provided that a, <z, < b,., r = 2,..., k. We have to show that for some ¢ > 0,
and any set us satisfying
D lps—pol <e

we have

k
Z:uspls(x) >0, a1 <z <00
1

so that (u1,...,ur) € Uy Equivalently, we must show that for some § > 0,
we have

Zpspls(xl) > 5\/2 \p13(961)|2, a1 < 21 < 00. (11.9.7)

On reference to (11.9.2), we see that the left of (11.9.7) is equal to

k

ba bi
/ / H |y () |2 det prs(2,) dacy - - - day, (11.9.8)
a2 Ak 1

where the determinant extends as usual over r, s = 1,..., k. This yields (11.9.7)
with ¢ given by

k b, k
X(b27~'~7bk)H {/ |yr(xr)2\/2|prs(mr)2dmr}~

This will be positive if the bs, ..., by are so large that the y,(x,) do not vanish
identically over [a,, b.], 7 =2,... k.

This completes the proof of Theorem 11.9.1, if the assumptions on the p,s(z;)
are those of Theorem 11.8.1. The case (ii) of the theorem is covered by
(11.8.15)~(11.8.16).

We deduce that under the conditions of Theorem 11.9.1, the estimate (11.7.10)
for the number of linearly independent products of solutions of (11.7.1), sat-
isfying (y, y) < o0, is precise. In particular, all such products will satisfy (y,
y) < oo if and only if all the equations (11.7.1) are of limit-circle type.
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Notes for Chapter 11

This exposition differs from all the classical presentations of this subject (Cod-
dington and Levinson ([955], Atkinson [1964a], etc.) Indeed, this construction
leads immediately to the limit-point/limit-circle theory in the multiparameter
case and so seems preferable from a pedagogical point of view.

The Weyl theory in the one-parameter case is now extremely well developed
with a literature that is both extensive and important; it has seen applications
to a multitude of problems in mathematical physics. The limit-point/limit-
circle classification for multiparameter Sturm-Liouville problems was developed
by Sleeman (1973b) and reconsidered by Atkinson (1977) who studied the de-
ficiency index theory as well. A basic question is on how to best interpret the
L2-theory associated with a given differential equation (determination of the
weight-function that induces the measure, etc.). Explicit criteria on the coef-
ficients for limit-point/limit-circle appear to be lacking in the multiparameter
case.

A corresponding Weyl theory for Volterra-Stieltjes integral equations is devel-
oped in Mingarelli (1983) with the aim of unifying the discrete and continuous
versions of Sturm-Liouville arising in the one-parameter case. However, the
multiparameter case does not seem to have been considered at all for such
equations. The same considerations apply to the case of dynamic equations on
time scales.

11.10 Research problems and open questions

1. Give a detailed analysis of the cases where some of the intevals in (11.7.1)
are infinite while others are finite.

2. Is the estimate in Theorem 11.7.4 precise in cases where v, # 2 and
r=1,2,...,k?



Chapter 12

Spectral Functions

12.1 Introduction

In this chapter, we discuss the eigenfunction expansions associated with a set
of Sturm-Liouville equations

k

v () + D Aaprs(@r) + a0 () by (2,) = 0, (12.1.1)
1

ar <xp<oo, rT=1,...,k,

in the singular case, when the intervals are semi-infinite, and boundary condi-
tions are given at the initial points a,, only. We take these conditions in the
form

yr(ay) cosa, = yl.(ay)sina,., r=1,... k, (12.1.2)

where the «,. are fixed and real, and without loss of generality, are subject to
0<a.<m,r=1,...,k Asin the last chapter, we shall assume the p,s(z;),
gr(x,) real and continuous, and to satisfy

detpps(x,) >0, ar <z, <00, 1T=1,...,k (12.1.3)

The above represents only one of a great variety of problems. Clearly, it would
be possible to discuss mixed problems, in which some of the intervals are infinite
and some not, or problems in which some equations have singularities at both
ends.

219
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We start by following a method that is standard in the one-parameter case, in
which the general idea is to deduce an expansion theorem by a limiting process
from the finite-interval case. We have said “an” rather than “the” expansion
theorem, since there may be more than one such theorem. Whether there is in
fact a multiplicity of expansion theorems depends on the limit-point, limit-circle
classification.

12.2 Spectral functions

We must start by re-phrasing the eigenfunction expansion theorem for the
finite-interval case, so as to be able to carry out more readily the limiting
processes b, — 00. The «, in (12.1.2) are taken as fixed, and we write y,(z,;
A) for the solution of (12.1.1) such that

yr(ar; ) =sina,., y.(ar;\) = cosay; (12.2.1)
here A stands for the k-tuple (A1,..., Ar). We write

y(@; ) = [ vr(z Vs (12.2.2)

here 2 denotes the k-tuple (z1,..., xg).
For any b = (by,...,b), where a, < b, < oo, r=1,...,k, we write
b
o) = [ plaluai VP da (12.2.3)

here p(z) = det p,s(z,.), f; = ffll fb’“, and dx = dxq - - - dxg.

ag
Suppose now that we have boundary conditions at the b,., say,
yr(br) cos Br = y,.(by)sin B, r=1,... k. (12.2.4)

We denote the eigenvalues of the problem given by (12.1.1)—(12.1.2) and (12.2.4)
by A = (Aﬁ”), .. -’)\Ecn))’ where, as previously, n runs through k-tuples of
non-negative integers. The A" will, of course, depend on the b,, 3,; where
appropriate, we write A" = A(")(b; 3).

The completeness of eigenfunctions, for the finite interval case, is then expressed
by the Parseval equality; this states that, for a rather general class of functions

f(x) = f(z1,...,z1), that

b
/ p(@)|f (@) dz = " lg(A™) 2 /p(b; A™), (12.2.5)
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where g()) is a sort of Fourier transform of f(x), given by

b
ﬂM=/f@Mawmmw (12.2.6)

We need to make b — oo (i.e., b, — oo, r = 1,...,k) for some convenient,
yet adequately extensive class of f(z), for example, those that are suitably
differentiable and have compact support.

For this purpose, we rewrite (12.2.5) as a multi-dimensional Stieltjes integral,
with respect to a distribution given by a certain function 7(b, 8, A). To define
this, we specify first that 7 = 0 if one or more of the components A, of A is
zero. Supposing then that \. £ 0, r =1,... k, we define

7(6,8,A) = [T/ AN Y _{p(bs AT}, (12.2.7)

where the sum is over eigenvalues A(™ whose components /\sn), r=1,...,k,
satisfy one of inequalities

A <A <0, or 0< A < A, (12.2.8)

We can now re-state the Parseval equality (12.2.5) in the form

b %)
/mmmmmaﬁmmww@M (12.2.9)

Here the integral on the right is extended over the entire real A-region. The
spectral function 7 defines a measure in the following manner. We consider the
box

Or <A <Tp, r=1,... k. (12.2.10)

Then the measure associated with this set is to be

> E7(b, BN, (12.2.11)

where A runs through all corners of the box, that is to say, points whose -
th coordinates are either o, or 7,, and the + or — sign is taken according to
whether an even or an odd number of the coordinates have the lower possible
values o,. It may be shown that in the case of uncoupled parameters, when
prs(zr) = 0 for r # s, the spectral function is equal to the product of the
spectral functions of the individual problems.
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12.3 Rate of growth of the spectral function

The possible behavior of the spectral function in the one-parameter case may be
illustrated by the simplest example, that of the differential equation ¢+ Ay = 0
over (a,b), with initial data y(a,\) = sina, y'(a, ) = cosa, where 0 < o <
m. Simple direct calculations show that if 0 < a < 7, the spectral function
7(b, B, \) grows like A/2 as A\ — +o0, while if @ = 0, this has to be replaced
by A%/2. This phenomenon extends to the multiparameter case. We have

Theorem 12.3.1. Let the pys(x,), ¢-(x,) be continuous, and let (12.1.3) hold.
Let 0 < o, < m,r=1,...,k. Then for any fized set b.g > a,, r = 1,...,k,
there is a constant A such that, if b, > byo, r =1,...,k, then

(b, 8, )] < A{1+ > [A"}, (12.3.1)

for all choices of the 3., r =1,...,k, where

y=k/2+ ) L (12.3.2)

=0

In other words, in forming the index v, we are to count 1/2 for every r such
that a, € (0, 7), and 3/2 for every r such that a;,. = 0.

The proof follows arguments used in the one-parameter case. For A > 0, we
consider a region of the form

Aol <A, s=1,... .k (12.3.3)

We apply the Parseval equality (12.2.9) (or (12.2.5)) to a function f(x) to be
chosen later, with the integral on the right restricted to the region (12.3.3);
actually, the Bessel inequality would suffice for this purpose, the completeness
of eigenfunctions not being required at this point. We get

o lg(\)[2dr (b, 3, \)
/4\ [A

A A
min 2 T 3.
(V)| [A [Ad<b,ﬁ,A>, (12.3.4)

v

b
/ p()|f () de

v

where the minimum is taken over (12.3.3). This gives

b
[7(b, 8, )] < {min|g(A)[*} ! / p(@)|f (@) dz (12.3.5)
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subject to (12.3.3).

We now proceed to the details. We choose

=11 s, (12.3.6)
where, for r =1 to k,
folzr) =1, a, <z, <a,+9, (12.3.7)
and
fr(zy) =0, x. >a,+0. (12.3.8)
Here 6 has the form
§=nl+A)"12, (12.3.9)

where 7, to be chosen later, satisfies in any case

0 < n < min (byg — ay). (12.3.10)

We then have, if b, > b, r=1,...,k,

/bp(w)lf(w)l2 dz < Myn*(1+ A)~F/2, (12.3.11)

where
M; = max det ps(x,), ar <z <bp, r=1,... k. (12.3.12)

We next arrange that g(A) should have a positive lower bound, subject to
(12.3.3). As a first step, we suppose 7 chosen so that

Yr(zr;N) 0, apr <zxp<ar+96, r=1,...k, (12.3.13)
again subject to (12.3.3). It will then follow from the special form chosen for

f that
ar+48

| > M2 H/ |yT .’E,«, |d$,«, (12314)

where

Ms = min det prs(z,), ar <z <a.+0, r=1,... k. (12.3.15)

Summing up so far, we have (cf., (12.3.5) and (12.3.11))

a,+0

(b, 8, )] < (M /M3 ¥ (1+ )72 T {/ lyr (25 A dwr} :
' (12.3.16)
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subject to (12.3.3), to b, > by, ¥ = 1,...,k, and to n being chosen so that

(12.3.13) holds.

We have from (12.1.1)—(12.1.2) that

Tr
yr(xr) = sina, + (2, — a,) cosa, — / (xp — tr) Z AsDrs (tr)Yr

Ay

If
M = |maxprs(z,)], ar <xp <bpo, 1,8 =1,...,k,

we have from (12.3.17) that, for a, < z, < a, + 4,
lyr ()| < sinay. + 6| cos a| + kASM / |y (t)|dtr,

and so, by the Gronwall inequality,

[y, (2,.)| < {sina,. + &| cos a,.|} exp(kAS?M).

(t,)dt, .

(12.3.17)

(12.3.18)

We apply these first in the case o, € (0, 7). If we impose on ¢ the requirements

§|cosa,| < sina,, kASZM <1,
it will follow from (12.3.18) that

lyr(z)| < 2e, ar <z < ap +9,
and so, by (12.3.17), that

lyr () — sina,. — (z, — a,) cos | < 2kAS%eM.

If we strengthen the requirements (12.3.19) to
§lcosa,| < (1/4)sina,, kA§?eM < (1/8)sina,,
it will follow that
yr(z,) > (1/2)sina,, a, <2 < ap +6,

so that (12.3.13) holds, and

a,+0
/ lyr ()| dayr > (6/2) sin v,

r

To satisfy (12.3.20), we can choose 7, independently of A, so that

nlcosa,| < (1/4)sina,., kn?eM < (1/8)sina,.,

(12.3.19)

(12.3.20)

(12.3.21)

(12.3.22)
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and we shall then have from (12.3.21) that

a,+0
/ lyr ()| daz > (9/2)(1 4+ A) "2 sin .. (12.3.23)

Take next the case o, = 0. Imposing the condition kA§%2M < 1 we have from
(12.3.18) that |y, (z,)| < de, and so from (12.3.17) that

lyr () — (2 — ar)| < (2 — ay) kAS>Me.
We impose the stronger condition kA§?Me < 1/2 and have

Yr(@r) 2 (2r —ar)/2, ar <ap <arp +4,

so that (12.3.13) will hold, and then

ar+48
/ lyr (z,)] dz > 6% /4. (12.3.24)

T

The condition kA§?Me < 1/2 will be satisfied if kn*Me < 1/2, and we shall
then have, from (12.3.24), that

ar+9
/ [y, (z,)| dz, > (1/4)0% /(1 4 A). (12.3.25)

r

Summing up, we choose 7 to satisfy (12.3.10), the inequalities (12.3.22) for all r
such that a,. € (0, 7), and kn?>Me < 1/2; this can be done with 1 independent
of A, of the 3, and of the b, provided that

by >bog>ar, r=1,...,k (12.3.26)

Inserting the bounds (12.3.23) or (12.3.25), as the case may be, in (12.3.16) we
have
‘T(bv Bs )‘)| < M3(1 + A)’Yv

where M3 is independent of A, (3, and b,, subject to (12.3.26), and
N=—k/2-2 { S-12)+ > (—1)} .
a.>0 a,=0

This is equivalent to (12.3.2). This completes the proof of Theorem 12.3.1.

We need two particular consequences.

Theorem 12.3.2. Subject to (12.3.1), 7(b, 3, ) is uniformly bounded in the
region (12.3.3), for any choice of the (,, whether constant or varying with b.
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Theorem 12.3.3. Subject to (12.3.26), the sum

> 1/p(b; AM), (12.3.27)
extended over the eigenvalues \™ of (12.1.1)(12.1.2), (12.2.4), which satisfy
A <A, r=1,... 0k, (12.3.28)

is uniformly bounded, for any fixed A, regardless of the choice of the (3,., whether
constant or varying with b.

12.4 Limiting spectral functions

We now use the boundedness properties proved in the last section as an aid to
discussing the convergence properties of sequences of spectral functions

7-(b(m)’ﬁ(m), A, m=1,2 ..., (12.4.1)

where the sequence of k-tuples

™ = (™. b)), (12.4.2)
is subject to
o™ > a,., ™ — oo, (12.4.3)

and the 3(") are subject only to

0<p™<m, r=1,...k (12.4.4)

A real-valued function 7(X) of the k real arguments Ay, ..., \; will be termed
a limiting spectral function if we have, with pointwise convergence,

(™, B N) = 7(N), (12.4.5)

as m — 00, through some sequence of b, 3(™) | satisfying the above conditions
(12.4.3)-(12.4.4).

Two results on limiting spectral functions can be stated immediately. The
question of whether such functions exist at all is covered by

Theorem 12.4.1. Any sequence (12.4.1) subject to (12.4.3)(12.4.4), contains
a pointwise convergent subsequence.
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This follows from the k-dimensional version of the Helly selection principle, on
the basis of the uniform boundedness established in the last section, together
with the “positively monotonic” property. We recall this definition herewith
for completeness.

Let a = (a1,...,ax), b = (b1,...,bg), where b; > a; for all i = 1,..., k. The
box [a, b] is defined by [a,b] = Hle[ar, b.]. For such an I = [c,d], we use the

notation
M, f(z1, o X1, Tty e, X))
= f(x1, o1, Ay Tpgay ey @) — f(@1, 0o X1, Cry T 1y ey T).
A function f of several variables (z1,...,x) is said to be positively monotonic

on [a,b] if for all I = [¢,d] C [a, b] there holds

MM, - Myf > 0.

Certain properties of a limiting spectral function are inherited directly from
the members of the sequences of which they are the limits.

Theorem 12.4.2. A limiting spectral function is positively monotonic, and
satisfies a bound of the form (12.3.1).

Here ~ is given by (12.3.2); the requirement that b, > b,o will be satisfied by
any sequence b("™) for large m, in view of (12.4.3).

If we simply want to prove that there exists at least one limiting spectral
function, we may as well keep the 3™ fixed independently of m. However,
in some cases, something is lost by this procedure. We discuss more flexible
procedures in what follows.

12.5 The full limit-circle case

We recall that for the equations (12.1.1), it is possible for all, or none, or
some only to be of limit-circle type. The uniqueness, and, so to speak, the
discreteness, of limiting spectral functions may be expected to depend greatly
on which of these situations hold. The present section is devoted to the case in
which all equations are of limit-circle type. We assume that for all equations
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(12.1.1), and all solutions y,, not only those satisfying the initial conditions
(12.1.2), we have

oo
/ lprs||yr|? dzy < 00, rs=1,... k. (12.5.1)
a

r

We recall that, by Section 11.7, we can then classify the equations (12.1.1) as
oscillatory or non-oscillatory, regardless of the choice of the real Ay; of course,
the equations need not be all oscillatory, or all non-oscillatory together.

We term the “full limit-circle case” that in which all of (12.1.1) are of limit-
circle type. This resembles closely the finite-interval case, and in a suitable
formulation includes it. We assume, as usual, that the p,s(x,), ¢-(z,) are real
and continuous and that det p,s(z,) is always positive. We then extend to the
infinite-interval case the notion of boundary conditions and eigenvalues. In the
oscillatory case, however, we do not get the same characterization of eigen-
values in terms of oscillation numbers of zeros. However, these “generalized
eigenvalues” will still have the property that they have no finite limit-point. In
default of an oscillatory characterization of these eigenvalues, we suppose them
numbered serially, in order of non-decreasing magnitude, in some sense.

The situation in which all the equations (12.1.1) are of limit-circle type resem-
bles the finite interval case in several respects:

(i) the use of multi-dimensional Stieltjes integrals can be avoided, integrals over
A being replaced by discrete sums over a A-set without finite limit-points,

(ii) there is an infinity of limiting spectral functions, corresponding to a one-
parameter choice for each equation of a boundary condition at infinity,

(iii) there is an orthogonal set of eigenfunctions, satisfying these boundary
conditions.

For a positively monotonic function 7(A), where A = (A1,...,\g), let us say that
7 is of discrete type if for all A, except for a denumerable set without finite points
of accumulation, the corresponding measure of the rectangular parallelopiped
given by the set of (u1,. .., uk) such that |us — As| <€, s=1,...,k, is zero for
some € > 0. The exceptional points, such that the measure of such a box has a
positive lower bound, for all v > 0, may be called the jump-points of 7, the lower
bounds being the associated weights. The effect will be that a Stieltjes integral
J h(N)dr(N), for continuous h(A) may be replaced by a discrete sum, over the
jump-points of 7(A), of the product of the value of h(A) and the associated
weight.

We prove that limiting spectral functions are of this type, under the limit-circle
hypothesis.
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Theorem 12.5.1. Let the pys(z,), g-(x,) be real and continuous, and let
det prs () be positive. Let all the equations (12.1.1) be of limit-circle type,
in the sense of Section 11.7. Then all limiting spectral functions of the system
(12.1.1)~(12.1.2) are of discrete type.

We assume that we have the situation (12.4.1)—(12.4.5), so that 7(A) is a lim-
iting spectral function. We write A\(™) (b, 8) for the eigenvalues associated with
the Sturm-Liouville problem given by (12.1.1)-(12.1.2) and (12.2.4) and use
the notation (12.2.3).

It follows from Theorem 12.3.1 that for any fixed A > 0, there is a constant C'
such that

> 1/p(™M; ) < C, (12.5.2)
where the summation is extended over those eigenvalues
A (plm) | g(m)y (12.5.3)
which lie in the region
As] <A, s=1,...,k (12.5.4)

Now it follows from Section 11.6-11.7 that the terms on the left of (12.5.1) are
uniformly bounded, for fixed A. We deduce that the number of terms on the left
of (12.5.2) is bounded as m — oo, for fixed A. Thus the number of eigenvalues
A (pm) - 3m)) lying in any bounded A-region is bounded as m — oc.

We now suppose the eigenvalues (12.5.3), where n runs through k-tuples of
nonnegative integers, re-numbered serially as

pI O, 30, j=0,1,... (12.5.5)

in order of magnitude in some suitable sense; for example, they may be ordered
in such a way that > |As| is a non-decreasing function of j, as A runs through
the sequence (12.5.3).

The sequences
,u(j)(b(m),ﬂ(m)), m=12,... (12.5.6)

will either all be bounded, or else will be bounded up to some point, say, for
0 < j < jo, and unbounded for j > jo. In either event, we can choose a
subsequence of m = 1, 2,..., so that all the sequence (12.5.5) either converge
to finite limits, or tend to ooj; if the latter occurs, it will occur from some point
onward. Actually, the latter possibility will not occur, but we do not need to
assume this now.!

IThis is left as an exercise to the reader.
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Notes for Chapter 12

Here we consider the multiparameter analogue of an explicit expansion formula
associated with the differential equation

y'+ M —qy=0, a<z<b
where p, ¢ are continuous over [a,b] and y(x, \) will be a solution with fixed
initial data at x = a. To sketch the method of Atkinson (1964a), we apply at
the end-point b a family of boundary conditions

Ky(b,\) cos 3 =1y'(b, \) sin 3,

the condition at = @ remaining fixed throughout, and then average the re-
sulting expansions over 0 < 3 < 7.

This expansion formula takes the form, in Parseval equality version,

/ pf? di = / G2z, \) dr (),

where
7'(\) = 7 H Ky (b, \) + K1y, \)} L.

(See Atkinson [1964a, pp. 240-243]. The method of Atkinson [1964a] proceeds
in the real domain, whereas Clark [1987], Bennewitz (1989) use the Titchmarsh-
Weyl function. For matrix extensions, see Clark [1987], Clark and Gesztesy
[2004] and the references therein.)

We consider here the analogue of this argument for the k-parameter case of a
system

k
yT//(mT) + {Z )\sprs(xr) + QT(xr)} yr(fl'r) =0, r=1,..., k,
1

Here we ask that each equation have a solution in its respective finite interval
[ar,br], not identically zero, and satisfying suitable boundary conditions. We
use fixed initial conditions, say,

yr(ar) cosa, = yl.(a;)sina,., r=1,... k,

while at b, we use a condition with a parameter,

K,y (by) cos B = yo.(by)sin B, r=1,...,k,
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We set up the eigenfunction expansion, in Parseval form, and average over all
the f,., from 0 to 7. Formally, the result is

// plflzdﬂc—ﬂ’“/‘-‘/Ig(/\)l2f[{Kryf+Kr1y£2}1dA7

where
de =dxq -+ -dxg, dA\=d\ - -d\g, p=detp,s(z,),

g(A) = /pfy(fr,k) dr, y=[]y(ar,N).

For the proof, we use the fact that

A(01,...,00) /0N, ... M)

k z oy,
:Hm*/ujﬂm%mm@@WMJ (12.5.7)

Here the phase angles 6, are given by
K,y (b;) cosf, = y.(b.)sinb,., r=1,... k,

and
Rf = Kryg(brv A) + Kr_ly;z(brv A).

The basic ideas of this chapter are summarized, to some extent, in Atkinson
(1977). Gadzhiev (1982) considers the multiparameter eigenvalue problem for
Dirac operators along with an extension of the limit-point, limit-circle classifi-
cation, in the two-parameter case. Another presentation of the Weyl theory is
given by Isaev (1986b).

The extension of (12.2.6)-(12.2.9) in the singular case by means of a limit-
ing precedure and use of Helly’s selection theorem was considered by Browne
(1972b). We note with interest that drafts of this book were available and in
circulation as far back as 1972 as noted by Browne (1972a, Acknowledgment).
Atkinson (1977, p. 10) states “It would seem that little is known about the na-
ture as regards continuity or rate of growth, of these multi-dimensional spectral
functions.”

12.6 Research problems and open questions

1. Find general criteria for limit-point or limit-circle in the multiparameter
case, much as in the one equation, one-parameter (Sturm-Liouville) case.
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Current work by Mirzoev (2008) contains criteria for the limit-circle classifica-
tion of a single Sturm-Liouville equation in several parameters. For example,
the development of a criterion in the spirit of Levinson’s (1949) classical limit-
point theorem would be of interest.

2. Undertake a study of the continuity and rate of growth of the multidimen-
sional spectral functions considered in this chapter (cf., the basic estimates in
§12.3).

3. In his 1972 doctoral dissertation, Stephen S. P. Ma (one of Atkinson’s
former students) studied the spectral theory of the following system of equations
(which we will call a Ma system for simplicity).

Consider the matrix differential system (see § 2.12)
M+ uB+Cu=0
coupled with a single Sturm-Liouville equation in two parameters

—(s()y) +r(t)y = () + pq(t))y

and satisfying a set of homogeneous separated boundary conditions on the finite
closed interval I = [a, b], viz.

sinay(a) — cosas(a)y’(a) = 0,

cos By(b) — sin Bs(b)y’ (b) = 0.

Here A, B, C are hermitian n x n matrices with complex valued entries and «, 3
are as usual in (0, 7]. It is assumed that s, s’,r,p, ¢ are real valued continuous
functions in I and we retain p(t)y(t) as the motation for the vector function

p(t)y(t) = col(p(t)y1(t), ..., p()yn(t)), etc.

An eigenvalue of a Ma system is then defined to be a pair A, i such that both
(12.6)-(12.6) have a nontrivial solution satisfying the boundary conditions. The
eigenfunction is then by definition the vector function y(t)u.

In this little known work, Ma (1972a) he develops a corresponding Weyl theory
for such systems, gives a completeness theorem, and produces the existence and
uniqueness of the spectral function along with some criteria for the limit-point,
limit-circle classification.

One possible question is: Can one undertake such a study in the multiparameter
case?



Appendix on Sturmian
Lemmas

A.1 Introduction

We are concerned here with the zeros of solutions of
y' +{f(2) +g(x)}y =0, a<z<b, (A.1.1)

where f, g are real, and ¢ is in some sense small compared with f. We will
assume that g € L(a, b), as we have in mind the situation that f becomes large
on account of the presence of one or more parameters, as in the case

v +{Mf (@) +g(2)}y =0, A— oo, (A.1.2)

Here if f is positive, or positive in part, the number of zeros becomes unbounded
as in the well-known expression

b
7r*1\/)\/ v max {f(z),0}dr, (A.1.3)

while if f(x) < 0, one is led to non-oscillation, in a certain sense. We first
obtain specific results on the oscillatory case under various hypotheses, and
then pass to the non-oscillatory one. The methods will be a combination of
the Sturm comparison theorem and various Priifer-type substitutions. We note
that not all the results listed in this appendix are used in the text, some are
here simply for interest’s sake.

233
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A.2 The oscillatory case, continuous f

For a continuous function f, the notation

¢ =Re/f, ¢(x)>0, (A.2.1)

will be used occasionally; note that ¢ is continuous whenever f is continuous.
This formulation provides a convenient way of excluding intervals where f(x)
is negative.

Theorem A.2.1. Let f(z), a < x < b, be real and continuous, and let
N(a,b,y) denote the number of zeros in (a,b] of y, a non-trivial solution of

y'+ fl@)y=0, a<a<bd. (A.2.2)

Then for any positive integer n

b
‘N(a, by) — 7" / o(z)de| <n+7"b—a)\/6,, (A.2.3)
where
Op = max |f(z2) — f(x1)], |x2 —21] < (b—a)/n. (A.2.4)

We divide the interval [a, b] into n equal parts, and denote the points of subdi-
vision by
a=cyp<cL<---<¢,=hb.

Write
frlZminf(m)v fr2:maxf(m)v CTSmSCTJrL

In the first place, we assume that for all  we have f,o > 0. Let v, denote the
number of zeros in (¢, ¢,41] of the solution y(z) of (A.2.2). Let v, denote the
minimum number of zeros in the same interval of any solution of

Yo+ friye =0,

and v,5 the maximum number of zeros there of any solution of
Yoo + frayre = 0.

From the Sturm comparison theorem, we have then that

Vr1 S vy S Vr2,
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and so
Up1 > 1 Hepg1 — cr)Rev fri, (A.2.5)
Vpo < 7r71(c7«+1 — ¢ )Rey/ fro + 1. (A.2.6)

Thus, adding the inequalities (A.2.5), we get

N(a,b,y) =7 (crg1 — er)Rey/ fra, (A.2.7)

and likewise from (A.2.6),

N(a,b,y) <7t Z(CT_H —c¢;)Rev/ fra +n. (A.2.8)

We now compare these sums to the associated integrals. Suppose first that
0 < fr1 < fro. Then

Rev/frz = Rev/fri = V/fr2 =V fr1 < Vfr2 = fr1.

Since fr2 — fr1 < J, and in this case f.o > 0, we have that

Rey/fr2 — Rev/fr1 < /6.

The same result is easily checked in the remaining cases, namely,

ngrlzfr% frlSOSfr2

It then follows that the sums in (A.2.7)-(A.2.8) differ from

b
! / o(x) dz
by not more than 7=1(b — a)y/d,, and this proves the result.

The case fro < 0 for some r is handled simply since this implies f(z) < 0 on
[¢r, cr4+1] and so every solution of (A.2.2) has at most one zero on that interval
by Sturm theory. It follows that |N(c,, cry1,y) — 7 [0 p(x) da| < 1 for
such r (in the case where f(z) < 0 for every r = 0,1,...,n — 1, we get an
upper bound equal to n which is less than the right side of (A.2.3)). Thus,
(A.2.3) is trivially satisfied. The general result is obtained by applying the first
case to those intervals where f(z) > 0 and carefully adding up the individual
contributions.

The error term
n+7"Yb—a)\y/on

involves an arbitrary choice of the integer n. We can be more specific about an
optimal choice of n if we assume that f(x) satisfies a Lipschitz condition.
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A.3 The Lipschitz case

Theorem A.3.1. Let f(z) in (A.2.2) salisfy

[f(x2) — fla1)| < K(x2 —21), a<mz <x9<), (A.3.1)
for some fized K > 0. Then the number of zeros in (a,b] of a non-trivial
solution of (A.2.2) differs from

b
a1 / o(x) dx (A.3.2)
by not more than
(b—a)** VK

A.3.3
Y (A.3.3)

where n is given by the choice
n=[KY32r)723(b —a) + 1], (A.3.4)

and [ ] denotes the integral-part function.

The situation often presents itself that in (A.2.2) the coefficient of y is the sum
of two terms, cf., (A.1.1), of which one predominates. In the simplest case, we
have

Theorem A.3.2. Let f(x), g(x), a < x <b, be real and continuous. We write,
for every positive integral n,

Op = max |f(z2) — f(z1)], |ze —21] < (b—a)/n, (A.3.5)

A= sup |g(z)]. (A.3.6)
x€[a,b)

Then the number of zeros in (a,b] of a non-trivial solution of

y' +{f(z) +g(x)ty =0 (A.3.7)
differs from (A.3.2) by not more than
n+ 71 b —a)(y/6n + 3y/A). (A.3.8)

Proof. We apply Theorem A.2.1. If

w2 — 21| < (b—a)/n,
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we have
|f(z2) + g(x2) = f(x1) = g(21)| < 6, + 24, (A.3.9)

and also

Re Vf —vVA<Re (f+9g) <Re f+ VA (A.3.10)

Thus the difference referred to in Theorem A.2.1 does not exceed
n—+ 7r_1(b —a)y/A+ 7r_1(b —a)y/(0n + 24),

and this in turn does not exceed (A.3.8).

A.4 Oscillations in the differentiable case

In the case that f(x) is positive and suitably smooth, an effective method of
carrying out estimations on the number of zeros is given by modified Priifer
substitutions, such as /f(z)y(x) = rsinb, y'(x) = rcos, r > 0 or the more

usual
tanf = \/fy/y'.

This leads in the ordinary Sturm-Liouville case to useful and rather precise
estimates for eigenvalues; the smoother the f the more precise the eigenvalue
estimates. However, in the multiparameter case, even under the relatively
simple “condition A,” one is inevitably led into the discussion of

y'+ fla)y =0, a<z<d, (A4.1)

where f(z) changes sign, and so into “turning-point” problems. We shall not en-
ter here into the rather difficult topic of the approximate integration of (A.4.1)
when f(z) changes sign at one or more points; instead, we use what is to be
had by use of the Sturm comparison theorem.

Here, as in the previous version, y is a non-trivial solution of (A.1.1), f is to be
positive but now continuously differentiable, while g is integrable. As before,
we interpret 6(x) so as to be continuous, equal to a multiple of 7 if y = 0.

Lemma A.4.1. Let f(x) > 0 in (A.1.1) be continuously differentiable over
(a,b) and g € L(a,b). Then the number N(a,b,y) of zeros in (a,b] of a non-
trivial solution of (A.1.1) differs from

a! /b Vfdx (A.4.2)
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by not more than

P
1+T/a de—’_mln\/f/a lg| d,

1
min /f

that is,

b b pr
‘N(a,b,y)ﬂ—/ ¢f‘§w+i/ |J}—|dx+

b
/ lg| dx. (A.4.3)

Defining 6 as above we find that in fact, 6 is absolutely continuous. Simple
calculations yield

0" =/ f +{f'/(4f)}sin20 + {g/+/f} sin® 6. (A.4.4)

Integrating (A.4.4) over [a,b] and using simple estimations we find that

\ew)—e(a)—/jw < <1/4>/ab%dx+mml¢f /ab|g|dx.

On the other hand, since 0 increases at every zero of y we get that

[r7H(8(b) — 6(a))] < N(a,b,y) < [771(6(b) — 6(a))] + L.

Combining these two previous displays we get the stated result.

Note that the estimate (A.4.3) is not generally optimal; nevertheless, it is suf-
ficient for the purposes of obtaining spectral asymptotics in this special case.
Specifically, Lemma A.4.1 may be used to derive asymptotic estimates for the
eigenvalues of (A.1.2) subject to a pair of homogeneous separated boundary
conditions, at least when f is positive and continuously differentiable and g is
integrable over (a,b). Indeed, from (A.4.3), we obtain the estimate

Theorem A.4.1. Let f(x) be positive over [a,b] and continuously differentiable
over (a,b). Let g be integrable over (a,b). Then as X\ — oo the number of zeros
N(a,b,y) of any non-trivial solution of (A.1.2) admits the estimate

b
N(a,b,y) ~7r*1\/)\/ Vfdx.

A.5 The Lebesgue integrable case

We consider now the case (A.1.2), where f € L(a, b), and as before g € L(a,b).
We allow f to take both signs, and require it to be in part positive. Writing

fi(z) = max{f(z),0}, fa(x) = —min{f(z),0}, (A.5.1)
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we assume that
b
/ fi(z)dz > 0. (A.5.2)
We have then

Theorem A.5.1. As A\ — oo,

b
N(a,b,y)ww‘l\/)\/ Vfidz. (A.5.3)

Similar results may be proved allowing more general parameter-dependence and
with a general second-order term in the differential equation. Reference may
be made to Atkinson and Mingarelli (1987); the present special case permits
slight simplifications in the proof.

One first proves the result in the case that fo = 0, so that f > 0, and /f is
real and in L?(a, b). For any § > 0, we choose a non-negative step-function
wy, constant in a set of intervals I, j = 1,..., M, approximating to /f1 in the
sense that

b
/ IV fr — w1 Pde < (b— a)d. (A5.4)

We replace this by the positive step-function

h1 = wy + 9, (A55)
so that
b
/ VFi— b2 d < 4(b— a)52. (A.5.6)
It follows that
b
/ [V f1— hildz < 2(b— a)d. (A5.7)

We now apply a Priifer transformation, in which the angle is given by

tand = yy/(Ah1)/y'. (A.5.8)

This may be done in each of the intervals I;, and leads to the differential
equation

0 = V(A1) + VMeos® 0(hy — /f1) +sin® 0(f1/h1 = v/f1)} + g sin® 9/(7(1[1%\”\))-
.5.9
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We integrate these equations over their respective intervals, and combine the
results. If Ni(a, b, y) denotes the number of zeros for a solution of (A.1.2), we
get

b b
TNi(a,by)/A = /mdmw{/ |h1—¢f1|dw}

b
+ o{ / |f1/h1—¢f1|d:c}+o<M/¢A>+0{1/<6A>}.

Here the second term on the right is of order O(9), by (A.5.7). For the third
term on the right, we note that

fi/lhi = Vi = (Vi =) /ha + (Vi = h)
and this also yields O(6), by (A.5.6)-(A.5.7), and the fact that h; > §. This

completes the proof in the case when f; = 0.

Passing to the general case we denote by N(a, b, y) the number of zeros of a
solution (A.1.2) in the case f = f; — fa2. By the Sturm comparison theorem,
we have N(a, b, y) < Ni(a, b,y) + 1, and so we need to show that

b
li)\m inf A\"Y2N(a,b,y) > 7! / Vfidx. (A.5.10)

We define hi, wy as before, and define hy, wy similarly, corresponding to fs.
In each I;, we define 6 as before, and derive the differential equation (A.5.9),
together with an extra term on the right, namely,

—/Afasin?6/hy,
which is of order

VAT HRS 4+ (Vfa — h2)? + haly/f2 — hal}. (A.5.11)

The method now is to integrate (A.5.9) over a subset of (a, b), so as to deal
with this error-term, without loosing too much of the leading term, the integral
in (A.5.3). The subset in question, Sy, say, is that described by

h1 > /6, ha <./0.

This consists of a finite number M7 of intervals, since h1, ho are step-functions.
Using the analogues of (A.5.6)—(A.5.7), we find that the integral of (A.5.11)
over Sy is of order O{y/(Ad)}. Thus, from integrating (A.5.9) over Sy, we get

TN b VA> [ Ve + 00N/ V) + O(6) + 00/ (6).
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To complete the proof, we show that, if So = (a, b)\S1,
Vfidz = O(\/9). (A.5.12)
Sa

Now S comprises sets Ss3, Sy described, respectively, by
hl S \/5a

and
hy > \/5, hy > \/5

In the case of S35, we write /f1 = h1 + (v/f1 — h1) and use (A.5.7). For
the case of Sy, it will be sufficient, by the Schwarz inequality, to prove that
meas (S4) = O(9).

To see this, we note that in S; we have

IV f1 = hi| + [/ f2 = hal > /6,

since f1fo = 0. We then get the required result by squaring both sides inte-
grating and using (A.5.6) and its analogue. This completes the proof.

A.6 The nonoscillatory case

We present here an auxiliary result on the behavior of the Priifer angle to be
used in Chapters 5, 6, and 9.

Theorem A.6.1. Let 0(x,pn), a <z <b, 0<p<lI, be the solution of

0’ (, 1) = cos? O(x, ) + plx, p) sin? O(x, ), (A.6.1)
with initial condition
O(a,p) = «, (A.6.2)
where a € [0,7) is fized. Let p(x, ) € L(a,b) for each pn € 10,1] and let
Pz, p) < g(x) = h(z, p), (A.6.3)

where g(x) > 0, g(x) € L(a,b), h(x,pn) > 0, h(z,p) € L(a,b) for each p, and
for each [a', U] with a < a' < b <blet

/ h(z, p) de — oo, (A.6.4)

as i — 0o. Then, as y — oo,

(b, 1) — 0. (A.6.5)
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As previously, it follows from (A.6.1) that 6 is increasing in « when a multiple
of 7, so that, since 6(a,n) > 0, 6(z, 1) > 0, a < x < b. We then show that, for
large p, 6(x, 1) has an upper bound in (7/2, 7). For the proof, we choose some
0 = max (o, m/2) + €, where € > 0 is such that 6 < 7, and claim that for large

1 we have
O(z, 1) <9, (A.6.6)

for all x € [a, b].
Supposing the contrary, that is, for every M there is a ;1 > M such that (A.6.6)

fails. We denote by xz( the first z-value in [a,b] such that 6(xg, ) = 5. We
choose a subdivision of (a,b), denoted by

a=& < <<€ =0 (A.6.7)

such that c
1
/ (1+g(x))de <e/2, r=0,...,n—1 (A.6.8)

Since ¢ <1+ g(z), we have, for any x1, xo, with a < z1 < 29 < b,

T2

Olaz, )~ 61, < [ 1+ gla))da, (A.6.9)

Z1

and so, if & < x1 < w9 <&y,
O(za, 1) — (a1, 1) <e/2. (A.6.10)

Let xg lie in the interval [¢,,&y4+1] of the subdivision (A.6.7). By (A.6.10), we
must have r > 1. Again by (A.6.10), we must have 0(z, ) > 7/2 in [&-1, & ],
while also 0(x, u) < 6. Hence

sinf(z, ) > sind, &1 <z <&, (A.6.11)

Integrating (A.6.1) over this interval we deduce that

&r

O(&r, 1) — O(6r_1, 1) < /2 —sin?§ h(z, ) dz. (A.6.12)
Ero1

Here the left is bounded above and below, while the right tends to —oo as

u — oo. This gives a contradiction, and so proves (A.6.6).

To complete the proof, we suppose that for some € as above, we have 0(b, 1) > ¢,
for arbitrarily large p. We now consider the behavior of # in the interval
[€n—1,b]. The above arguments show that 0(x, ) > £/2, so that sin0(x, u) >
min {sin(e/2),sind}. The argument of (A.6.12) then shows that

e(b»/i) - 0(,5”,1,,11) - T

as p — 00, which is impossible. This completes the proof.
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Notes for the Appendix

A simpler proof of the Atkinson-Mingarelli theorem, Theorem A.5.1, in the
particular case where f is continuously differentiable and admits a finite number
of simple zeros may be found in Constantin-McKean (1999).

Various developments in this direction include but are not restricted to results
by Eberhard et al. (1994) dealing with connection formulas for Sturm-Liouville
equations with an arbitrary number of turning points and the resulting spectral
asymptotics; the problem of determining the spectral asymptotics of Sturm-
Liouville equations with indefinite matrix coefficients as in Volkmer (2004) and
a study of the asymptotics of the eigenvalues of general equations with indefinite
weights having zeros and or poles undertaken by Eberhard et al. (2001).

Research in the area of Sturm-Liouville equations with indefinite weights and

their extensions has been productive of late and we cite the papers by D’yachenko
(2000), Volkmer (1996), Tumanov (2000), Cao et al. (2003), Binding et al.

(2002b) as samples of the literature. Spectral asymptotics for Dirac equations

were presented in Binding and Volkmer (2001a).

The inverse spectral problem for Sturm-Liouville equations with indefinite
weights has also gathered much attention lately with, for example, papers by
Binding et al. (2002a), Marasi and Akbarfam (2007), Akbarfam (1999), Ak-
barfam and Mingarelli (2002), (2006), Hosseinabady (2003), and the references
within these.

On the general subject of oscillations of Sturm-Liouville equations with indef-
inite weights we cite, in particular, Kong et al. (2001), Binding and Volkmer
(2001b), Mingarelli (1994), Allegretto and Mingarelli (1989), and Deift and
Hempel (1986), where, in the latter, a rigorous proof of an oscillation theorem
of Richardson (1918) and Haupt (1911) is given in the case of continuous coef-
ficients. Another reference on this subject is the current monograph by Zettl
(2005).

A.7 Research problems and open questions

1. Find a version of Theorem A.6.1 for Priifer angles 6 satisfying a differential
equation of the form

0 (z, 1) = r(@, 1) + q(x, 1) cos? 8z, ) + p(x, ) sin®(z, ),

where, for all real p,
O(a,p) =a, ac (0,7
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2. Observe that the constant on the right of (A.2.3) is sharp in the case when
n =1 and f is a constant positive function on [a, b], and therefore, the same is
true of (A.3.3).

The objective is then to improve the bound on the right of (A.4.3) in Lemma A.4.1.

3. Find matrix versions of the results of this Appendix in the spirit of Atkinson
(1964a, Chapter 10) where zeros are now thought of as conjugate points.

4. Find three-term recurrence relation analogues of some/all the results in this
section.

5. Determine corresponding Sturmian results for even more general equations in
the unified framework of either Volterra-Stieltjes integral equations (Atkinson
[1964a, Chapters 11-12], Mingarelli [1983]) or differential equations on time-
scales (Agarwal et al. [2002] and the references therein).

6. Can one exploit (A.4.4) in the event that additional data is given, data such
as f € C"™(a,b), m > 17

7. Find analogues of any of the resuls of this section for complex valued coeffi-
cients f(x), g(x) and real x as usual, cf., Hille (1969).
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